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The authors develop a mathematical model to analyze the transmission of wind-driven water pumps in order to determine their
dynamic response, stability, and stresses occurring in the transmission elements. The authors propose, as an innovative solution,
the use of a mechanism with two degrees of freedom that provides automatically a flexibility of the transmission ratio and the
harmonization of the turbine operation with the wind velocity. To verify the results a stand was carried out as physical mechanism
on which measurements and recordings of the significant mechanical parameters of the system are made.

1. Introduction

There are many practical solutions for mechanical transmis-
sions using wind turbine pumps (some more used solutions,
mostly in agricultural farms and in individual activities [1–
7]). However the progress made by the revolution of the
new materials with superior properties and the possibility
of making careful calculations of the transmission make
new solutions possible and desirable showing wind turbine
pumps, reliable, easy to maintain and install, and with a low
price of manufacturing (the possibilities of new solutions are
presented in [8–12]). To eliminate the inconvenience of a
mechanism with constant transmission ratio (hard starting
to small wind and overspeed to strong) a mechanism is pro-
posed with automatic variable transmission ratio depending
on input conditions (wind speed).

To make an analysis of such system a mathematical
model is performed and the motion equations are obtained.
Mixed system of differential equations, where algebraic and
differential unknowns occur (DAE: differential algebraic
equations), will be reduced to a system of second-order
differential equations (ODE: ordinary differential equations).

Numerical integration of the equations of motion was made
and it is possible to compute, with linear relations, the liaison
forces. The equations obtained, using the classical methods,
are a differential system of second order where, near the
unknowns independent coordinates, the unknowns liaison
forces are in linear combinations. If we consider the different
nature of these two kinds of unknowns some problems result
when we want to solve the equations. The usual way is to
eliminate, in the first step, the liaison forces and, in the second
step, to solve the differential equations system. The time
evolution of the independent coordinates is known to deter-
mine the liaison forces return to solve a linear system. The
theoretical conclusions were validated using an experimental
stand.

2. Dynamic Analysis of the Transmission with
Two Degrees of Freedom

The originality of the proposed mechanism (Figure 1) is to
use the inertia of one of its elements and continuously change
gear ratio as the input speed increases ([13–17]).
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Figure 1: Mechanism with two degrees of freedom.
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Figure 2: Geometry of the mechanism.

In this respect, the mechanism will have two degrees of
freedom, which could be considered the input rotation angle
(crank𝐴𝐵) and the pump stroke (coordinate of the point𝐷),
denoted by 𝑥

𝐷
(Figure 2).

Geometry of themechanismmakes it possible towrite the
closing vector equations (Figure 3):
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Using the closing vector equations is possible to obtain
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By differentiating (1), condition equations for velocities
are obtained:
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differentiating (2),
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Figure 3: Free body diagram of the bodies of the system.

from where the angular accelerations can be obtained as
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fromwhich it is possible to obtain the vector of accelerations:
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by differentiation. Finally the accelerations vector under the
following form can be written:
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obvious. The motion equations can be written in a compact
form (view [19–21]):
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To eliminate the liaison forces it must premultiply the rel. (9)
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[

[

{𝐴
1
}
𝑇

{𝐴
2
}
𝑇

]

]

, (10)

and we obtain

[

[

{𝐴
1
}
𝑇

{𝐴
2
}
𝑇

]

]

[𝑚]([{𝐴1} {𝐴2}] {

𝜀
1

�̇�
𝐷

}

+ [{𝐵
1
} {𝐵
2
} {𝐵
3
}]

{{{

{{{

{

𝜔
2

1

𝜔
1
�̇�
𝐷

�̇�
2

𝐷

}}}

}}}

}

) = [

[

{𝐴
1
}
𝑇

{𝐴
2
}
𝑇

]

]

{𝑄} .

(11)

If calculus is made it results in
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The following integrations for some situations to check
how the integration subroutines work will be performed
(Figure 4).

If 𝑡final = 30 after the integration procedures the following
results are obtained (Figures 5–8), resulting in good stability
of the MATLAB integration subroutine used (ode23).
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Figure 4: Sketch of themotion of the two degrees of freedom system
for the angular speed 160 rot/min.

