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1. Introduction

In the nature world, diffusion often occurs in an ecological environment; that is, species can
diffuse between patches. The works about autonomous systems in this field were pioneered
by Levin, after Levin [1], Kishimoto [2], and Takeuchi [3] studied this kind of model. But all
the coefficients in the system they studied are constants. Since biological and environmental
parameters are naturally subject to fluctuation in time, the effects of a varying environment
are considered as important selective forces on systems in a fluctuating environment. More
realistic and interesting models should take into account both the seasonality of the changing
environment and the effects of time delays [4-7]. This motivated Chen et al. [8-11], and
others to consider nonautonomous predator-prey models with almost periodic coefficients
and diffusion. In this paper, we study the almost periodic solution of the delayed predator-
prey model with diffusion and competition so as to obtain some conditions under which three
species are uniformly persistent. In addition, we obtain that for the almost periodic system
there exists a unique almost positive periodic solution which is globally asymptotically stable.
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The organization of this paper is as follows. In the next section, we develop our model,
establish its important properties, and give several lemmas, which will be a key for our proofs
and discussions. In Section 3, sufficient conditions are given for uniform persistence of three
species. In Section 4, by applying Liapunov-Razumikhin technique, we prove the existence and
uniqueness of the positive almost periodic solution which is globally asymptotically stable.
Finally, we give a discussion of our results.

2. Model and preliminaries

It is assumed that the ecosystem is composed of two isolated patches, and the prey population
can disperse among the patches instantaneously. The state variables of the models, x; =
xi(t) (i =1,2), describe the densities of the prey population in Patch 1 and Patch 2, respectively.
We suppose that the net exchange of the prey population from Patch j to Patch i is proportional
to the difference of the concentration between Xj = X; with D;(t), i,j = 1,2. The state variables
of the models, x; = x;(t) (i = 3,4), describe the densities of the predator population in Patch 1
with competition.

Let us consider the following delayed diffusive predator-prey system with competition
and functional response:

el (t)x%xy, ar(t) x‘%x4
1+(H2 1+ fa(t)?
xy = x2(az(t) — az1(£)x2) + Da(t) (x1 — x2),
ar1(H)x3(t— 1)
1+ ﬂ1(t)x%(t - T1)
ar()x} (t = 12)
1+ ﬂz(t)x% (t - Tz)

xy = x1(a10(t) - an(t)x) - +D1(t) (x2 - x1),

(2.1)

xé = X3< — a3o(t) + asp (t) - a32(t)X3 - a34(t)x4>,

Xy = x4< —ag(t) + an(t) —agp(t)xy - a43(t)x3>,

with the initial condition

x1(s) = ¢i(s) € C([-7,0],R;), se[-7,0], $1(0) >0, x;(0) = ¢; >0 (constants), i = 2,3,4.
(2.2)

Here, aj(t) and a;(t) (i = 1,2) represent the intrinsic growth rate and the intraspecific
interference coefficient of the prey population x; (i = 1,2), respectively. We then assume
that the death rate of the predator population x; (i = 3,4) in Patch 1 is proportional to
both the existing predator population with the proportional functions azy(t) and, respectively,
aso(t) and to its square with the proportional functions az,(t) and, respectively, a4 (t). The
predator consumes the prey according to Holling type III functional response [12, 13], that is,
ar()x3xs/ (1+ 1 (t)x?) and ar () x?xs/ (1 + o (£)x3). 7; (i = 1,2) is the time to digest food in the
predator organism. 7 = max{7;, 72}. R, = {z: z > 0}.

We introduce some notations and definitions, and state some preliminary lemmas which
will be useful for establishing our main results.

