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ABSTRACT
This paper is concerned with disturbance rejection perfor-

mance in single-input single-output (SISO) nonlinear systems
that are described by uncertain linear dynamics and bounded
nonlinearities. First, the nonlinear terms are transformed into
an equivalent bounded disturbance at the output of a linear sys-
tem. Then, a disturbance observer (DOB) is added to the closed
loop to achieve robust disturbance rejection. The DOB design is
formulated as an extended Luenberger observer having internal
dynamics with at least an eigenvalue at the origin. The synthesis
of a (sub)optimal DOB is carried out by solving multi-objective
H∞ sensitivity optimization. The design approach is applied to an
inverted pendulum with actuator backlash. Closed loop response
shows that tracking performance is indeed greatly enhanced with
the DOB.

1 Introduction
This paper is concerned with disturbance rejection for a

class of single-input single-output (SISO) nonlinear systems.
The system dynamics is comprised of a linear part subject to
norm-bounded uncertainty , and a vector-valued bounded non-
linearity which is not known exactly. Given an internally sta-
bilizing controller which renders the nominal linear dynamics
exponentially stable, the nonlinearities can be represented as a
bounded disturbanced (t) ∈R at the output of a linear system. A
disturbance observer (DOB) is then introduced into the feedback
system to eliminate the effect ofd (t) in the presence of the linear
plant uncertainty.

The main objective in this paper is to enhance performance
robustness of a given class of SISO nonlinear feedback systems

∗Address all correspondence to this author.

via linear DOB-based disturbance rejection, using robust control
theory [6] [7]. This will be accomplishedwithout resorting to
any change of coordinates (e.g. local diffeomorphism) to trans-
form the system into the normal form [14] ch. 13. Thus, the ap-
proach discussed in this paper applies directly to both matched
and mismatched disturbance/uncertainty inputs. It overcomes re-
strictive relative degree requirements and the necessary matching
conditions, revealed by the normal form, which need to be satis-
fied for disturbance rejection in a large number nonlinear systems
see [2] [11] and the references therein.

DOBs are successfully used in many applications including
robotics, hard disk drives high-precision servo systems and ma-
chine drive tools, see [3] [18] [23]. Moreover, in [20] DOBs are
effectively used to suppress the effect of a class of nonlinearities
which can be decomposed into a linear part and a bounded non-
linearity. In DOB-based control, an inner loop having a unity-
DC gain low pass filterQ(s), is added into the main feedback
system to estimate exogenous disturbances and cancel them sub-
sequently [9].

The DOB design presented in this paper relies on the equiv-
alence of the DOB structure in Fig. 1b and that of a classic Luen-
berger observer state estimation of an augmented linear system
with internal model for the disturbance dynamics [13]. Under
mild assumptions it is shown that such equivalence indeed ex-
ists if the internal model has at least an eigenvalue at the ori-
gin [18]. Thus, once the Luenberger observer gainL is ob-
tained,Q(s) is evaluated as a transfer function parameterized
by the gainL, i.e. Q(s,L). This approach offers many advan-
tages over conventional methods [23], which include: (i) the de-
sign of DOBs is systematically embedded into the more general
framework of robust state estimation of uncertain [10] and non-
linear systems [11], (ii) the design of the inner DOB and an outer
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controller can be carried out completely separately, (iii) struc-
ture constraints associated theQ(s) filter (e.g. the DC constraint
Q(0) = 0) are readily satisfied in the new design, (iv) additional
frequency shaping can be transparently introduced into the DOB
by incorporating appropriate disturbance modes in the internal
model dynamics. Thus, the DOB filterQ(s) can be designed
with more flexibility in regards to its order, bandwidth and roll-
off rate. Hence, disturbance rejection performance is greatly en-
hanced and robustness of the overall system is achieved.