D
isp

la
ce

m
en

t (
m

m
)

2.70

2.80

2.90

3.00

3.10

3.20

3.30

0.
00

Time (s)

1.
59

3.
18

4.
77

6.
36

7.
95

9.
54

11
.1

3
12

.7
2

14
.3

1
15

.9
0

17
.4

9
19

.0
8

20
.6

7
22

.2
6

23
.8

5
25

.4
4

27
.0

3
28

.6
2

Figure 5: Slider displacement.
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Figure 6: Slider velocity.
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Figure 7: Angular velocity of the crank.
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From Figures 5–8 it can be seen that there is a stable
integration process for long intervals.The proposed system is
a system with two degrees of freedom. As a result the system
of DAE which is obtained when using the fundamental
theorems of dynamicswill be transformed, after removing the
reactions, in a two second-orderODE. Integrating this system
of equations can lead to numerical stability issues due to high
complexity of the system.

We tried several subroutines integration of MATLAB
programming environment and found that ode23 subroutine
has the best behavior. To study the stability of the integration
process a quasi-stable operating regime has been sought
and integration time became longer, to determine how long
rounded errors lead to instability of the solution. For the latter
presented final integration time of 200 s was chosen. This
yields stable results.

3. Experimental Confirmation of the
Theoretical Results

3.1. The Experimental Method Used in Measurements. In
order to perform high-precision tests, also useful in verifying
and validating accomplishedmodels, we have used an optical
recording method of the movement, which provides the
opportunity for measurements under dynamic loading.

Dynamic analysis of the proposed mechanism allowed
the numerical determination of the laws of motion of the
elements of studied multibody system and the proposed
experimental method will serve to validate these numerical
results.

The current method based on motion analysis using a
motion capture system is a particularly efficient and high
perspective one. We have considered it appropriate to use
the method with markers for the present research work. The
equipment used is well suited for the records that we want
to do as it can ensure shooting in dark surroundings with
very good accuracy. In analyzing the motion with markers,
the basic idea is to track the movement of a marker attached
to a particular point of interest on the mechanism and then
the trajectory of that point will be extracted and analyzed
by methods that correspond to the desired outcome to be
achieved. A motion capture software will therefore be able to



6 Mathematical Problems in Engineering

Marker 1

Marker 2

Marker 3

Marker 4

Marker 5

Marker 6

53

30

520 60

16
0

25
0

10
0

65

Figure 9: Sketch of the mechanism with markers highlighting.

follow the path of amarker over the entiremotion and then to
provide at least a list of coordinates of the marker over time,
coordinates that define this trajectory.

In view of the above considerations, for the experimental
research within this paper, the Adobe After Effects has been
used, due to the following:

(i) Efficiency in terms of how motion is treated, the
method of markers recognition, and accuracy with
which the trajectory of a marker is recognized.

(ii) Accuracy in terms of tracking the trajectory accord-
ing to several criteria (brightness, color intensity, etc.),
but also influencing certain aspects of external condi-
tions in which the capture is carried out (brightness,
the distance at which the motion is captured).

(iii) The extent to which the results of the application are
further processed to obtain the dimensions of the
motion parameters that are analyzed in the thesis.

AOS [29] software allows saving shootings in common (.avi)
video format being indispensable decreasing duration or
their compression. This format has been used because of
its compatibility with the application necessary to obtain
experimental data.

3.2. Obtaining Experimental Data. After fulfilling the condi-
tions for the experiment, themarkers are fixed onmechanism
after which the mechanism is recorded at different shooting
modes, each mode (transformer-rectifier indication) being
recorded on its own video. Markers will be centered on the
main pump rod as well as on joints mechanism (Figure 9).

With Adobe After Effects application, the motion coordi-
nates are retrieved for each marker. The same process will be
covered for othermarkers of the video (pumpmarker and the
pendulum marker) too. Thus, the data for the first recording
have been obtained. The above steps are repeated for other
records of the mechanism to finally get its corresponding
database, followed by data processing.

The experimental setup allows testing the behavior of a
mechanism with two degrees of freedom, “closed kinematic
chain through inertia” (view [9]) for different engine speeds.
The test program described previously allows experimental

Figure 10: Experimental setup for testing. (1) Motor; (2) disc drive;
(3) transformer; (4) pump; (5) valves; (6) rod; (7) pendulum rod; (8)
weight.

tests and evaluation of certain kinematic parameters. The
mechanism’s components are shown in Figure 10.