LetRY = {X € R*: X = (x1,x2,x3,%4), x; >0, i=1,2,3,4}. C = C([-7, ) x Ry x R, x
R,,R?). Assume Qis a subset of R, xC([-7,0], R;) xR, xR, xR,. Denote by f = (fi, fz,f3,f4)T :
Q — R? the map defined by the right-hand side of system (2.1). If V : R, xC — R, isa
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continuous function, then the upper right derivative of V (¢, x) with respect to system (2.1) is
defined as

D'V(t,X) = lim sup % [V(t+h,X +hf(t, X)) - V(tX)]. (2.3)

Obviously, the global existence and uniqueness of solutions of system (2.1) are guaranteed by
the smoothness properties of f (see [14, 15] for details on fundamental properties of retarded
functional differential equations).

For convenience, we introduce the following notations:

g=suply(h}, ¢ =inf{g®)} (2.4)

t>0

In this paper, we need all the coefficients to satisfy

i:IF,zi,24,{ aij, ai, fi, Di} > 0,
7=0,1,2,3,

. (2.5)
i:r{}za,;l,{aijr ai, Bi, Di} < oo.
j=0,1,23.

Definition 2.1. System (2.1) is said to be uniformly persistent if there exists a compact region
D cC R! such that every solution (x1,x7,x3,x4) of system (2.1) with initial conditions (2.2)
eventually enters and remains in the region D.

For convenience, the set CIP = {u : [0,00) — [0,00) | u(s) is positive and nondecreasing
for s >0, u(0) =0}.

Lemma 2.2 (see [16, 17]). Consider the following almost periodic equation:
x'(t) = g(t,xy). (2.6)

Let Cope = {xy € C ¢ ||x¢]| = supee[_T,O]lxt(G)l < H*}, Sy = {x e R" : |x| < H*}, H* € R,
or H* = 40, g : Rx Cy« — R", and g is uniformly almost periodic with respect to t. Let V :
R, x Sp+ x Sg- — R,. Assume that the following conditions hold:

(@) a(lx -yl < V(£ x,y) <b(llx - yl), a(-),b() € CIP, b(0) > 0;

(i) [Vt x1,y1) = V(t, x2,12)| < L(||x1 — x2|| + |ly1 — v2ll), where L is a positive constant;

(iii) there exists a continuous nondecreasing function P(S) such that

P(S)>S ifS>0,
D*(V(t,x1(t), x2(t))) < -CV (t, x1(t), x2(t)), CE€R,, (2.7)
if P(V(txi1(t),x2(t))) 2V (t+6,x1(t+0), x2(t +6)), 6 € [-7,0].

If system (2.6) has a solution &(t) : ||&|| < H < H*, t > ty, then system (2.6) has a unique
positive almost periodic solution 1(t) which is uniformly asymptotically stable, and mod (7)) C mod(g).
Furthermore, if g is w-periodic with respect to t, then system (2.6) has a positive w-periodic solution
which is globally asymptotically stable.
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Here, mod(¢) denotes the module of ¢(t) which is the set consisting of all real numbers
which are finite linear combinations of elements of the set

T
A= {a e€R| Tlim %f o(t) exp(—iat)dt#O} (2.8)
— 00 0

with integer coefficients.
Lemma 2.3. R* = {(x1,x2,x3,x4) | x; >0, i=1,2,3,4} isa positive invariant set of system (2.1).
Proof. Let (x1, x2, x3,x4) be a solution of system (2.1) with initial conditions (2.2). Hence, for
t € Rand (x1,x2,x3,%4) € Rﬁ, we can derive

Xilx=0 = D1(£)x2 >0 for x, >0,

Xylx,=0 = Da(t)x1 >0 for x1 >0,

t
x5 > x3(0) exp ( f (= aso(s) - an(s)xs(s) - a34<s>x4<s>>ds) >0, (29)
0

x5 > x4(0) exp <f

(— aso(s) — asn(s)xa(s) - a43(s)x3(s))ds> > 0.
0
Therefore, we obtain the positive invariance of Ri. This completes the proof. O

We will focus our discussion on R with respect to a biological meaning. This also
ensures the solution with positive initial value to be positive all the time.

3. Uniform persistence

In what follows, we want to construct an ultimately bounded region of system (2.1).