The DOB synthesis is then formulated as a constrainedH∞
sensitivity optimization which can be efficiently solved for a
local (sub)optimal observer gain in a number of ways includ-
ing semi-definite programming [9], nonlinear programming [15]
[16] and non-smoothH∞ synthesis [1] [12]. Finally, the design
approach is applied to a nonlinear inverted pendulum with in-
put backlash nonlinearity. Simulation results indicate that DOB-
based control achieves robust tracking and disturbance rejection
of the closed loop system.

2 Problem Statement
This paper is concerned with the SISO nonlinear system

ẋ= Ax+Bu+g(x,u)
y=Cx,

(1)

wherex(t) ∈Rn, u(t) , y(t) ∈ R, andg : Rn×R→Rn is vector-
valued nonlinearity collecting nonlinear terms in the plant and
actuator. It is assumed that the functional form ofg(., .) is not
exactly known, however the mapt 7→ g(x(t) ,u(t)) ∈ Ln

∞; that is

‖g‖∞ := max
1≤i≤n

sup
χ(t)∈Rn+1

sup
t≥0

|gi (x(t) ,u(t)) | ≤ mg < ∞, (2)

where χ (t) := [x(t)T u(t) ]T . The assumption (2) is satisfied
by many nonlinearities arising in dynamical systems such as
flexible-joint robots [22], certain chaotic systems [21] as well
as classes hysteresis operators [10]. More generally,g(., .) can
represent an unknown norm-bounded perturbation acting on a
linearized system, see [14] ch. 9. Furthermore, the transfer func-
tion P(s) =C(sI−A)−1B satisfies the multiplicative uncertainty

P(s) = Pn(s) (1+∆(s)) , ∆(s) stable,‖∆‖∞ ≤ 1, (3)

where ‖ . ‖∞ is the H∞ norm [4] [6] [7], and Pn(s) =

Cp (sI−Ap)
−1Bp is the nominal transfer function. Hence, the

nominal nonlinear system is

ẋp = Apxp+Bpu+g(xp,u)
yp =Cpxp.

(4)

The following assumptions are made

(A1) The nominal plantPn (s) is minimum phase,
(A2) The pair(Ap,Cp) is detectable.

Let K (s), given in (5), be an internally stabilizing controller, de-
signeda priori to achieve good tracking performance forPn (s)

ẋk = Akxk+Bke
u=Ckxk+Dke

(5)

wherexk (t)∈Rnk, e(t) = yre f (t)−yp(t) is the nominal tracking
error, andyre f (t)∈R is a bounded reference input. From (4) and
(5), the outputyp of the nominal closed loop system is given by

yp (t) =Ccl

[

eAcl txcl (0)+
∫ t

0
eAcls

[
BpDk

Bk

]

yre f (t −s) ds

]

︸ ︷︷ ︸

ynom(t)

+

Ccl

∫ t

0
eAclsgcl (xcl)(t −s))ds

︸ ︷︷ ︸

ypert (t)

,
(6)

wherexcl =
[xp

xk

]
, Ccl = [Cp 0] , gcl (xcl)(t) =

[
g(xp,Ckxk+Dke)(t)

0

]

andAcl =
[

Ap−BpDkCp BpCk
−BkCp Ak

]

. Hence, (6) is rewritten as

yp (t) = ynom(t)+ ypert (t) ,

whereynom denotes the response of the nominal linear dynamics
andypert is a perturbation term accounting forg(., .). Define

d (t) := ypert (t) =Ccl

∫ t

0
eAclsgcl (xcl)(t − s))ds, (7)

by virtue of internal stability (i.e.Acl is Hurwitz), there existk>
0 andα > 0 such that‖eAclt‖ ≤ ke−αt [5] p. 59. Consequently,

‖d (t)‖ ≤ k‖Ccl‖∞
∫ t

0 e−αθ‖g(xcl)(t −θ )‖dθ ≤
k‖Ccl‖∞ mg

α .
(8)

Thus,d is a norm-bounded exogenous disturbance at the output
yp. In the presence of∆(s), exponential stability of the under-
lying linear closed loop dynamics (i.e. (1) withg(., .) ≡ 0), is
sufficient ford (t) to be uniformly bounded, which will be es-
tablished in the next section using the small gain theorem. This
motivates the use of a disturbance observer (DOB) to achieve
robust closed loop tracking performance by rejecting potentially
degrading effects of the disturbanced (t) so that the closed loop
recovers nominal linear behavior for all∆(s) satisfying (3). It
is also noted that the construction in this section includes both
matched and mismatchednonlinearities.