Theorem 3.1. There exist three constants M; > M? (i = 1,2,3) such that x;(t) < My (j = 1,2),
x3(t) < My, and x4(t) < M3 for each positive solution (x1(t), x2(t), x3(t), x4(t)) of system (2.1) with
t large enough, where

aio ax A B
M = max {ﬁ ﬂ} M;=—, Mj=—, (3.1)
an’ an ax an
Aéa—ﬂ(ﬂ> —a >0, BiTu(ﬂ) —ap > 0. (32)
B — £ —

Proof. Suppose that (x1(t), x2(t), x3(t), x4(t)) is a solution of system (2.1) with initial conditions
(2.2). According to the first two equations of (2.1), we have

X} < apxy — anxt + Di(t) [x2 - x1],
o ) (3.3)
x'2 < axxp — anx; + Dz(t) [JC1 - JCQ] .
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We define the following lines in x;-x, plane:

Line Li: x1 = M;, 0<x, <M,

(3.4)
Line Ly: xo = My, 0<x1 < M;.
Then, we have
x|, <0, x|, <O. (3.5)
Hence, it follows from
max {x1(0),x2(0)} < M, (3.6)
that
max {x1(t), x2(t)} <My for t > 0. (3.7)
If
max {x1(0),x2(0)} > My, (3.8)
we only consider what follows. If x; > M, i=1,2, from the given condition we get
@ox; — anx; < My (ag—agMi) <0, i=1,2. (3.9)
Let
—a = max{M; (ap - anM1)},
e _ (3.10)

g(t) = max {x1(t), x2(t) }.
Next, we consider the following three cases.

Case 1. x1(0) > x2(0), g(0) = x1(0) > M. Then, there exists ¢ > 0 such that g(t) = x1(t) > M,
for t € [0, €). We also derive that

Xy <apx —@xf <-a<0. (3.11)
Hence, if t, > t; and ty, £, € [0, €), we get
g(t2) —g(t) <-a(t2—t). (3.12)

Case 2. x2(0) > x1(0), g(0) = x2(0) > M;. Similarly, we could obtain that there exists [0, ¢). If
ty >ty and ty,t, € [0, ¢€), we get

g(h) —g(t) <-a(t,-t). (3.13)
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Case 3. x2(0) = x1(0) = g(0) > M;. We can also find an interval [0, €) such that g(t) = x;(f) >
M or g(t) = x2(t) > M. In the same way, if f, > t; and 1,1, € [0, €), we can obtain

g(h) —g(t) <-a(t,—t). (3.14)

Now, we can know that if g(0) > M;, g(t) will monotonously decrease by speed a. So, there
exists T; > 0. If t > T;, we have

g(t) < M. (3.15)
According to the third equation of (2.1), we have

__ am(Dxi(t-m)
xh < x3< —aso + as; - 32x3>
? — T+pi()x2(t-1) —

<x3<— ax +a—31(%> - @@), (3.16)

— [
/
x3|x3=M2 < .X'3< —az + [/131([5—1) - a32x3>.

Hence, it follows from x3(0) < M, that x3(t) < M, fort > 0.
If

x3(0) > Ma, (3.17)

we only consider what follows. If x3 > M,, from the given condition we obtain

X3< — azp + asy <_1X1> - 11329(3) < 1\/12 [ — azp + asy <—1> - (132[\/|2] <0. (318)
= ﬁl o) = ﬁl o2
Let

—p =M, [ —az + a_m@ - @MZ] . (3.19)

We also derive that

%, <M2[—@+a_31<;—1> —@Mz] - B <0. (3.20)

Hence, if t, > t; and t1, £, € [0, €), we get

X3(t2) - X3 (tl) < —ﬂ(tz - tl). (321)

Now, we can know that if x3(0) > M,, x3(t) will monotonously decrease by speed p. So, there
exists T, such that x3(t) < M, for t > T,. Similarly, we also get

__ mBxi(t-m
xy < x4< — Qg0 + a4 ! (2 ) - 42x4>
— 1+ pMxi(t-1) —

— [
< X4< —d4o + a4 (ﬂ_> — a42x4>.
- N a2}

We can also choose the same Mj. There exists T; > 0 such that x4(t) < Mj3 for t > T3. This
completes the proof. O

(3.22)
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Theorem 3.2. Suppose that system (2.1) satisfies the following conditions:
a-D1>0,  an-D>>0,

E= (a - D)’ - a5 + 52 )Me >0,
— b P

am: (3.23)
az1———— —azp — auMy >0,
1+ ﬂlm%

am?
ay——— —ay — agsM, >0
1+ ﬂzm%

in which
ai — D_1 + \/E (3 24)
m=——-——-. .
! 2an

Then, system (2.1) is uniformly persistent.

Proof. Suppose (x1,x2,x3,x4) is a solution of system (2.1) with the initial condition (2.2).
According to the first equation of (2.1), we get

ay (Daf (s (t) () (£)xa(£) )

40 201 () - Dit0) - TR - T

(3.25)
> —an (t)x5(t) + (aw(t) - Di(t))x1 (F) - alg)(i\fx - «xz[gz)(i\)/fx
So,
litn_1)i£f x1(t) > my > 0. (3.26)
Then, there exists a Ts > 0 such that
x1(t) >my for t >Ts. (3.27)
Similarly,
lim infxy(t) > my = ﬂa; 250 (3.28)
Then, there exists a Tg > 0 such that
x(t) >my  fort > Tg. (3.29)
From the third equation of (2.1), we obtain
, ay (t)m%
2500 2 x2(6) (- a) + 5107 g s~ 200 - aOM:). (330
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So,
as1 (agm2/ (1 + pym?)) - G30 — aaM
liminf x3(t) > m3 = g (mm;/ ( ﬂl_l)) *50 (3.31)
t—oo asy
Then, there exists a Ty > 0 such that
x3(t) >m3 fort >Ty. (3.32)
Similarly, we also get
asn (aom?/ (1 + Bym?)) - Gz — azM
lim inf x4 (£) > 1y = aar(agrm;/ (1 + farm)) = @0~ BMs (3.33)
t— oo agn
Then, there exists a Tg > 0 such that
x4(t) >my for t > Tg. (3.34)
Finally, let
D = {(x1,%2,x3,%3) | my <x; < My, i=1,2,3,4}, (3.35)
where m, = minj-1034{m;} and M, = max{Mj, M;, M3}; M; (i = 1,2,3) is given in

Theorem 3.1. From Theorem 3.1 and the above analysis, we see that D is a bounded compact
region in R* which has positive distance from coordinate hyperplanes. Let T = max{T;, i =
1,...,8}, then we obtain that if t > T, then every positive solution of system (2.1) with initial
conditions (2.2) eventually enters and remains in the region D. This completes the proof. [

4. Almost periodic solution

In this section, we derive sufficient conditions which guarantee that the periodic solution of
periodic system (2.2) is globally attractive.

Theorem 4.1. In addition to (2.5), (3.2), and (3.23), assume further that all the coefficients of system
(2.1) are continuous and positive almost periodic functions and

Dymy a;ms Ay
ﬂ+_2+ — 2+ — 2 mq
M1 1+ lel 1+ ﬂle
N <2a—1[71M§M3 N 2w M2 M, N @) M+ M,%( 2mas My 2manM >
2 2]
(1+pm2)" 1+ pymd)? M2 M \(1+ prm2)” (1+ pom?)
< Dzm1> Dy Mi( 2manMy | 2man M, >

ar + ——— |my > —1M + 3 5
- (1+ &m%) (1+ &m%)

% p— 2 - (4.1)

o My 2aqa31 My 20pa41 My )

aspms > <—+L1_43>M3+ X( +
_ L+ prmy M\ (14 prm2)” (14 o)’

ar M
1+ ﬁzm%

+a_34>M3+

gty > ( Mi( 2o1a31 M, . 20,0, M, )
- (

Mx \ (1 + [ﬁm%)z (1 +@m%)2
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Then, system (2.1) has a unique positive almost periodic solution which is globally asymptotically
stable. Furthermore, if system (2.1) is an w-periodic system, then system (2.1) has a positive cw-periodic
solution which is globally asymptotically stable.