3 Disturbance Observers
3.1 Overview

As shown in Fig. 1, the DOB introduces an inner loop into
the feedback system whereQ(s) is a stable unity DC gain low
pass filterwith desired bandwidth, and is considered the design
parameter. DOB-based control is studied in more details in [18]
and in El-Shaer et.al. [9]. In Fig. 1a,d captures the effect of the
nonlinearitiesg(., .) in the plant/actuator dynamics. The primary
objective of the DOB is to produce an estimate ˆw and feed it
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(a)

(b)

Figure 1. DOB-based closed loop system: (a) The exogenous distur-

bance d at the output, (b) equivalent DOB structure with exogenous dis-

turbance w at the input

backto the nominal control inputu to cancel the effect ofd. It is
important to note that ˆw represents the equivalent estimate ofd
reflected at the plant’s control input. From Fig. 1a

ŵ= Q(s)P−1
n (s)(y−Pn(s)v)

=⇒ ŵ= Q(s)P−1
n y−Q(s)v.

(9)

Thus, the DOB scheme in Fig. 1a is equivalent to that in Fig.
1b, with the latter regarded as rejection of an exogenous distur-
bancew at the input ofP(s). It is noted thatQ(s)P−1

n is stable
by assumption (A1). In the sequel, the DOB structure in Fig. 1b
is shown to be equivalent to a Luenberger observer of an aug-
mented dynamical system. This renders the design of optimal
DOB more systematic and overcomes structural constraints as-
sociated the filterQ(s). Hence, the DOB configuration in Fig.
1b is used in the analysis hereafter.

3.2 Robust Disturbance Rejection
From Fig. 1b, assuming thatPn(s) = P(s), the outputy= yp

is given by

y=
Pn(s)K (s)yre f +Pn(s) (1−Q(s))w

1+Pn(s)K (s)
. (10)

The following closed loop sensitivity functions are defined

S(s) =
Pn (s) (1−Q(s))
1+Pn(s)K (s)

, T (s) =
Pn(s)K (s)+Q(s)

1+Pn(s)K (s)
(11)

From Fig. 1b,S(s) = −Gw→e(s) wheree is the tracking er-
ror, andT (s) =−Gz→q(s) wherezandq are the interconnection
variables of the nominal closed loop system and the uncertainty
∆(s) (see Fig. 1). Eq. (11) indicates that further reduction in
S(s) is achieved by havingQ(s) = 1 over a desired frequency
band.

Robust stability of the closed loop systems in Figs. 1a and
1b is equivalent to that of Fig. 2. Suppose, for a given stable

Figure 2. Robust stability analysis.

Q(s) that T (s) is exponentially stable, and letWu (s) be a stable
weighting function such that|∆( jω)| ≤ |Wu ( jω)| ∀ω and∆(s).
Then, thesmall gaincondition [6] [7]

‖WuT‖∞ < 1 (12)

guarantees that the closed loop in Fig. 2 is (internally) expo-
nentially stable∀∆(s) in (3). Therefored (t) in Fig. 1a isL∞-
bounded signal, hence also ˆw∈ L∞. Also, note thatGw→ŵ (s) =
Q(s). Thus, given a stable weighting functionWp (s), then

‖Wp(1−Q)‖∞ ≤ γ
=⇒ ‖Wp(w− ŵ)‖L2 ≤ γ ‖w‖L2

,
(13)

whereγ > 0 is a given performance bound andw− ŵ is the dis-
turbance estimation error (Fig. 1b). Hence, (12) and (13) guar-
antee robust disturbance rejection. Also‖Wp(1−Q)‖∞ ≤ γ sets
a lower bound on the cut-off frequency of the high pass filter
1−Q(s). Thus,Wp (s) can be selected to set desired bandwidth
for Q(s). The conditions (12) and (13) will be used in the se-
quel to formulate a multi-objectiveH∞ optimization for the DOB
synthesis.