Proof. Consider the product system of (2.1):
ay (t)x%x3 az(t)x%xél
T+ 1+ fa(t)?
xy = x2(az0(t) — az (£)x2) + Da(t) (x1 - x2),
ar()x3(t—m)
1+ pi()x3(t-m1)
()2 (t - 1)
1+ ﬂz(t)x%(t - Tz)
a1 (D) yiys B () yiys
L+pi(y; 1+ p(t)y;
Yy = Y2 (ax(t) — axn(t)y2) + Da(t) (y1 — y2),
ai(Dy; (t-71)
1+ ﬂ1(t)y%(t - Tl)

a(t)y;(t - 1)
1+ ﬂz(t)]/%(t - TZ)

xy = x1(aw(t) - an(t)x;) - + Dy (t) (22 — x1),

x,3 = X3< —azo(t) + az (t) —az(t)x3 — a34(t)x4>,

X, = x4< —as(t) + ag (t) —agp(t)xs - a43(t)x3>,

(4.2)

y1 = yi(aw(t) —an(®)y) - +D1(t) (2 — y1),

Y3 = y3< —azo(t) + az (t) —axn(t)ys - a34(t)y4>,

Y, = y4< —ag(t) + ag (t) —ap(t)ys - a43(t)y3>-

It is easily noted that the existence and uniqueness of the positive almost periodic solution
of system (2.1) are equivalent to the existence and uniqueness of the positive almost periodic
solution of system (4.2). Then, choose the following function:

4
V(t) = V(txi,yi) = D | Inxi(t) - Iny(t)|. (4.3)
i=1

Obviously, V(t) satisfies conditions (i) and (ii) of Lemma 2.2. Next, we will prove that V (t)
satisfies condition (iii) of Lemma 2.2. It follows that

XY —an (x1 - 1) —D1<2 B 2) B < ax1x3  ayiys ) ~ < WX1Xy  WY1Y4 )

X1 hn X1 1+pix? 1+py? 1+ Box? 1+ py?
(4.4)
in which
a1x1X3 aYy1ys a1x3 a1 fiyiys(x1 + y1) > ay
_ _ _ B . )
1+ ﬂlx% 1+ ﬂly% <1 + ﬂlx% (1 + ﬁlx%) (1 + ﬂly%) (xl yl) 1+ ﬂlx% (JC3 y3)

(4.5)
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also,

x D D
£t (o ) B
X3 Y ar[x1(t=7) +yi(t-m1)]

x v O ped- ] [+ pi(e-m)]

—as (x3 - ys) - 1134(X4 - y4),

[x1(t=71) = y1(t = 71)]

(4.6)

Xy Yy a[x1(t-1) + 1 (t— 1))

oy e pixi(t =) [1+ pry; (t —72)

—ag (x4 - y4) - a43(x3 - ]/3)~

] [x1(t=72) ~y1(t-m)]

In this regard, after few computations, it is noted that

< (t (¢
st Syoier - (2 )

~ Diy» ax3 Xy aipriyiys(x1 + y1)
__a_xlyl_(lJrﬂz_ n 2 2
1) (L+poxg)  (1+puixy) (1+ fayy)
af1y1ya (1 + 1) ] . [_ B Dz]/l] B
(1+ pox}) (1 + foy?) =yl | X2 2=l
Dy (x; —
- a32|x3 - y3| - a42|x4 - y4| + Sgn(xl - w)%
_ S )Yy _y) Y
sgn(x1 - 1) T+ i) (x3—y3) —sgn(x1 - y1) s o) (4 = ys)
Dy (x1 —y1)
+sgn(x2 - y2) o

anin [x1(t—m1) +y1(t—11)]
[1+puxi(t—7)][1+Pryi(t - 1)

— azssgn(x3 — y3) (%1 — ya)