3.3 Q Filter Design
The low pass filterQ(s) is typically given by [3] [18] [9]

[23]

Q(s) =
1+

m−ρ
∑

k=1
ak (τs)k

1+
m
∑

k=1
ak (τs)k

(14)

wherem> 0 is the order ofQ(s) andρ ≤ m is its relative degree.
The design trade-off ofQ(s) is to choose{ak}

m
k=1 ≥ 0 such that

its cut-off frequencyωc ≈ 1/τ is large enough for better distur-
bance rejection. However, a direct synthesis ofQ(s) in (14) is
subject to

(Q1) Relative degree: ρ must be greater than or equal the rela-
tive degree ofPn(s) to makeQ(s)P−1

n (s) realizable,
(Q2) Unity DC gain: Q(0) = 1 imposes thatρ and{ak}

m
k=1 are

not independent of each other [23],
(Q3) Robust stability of the closed loop system (i.e. (12)).

These constraints complicate the synthesis of an optimalQ(s).
Thus, an alternative design method is sought where the structure
requirements (Q1) and (Q2) are implicitly satisfied to ease the
complexity of the synthesis process.
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3.4 Internal Model-based Luenberger Observer
In this section, robust disturbance estimation is formulated

as the design of a Luenberger observer for an augmented system
with an internal model of the disturbance. It is shown that the
DOB-based disturbance estimation given in Fig. 1b is equivalent
to that based on the Luenberger observer. Consequently,Q(s)
satisfying (Q1), (Q2) and (Q3) is parameterized by the Luen-
berger observer gain which can be systematically designed via a
multi-objectiveH∞ sensitivity optimization.

The analysis below is concerned with a general exogenous
disturbancew(t) which is not necessarily the same as the effect
of the nonlinearityd (t) (7) reflected at the input of the plant as
in Fig. 1b, see Remark 2 below. Suppose the disturbancew(t) is
generated by the linear exo-system [13]

ẋw = Awxw, xw(t0) = xw0

w=Cwxw,
(15)

wherexw(t) ∈ Rnw. The state space representation in (15) is as-
sumed to satisfy

(A3) The pair(Aw,Cw) is detectable,
(A4) The eigenvalues ofAw don’t coincide with the zeros of
the plantPn(s), which implies that the disturbance statexw

is observable from the outputyp.

Define x̃ =
[
xT

p xT
w

]T
, the augmented system, comprised of the

nominal plant and the exo-system, is given by (see Fig. 3)

˙̃x= Ãx̃+ B̃ν, ỹ= C̃x̃ (16a)

Ã=

[
Ap BpCw

0 Aw

]

, B̃=

[
Bp

0

]

, C̃=
[
Cp 0

]
(16b)

Given assumptions (A2), (A3) and (A4), it can be shown
that

rank

([
λ I − Ã

C̃

]

=

[λ I−Ap −BpCw

0 λ I−Aw
Cp 0

])

= np+nw (17)

for all eigenvaluesλ ∈C of Ã. From the PBH observability rank
condition [7] p. 82, the augmented system in (16) is detectable,
see [9] [22]. Hence, there existsL ∈ Rnp+nw such that

˙̂x=
(
Ã−LC̃

)
x̂+

[
B̃ L

]
[

ν
yp

]

(18)

is an asymptotically stable extended state observer for the sys-
tem (16). Moreover, using the coordinate transformationT =
[