+sgn (s = 3) ][xl(f—ﬁ) ~yi(t-m)]

ag oo [x1 (i’ - Tz) + 11 (t = TZ)]
[1+prxd(t=m2)] [1+ pryi (t - 72)]

— as3sgn (x4 — ya) (X3~ y3)

+sgn(xs — ya) [x1(t-72) -y (t - 72)]

S_

ﬂ"'_z + 2 An2 PR Y 272
Mi  1+pM] 1+ pM; (1+ prmy)

< Dim;  aimg mmy  2mpM;M;
al L& B

2mpMiMs D, Dymi Dy
- )lm-nl+ (e - =5+ — ) [ -
(1+pom3)” 2 M; ™
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=+ <_a32+M+a_43>|x3_y3| + <_a42+ﬂ+a_34>|x4_y4|
— 1+ ﬁlm% — 1+ ﬂzm%
2 M 2 M
+ B (t-m) — (- ) [+ e (=) (- ) |.
(1 +&m1) (1+[2m1)
(4.7)
It follows from (4.1) that
LS -yl <Vt ) <3 - il (45)
Mx P 1 1 —_ s Yi —_ mx P 1 1
Choose P(s) = (My/my)s >s>0, a(s) =(1/My)s >0, b(s) = (1/m,)s >0. When
P(V(txi(t),yi(t)) 2 V(t+6,x;(t+0),yi(t+6)), 6¢€[-7,0],i=12734,
[x1(t=7) —y1(t—=7)| < My|Inx1(t—7) —Inys (t - 7)|
< MLV (t=7,x(t - 7), yi(t - 7)) (49)
< M 2ey (1, xi08), ()
My
then
2aia3 M M2 2aias M
SEEITL (b= ) -y (E - ) | < L (1 (), (1)),
(1+ pims) M (1+ pumi)
- A (4.10)
2 M Mz 2 M
SBT3 (t- 1) -y (E- ) | € 2SRV (1 (), mi(1).
(1+ &ml) Mx (1 +&m1)
Hence,

N Dymy aims a1y
DV(t,xi,yi) < |- (an+ =5+ ——+ ——
- M 1+p/M; 1+ pM;

2a:/iM2M;  2a:6,M2My D,
+< 1p1 M 5, 22 M 4+&

Mx] Inx; —Iny,
(+pmd)’ (14 pomd)’ m2> | |

' Dymy D,

+ _—(ﬂ'l' T%>rm+EM2]|lnx2—lny2|
[ oM _

+ | — azpmsz + (a—12+a43>M3] | In s — Inys|
L T 1 +ﬂ1m1

a, M
M—12 +a_34>M4] [ In oy — Inyy|
1+ﬁ2m1

+ | —agppmy + <

M3 ( 2a1a3 M, 2aya41 My
+ +

V(txi(t),yi(t)) < -CV(t,xi(t), yi(t)),
e\ (L4 )’ (1+@m%)2> (820, i ®) < =CV (L x:(0), 5 ))

(4.11)
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where
Dimy a1ms A1y
—C:max{—<a1+_2 + — + —— >m1
- Ml 1+ ﬂlM% 1+ ﬁzM%
+ (211_1[71M%M3 211_2,[72M%M4 + E)M + M,%( 2a1a31M1 " 2“2[141M1 >
1+pmd)’ (1+pm2)? ™2 M\ (1+ pm3)” 1+ pom?)’?
Dymy Dy M2 / 2aiaz My 2aya5 M,
—\an+=—5 Jm+—M+ ot o
2 m mx \ (1 +&m1) (1+ &ml)
Mi < 2[11[131M1 + 2a2a41M1 )
M\ (1+ pim2)”  (1+ pom?)’
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oM
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(4.12)

This completes the proof. O

5. Discussion

In this work, we consider a nonautonomous delayed predator-prey model with competition
and diffusion. Some sufficient conditions on uniform persistence of the model have been given.
By means of the Liapunov-Razumikhin technique, it is also seen that, under almost periodic
circumstances, the existence and uniqueness of the positive almost periodic solution which is
globally asymptotically stable are governed by several inequalities.
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