I 0 0 0
0 I 0 0
I 0 I 0
0 0 0 I

]
(
∈ R2np+nk+nw

)
, the eigenvalues of the overall closed

loop system, comprised ofPn(s), C(s) and the Luenberger ob-
server (18), can be decomposed as follows

det(λ I −T−1





Ap−BpDkCp BpCk 0 −BpCw
−BkCp Ak 0 0

L1Cp−BpDkCp BpCk Ap−L1Cp 0
L2Cp 0 −L2Cp Aw



T)

= det(λ I −Acl) det
(
λ I −

(
Ã−LC̃

))
,

(19)

whereAcl is given in (6), Ã− LC̃ =
[

Ap−L1Cp BpCw
−L2Cp Aw

]

and L =

[LT
1 LT

2 ]
T with L1 ∈ R

np andL2 ∈ R
nw. Thus, closed loop expo-

nential stability is achieved if and only if each ofAcl andÃ−LC̃
is Hurwitz. This clearly allowsK (s) to be designed separately of
the state estimator.

3.5 Equivalence to the DOB
The 2 methods considered for disturbance estimation, de-

picted in Fig. 3, are summarized as follows

Figure 3. Disturbance estimation: DOB (left), observer based (right)

1. Observer-based: from (18) and Fig. 3, the estimate ˆw is given
by

ŵ=−G1 (s)ν +G2(s)yp[
G1 (s)
G2 (s)

]

= C̃w
(
sI−

(
Ã−LC̃

))−1
[
−B̃
L

]

,
(20)

C̃w =
[

0 Cw
]
.

2. DOB-based: from (9), the estimate ˆw is given by

ŵ=−Q(s)ν +Q(s)P−1
n (s)yp. (21)

The equivalence between theDOB-basedestimate in (21) and
theobserver-basedestimate in (20) is stated next.

Theorem 1: Suppose that assumptions (A2), (A3) and
(A4) are satisfied, and thatAw has at least one of its eigenvalues
at the origin. Then the expressions in (20) and (21) for ˆw are
equivalent; that is,Q(s) = G1 (s) andQ(s)P−1

n (s) = G2 (s). In
particular,Q(0) = G1 (0) = 1.
Proof: Details in [18] pp. 543–546⊠.

In particular,G1 (s) is a low-pass filter with unity DC gain,
andQ(s)P−1

n (s) = G2 (s) is indeed realizable. Hence, the unity
DC gain (Q1) and the the relative degree (Q2) constraints hold.
Once L is obtained,Q(s) is evaluated usingG1 (s) in (20).
Hence, from Theorem 1 it follows that a Luenberger observer
with sufficiently large bandwidth (i.e. eigenvalue placement for
Ã− LC̃), allows the DOB-based estimate ˆw (21) to asymptoti-
cally track anyw given by (15); that is

lim
t→∞

(w(t)− ŵ(t)) = 0. (22)

Together with (13) and (12), robust asymptotic disturbance
estimation and rejection are indeed achieved.
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Remark 1:Some advantages of this approach are: (i) the struc-
ture constraints (Q1) and (Q2) are satisfied, (ii) internal stability
of the nominal closed loop system is guaranteed by virtue of
(19), and (iii) a wide variety of exogenous disturbances can be
transparently accommodated into this design by incorporating
their signal models inAw (see (23)).

Remark 2: It must be emphasized thatd (t) resulting from
the nonlinearityg(., .) (7), is notgenerated by (15) which serves
as afictitious augmented state to ensure thatQ(s) satisfies (Q1)
and (Q2). This enables DOB-based controllers to reject signals
not having well defined spectral content. Accommodating
disturbances other thand (t) (7) is readily done by expressing
w(t) in (15) as

w(t) = A1w1 (t)+A2w2 (t)

W1 (s) =
1

snw1 , W2 (s) =
nW2(s)
dW2

(s) ,
(23)

wherew1 (t) ensures thatAw has at least one eigenvalue at the
origin. In particular, different choices ofdW2 (s) allows the sig-
nal w2 (t) to model a wide variety of exogenous disturbances.
Moreover, the amplitudesA1 and A2 are scaling factors to re-
duce measurement noise amplification, also whenA2 ≡ 0 the so-
called proportional-integral (PI) Luenberger observer is recov-
ered, see [22].

4 Synthesis Optimization
From (12), (13) and (20), an optimalQ(s) can be synthe-

sized from the following constrainedH∞ sensitivity optimization

min
L∈Rnp+nw

‖Wp (s)(1−Q(s,L))‖∞ (24a)

subject to: ‖Wu (s)T (s,L)‖∞ < 1, (24b)
∥
∥Wp (s) (1−Q(s,L))

)
‖∞ ≤ γ , (24c)

max
i

Re{λi{Ã−LC̃}} ≤ −σS (24d)

whereQ(s,L) = G1 (s), and T (s,L) is given by (11),γ > 0
andσS > 0 are fixed performance and stability bounds, respec-
tively. The inequality (24d), ensures thatÃ−LC̃ is Hurwitz with
−σS guaranteed decay rate. For practical purposes, the objective
and/or constraints given above are usually restricted to problem-
specific finite frequency intervals reflecting desired performance.
The expressions (24) involve the non-smoothH∞-norm, and are
non-convex inL.

In El-Shaer et. al. [9] and [10], the synthesis (24) is ex-
pressed as the weighted sensitivity optimization:

min
L

γ subject to:
∥
∥
∥

[
WuT

Wp(1−Q)

]∥
∥
∥

∞
≤ γ, γ < 1,

which is then turned into rank-constrained semi-definite program
(SDP) [7] p. 231, for a static output feedback (sub)optimal gain
L. However, the solution obtained is too conservative since both
robust stability (24b) and robust performance (24c) are expressed

by a single Lyapunov SDP variable, see [9] for details. Alterna-
tively, parametric optimization overL using nonlinear program-
ming (NLP) gives freedom to optimize individual performance
constraint bounds, at the expense of non-smooth cost and con-
straint functions.

Given an initial observer gainL0, a local (sub)optimalL of
(24) can be obtained using subgradient-based non-smoothH∞
synthesis of fixed-structure controllers presented in [1]. Cur-
rently, this algorithm solves sensitivity minimization with no
eigenvalue-placement constraints, i.e. unconstrained single or
multiple sensitivity problems [12]. However, for the more gen-
eral setting (e.g. (24)), finite difference approximation of the gra-
dients allows available powerful interior-point NLP algorithms to
handle multi-objectiveH∞-synthesis constraints, see [16] ch. 19
and [15].

5 Simulation Example
The rotation dynamics of a fixed-based inverted pendulum

about the vertically upright equilibrium position (i.e.θ = 0, θ̇ =
0) is

ml2θ̈ +bθ̇ + kθ = mglsin(θ )+Tin (v)+Tdist;

m= 0.25[kg], l = 0.5 [m], b= 0.001[N.m.sec],
k= 0.1 [N.m], g= 9.81[m/sec2].

(25)

In (25), Tin = N(v) [N.m] is the input torque,v is the (total)
control signal (see (32)) andN(.) is backlash nonlinearity in
the drive shaft andTdist [N.m] represents disturbance torques de-
scribed below.

The presence of backlash is known to cause limit cycle os-
cillations in closed loop systems [17]. The graph of a non-
symmetric backlash nonlinearity in displayed in Fig. 4, where
the slopesm1, m2 and KN are finite, and the dead-band width
is given by∆1−∆2, see [17] [8] [19]. An exact analytic form of
N (.) might be too complicated and is not needed for robust DOB
design. In fact, the output ofN(v) (t) can be written as [19] [20]

Tin (v) = N (v) (t) = KNv(t)+η (t) , (26)

whereη (t) is a nonlinearity such that

‖η‖∞ = sup
t≥0

|η (t) | ≤ max{ sup
v(t)∈R

(m+ (v)−KN v) ,

sup
v(t)∈R

(KN v−m− (v))}.
(27)

In (27), m+ (.) andm− (.) are piecewise continuous curves such
that

m− (v(t))≤ N (v)(t)≤ m+ (v(t)) , ∀t ≥ 0, v∈ L∞. (28)

GivenKN, the choicesm+ (v) := KN v+nv andm− (v) := KN v−
nv, establish that the smallest valuenv which intercepts theN ( . )-
axis is a bound on‖η‖∞, see Fig. 4. Thus,η is indeed norm
bounded. The state space representation of (25) is given by
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Figure 4. Graph of the backlash N ( . )

ẋ=

[
0 1
−k
ml2

−b
ml2

]

x+

[
0

KN
ml2

]

v+

[

0
gsin(x1)

l +
η(t)
ml2

]

+

[
0
1

ml2

]

Tdist

y=
[
1 0

]
x

(29)
which is the same as (1) with the additional termTdist.

The slopeKN is assumed to be given byKN = K̄N +
rKδK ; K̄N = 1, rK = 0.75 and|δK | ≤ 1. From (25), the uncer-
tain and nominal plant dynamics are given by

P(s) =
KN

ml2s2+bs+ k
, Pn(s) =

K̄N

ml2s2+bs+ k
. (30)

Hence, from (3)

Wu ( jω) =
|P( jω)−Pn( jω) |

|Pn( jω) |
≤ rK . (31)

In (29), the nonlinearity sin(x1) is fully known since the mea-
sured outputy= x1. This motivates the following control law

v=−
m l gsin(x1)

¯̄KN
+u, (32)

whereu = K (s) [yre f − y], see Fig. 1. The outer controller, de-
signed forPn (s), is chosen as a simple lead compensator

K (s) = 5
2.5s+1
0.25s+1

. (33)

The expression (32) is comprised of: (i) feedback linearization to
cancel the nonlinearity sin(x1), and (ii) tracking error compen-
sation based onK (s). Thus, the objective of the DOB is to reject
the effects ofTdist and the norm-bounded nonlinear uncertainty
η (t).

Let Tdist represent structure vibration modeled as lightly
damped sinusoid atωw. From (29), the total disturbance (23)
is given by

w(t) = η (t)+Tdist(t) , (34)

and the disturbance dynamics

W1 (s) =
1
s
, W2 (s) =

ω2
w

s2+2ζωws+ω2
w
, (35)

whereζ = 0.002, ωw = 5(2π) [rad/sec]. Hence, the exo-system
(15) is

Aw =

[
0 0 0
0 1 0
0 −ω2

w −2ζωw

]

, Cw = [A1 A2 0] ; A1 = 100, A2 = 500.

(36)
It is easily verified that the conditions in Theorem 1 are satisfied.
The weighting functionWp (s) is chosen as

Wp (s) = 0.5
s+2(2π)

s+0.5
s2+2(0.8ζ )ωws+ω2

w

s2+2(1.5ζ )ωws+ω2
w
, (37)

which has a resonant mode atωw and specifies at
least 8Hz cut-off frequency for Q(s). Eigenvalue
placement for Ã at {−8,−12,−18,−24,−34} yields
L0 = [154.62,5.99,0.893,−4.648,−245.985]T.

5.1 Optimization Results
For σS= 8 andγ = 2, the NLP (24) is specialized to

min
L∈R5

max
ω∈(2π)×[0.1,8]

∣
∣Wp ( jω) (1−Q( jω ,L))

∣
∣ ,

subject to: (24b), (24c), (24d),
(38)

which confines the objective (24a) to the frequency range
ω ∈ (2π)× [0.1, 8] [rad/sec]. The synthesis (38) is solved
using the interior point solver within thefmincon com-
mand in the Optimization Toolbox of Matlab Version 7.14
(R2012b), which implements a trust region-based sequential
quadratic programming (SQP), see [15] [16] and the references
therein1. In particular, theH∞-norm of the transfer functions
involved in (38) is evaluated using the algorithm presented
in [4]2. Convergence takes place after 60 iterations toL =
[1561.3,15.174,121.18,144.91,−163.2]with objective function
value max

ω∈(2π)×[0.1,8]

∣
∣Wp ( jω) (1−Q( jω ,L))

∣
∣= 0.36, see Fig. 5.

Table 1 shows the solution for (24) using NLP, the iterative
SDP algorithm in [9] and the non-smooth synthesis [1] which is
implemented inhinfstruct in the Robust Control Toolbox,
Matlab (R2012b) [12]. From Table 1, the robust stability con-
dition ‖WuT‖∞ < 1 is satisfied only by the NLP-based solution
(i.e. withfmincon), which will be used below for closed loop
simulation.

From (20) the DOB filter is

Q(s) = 1.353×106s2−1.136×106s+1.914×108

s5+242.9s4+2.6×104s3+1.596×106s2+2.353×107s+1.914×108 ,

(39)
which is stable unity-DC gain with cut-off frequency at 13Hz.
Although Q(s) turned out non-minimum phase, the product
Q(s)P−1

n (s) is stable as required for the stability of the feedback
system depicted in Fig. 1. As shown in Fig. 6,Q(s) satisfies the
robust performance bound (24c)‖Wp(1−Q)‖∞ = 1.48< γ = 2.
Also, ‖WuT‖∞ = 0.987< 1 as required by the robust stability
condition (24b).

1Central difference is chosen to approximate gradients with relative perturba-
tion 1×10−6 and BFGS for Hessian matrix updates.

2The functionnorm in the Matlab Control Toolbox.
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5.2 Simulation Results
All simulations are carried out in Simulink Version 7.9

(R2012b) for the closed loop comprised of the nonlinear sys-
tem (25) with the controller (32) and DOB inner loop having
Q(s) (39). In both cases below, the tracking errore= yre f − y
is obtained for the reference inputyre f (t) =

π
3 sin(2π f t) ; f =

3
4 Hz and in the presenceof the disturbance torqueTdist (t) =
sin(ωwt) ;ωw = 5(2π) [rad/sec].

5.2.1 Case I: Inverted Pendulum without Backlash
In the first simulation, the backlash nonlinearity is taken out; that
is,T (u)= u in (25). The closed loop response is shown in Figs. 7
and 8. The rms values of the tracking error are 0.0482 and 0.0744
for the closed loop with and without the DOB, respectively.

5.2.2 Case II: Inverted Pendulum with Backlash
A symmetric backlash with dead-band width of 0.3 (i.e.∆1 =
−∆2 = 0.15) and slopeKN = 0.75 (i.e. 0.25 perturbation in the
nominal value) is used. The closed loop response is given in
Figs. 9 and 10. The rms values of the tracking erroreare 0.0483
and 0.0754 for the closed loop with and without the DOB, re-
spectively.

In both cases ˆw2 is obtained in two steps; first the closed
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loop is run withoutTdist to get ŵ = ŵ1, then withTdist to get
the overall estimate ˆw. Then from (23) ˆw2 = ŵ− ŵ1. Clearly,
the closed loop tracking performance is improved with the DOB
which rejects the effects of the backlash as well asTdist.

6 Conclusions
This paper presented DOB-based control approach to at-

tain robust disturbance rejection and tracking performance in a
class of uncertain SISO nonlinear systems. Robustness analysis
is studied within theH∞ framework, and a NLP synthesis ap-
proach is subsequently used to obtain a (sub)optimal DOB. Sim-
ulation results of an inverted pendulum show that closed loop
robust tracking performance is indeed achieved using the DOB.
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NLP SDP Non-Smooth Syn.

(fmincon) (hinfstruct)

‖WuT‖∞ 0.986 1.41 1.32

‖Wp (1−Q)‖∞ 1.48 1.45 1.14

maxRe{λi{Ã−LC̃}} -8.4 -7.78 -11.96

Table 1. Optimization Results
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