3.3. Tests Achievement, Processing, and Interpretation of the
Obtained Data. This section presents the results obtained
from testing the mechanism with two degrees of freedom.
The test represents the video recording of markers motion for
three different load situations of piston pump. The research
has been carried out in three different regimes and different
valve positions.

In order to track, process, and evaluate the experimental
data, the following notations have been made:

(i) movement with all valves open: all o or 0 0 0 0;
(ii) movement with all extremity valves closed: c o o c or

1 0 0 1;
(iii) movement with all valves closed: all-cl or 1 1 1 1.

Due to the fact that the used application (AdobeAfter Effects)
has not been designed specifically for motion analysis, the
trajectory tracking way is designed in order to apply the effect
of motion on that path of some elements of videomaterial, so
this does not provide a direct possibility to export them in
a known format. But markers coordinates (𝑋 and 𝑌) can be
copied in an Excel file that after some minor adjustments can
be retrieved by other applications for further processing.

After the completion of the experimental tests, video
recordings have been obtained representing the coordinates
of the sixmarkers corresponding to the four operatingmodes
in the three loading cases (all o, c o o c, and all c).

Mathematical processing of experimental data from
videos has led to some results presented in graphical form.

The motion study of markers 1 and 2 is useful for
determining the speed of the drive motor. Marker 3 will give
the pistons motion and marker 5 allows determination of
swinging motion (Figures 11-12).

The study of marker 5 motion has determined the
following motion graphics (Figures 13–15).

The analysis in terms of marker 3 graphics led to the
determination of the piston stroke. Similar is the case for all
operating modes, in all established variants (all o, c o o c,
and all c), with the data being obtained from the centralized
spreadsheet (Table 1) for plotting (Figures 16–18).
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Table 1

Tap position
all o c o o c all c

Angular speed
(rot/min)

Displacement
(mm)

Angular speed
(rot/min)

Displacement
(mm)

Angular speed
(rot/min)

Displacement
(mm)

165.36 6.84 165.24 6.16 161.73 6.05
183.15 9.58 176.93 8.74 163.71 8.04
191.21 14.67 185.26 12.76 184.18 11.62
197.11 15.86 192.56 15.30 191.67 15.04

Displacement-time graph of marker 3
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Figure 11: Horizontal displacement of marker 3.

Velocity of the slider
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Figure 12: Horizontal speed of the slider.

The main advantage of studied mechanism with two
degrees of freedom is in its transmission flexibility ratio.
By this we mean that unlike the classical connecting rod-
crank mechanism that has a constant transmission ratio—
independently of the speed of the crank, the stroke is the
same—the proposed two-degree-of-freedom mechanism is
carried out at low speeds of the crank and a very low (or even
zero) stroke, and as the frequency of rotation of the crank
increases (i.e., wind speed increases), the stroke increases
also, not only its frequency alternating motion.

Discontinuities in Figures 11–15 were largely due to errors
in determining the exact position of the markers.

Trajectory of the marker 5 (swing)
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Figure 13: Path of marker 5.

Projection of the velocity on the horizontal axis
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Figure 14: The projection of the speed on the horizontal axis of
marker 5.

Phase space for marker 5
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Figure 15: Phase space representation of displacement on the
horizontal axis for marker 5.
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Figure 16: The displacement of the piston all o.
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Figure 17: The displacement of the piston c o o c.
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Figure 18: The displacement of the piston all c.

4. Conclusions

Theoretical and experimental study carried out in paper
have the aim to research the dynamic behavior of wind-
driven pumps, focusing on dynamic analysis of these pumps
transmissions. A mechanism with two degrees of freedom
to transmit and convert the rotation motion into translation
one has been proposed. This type of mechanism has some
structural advantages, one of which is that it can run the
turbine at weak wind. At weak wind, the mechanism can
function as a pendulum driven by turbine rotation, but as
the turbine speed increases, the pendulum inertia moves
the pump. This produces an increasing stroke of the piston,
which increases the consumption of energy taken over by
the pump and limits the turbine speed. The main advantage
of mechanism with two degrees of freedom is studied in its

transmission flexibility ratio. By this we mean that, unlike
the classical connecting rod-crank mechanism that has a
constant transmission ratio, in the sense that the piston
stroke is the same, irrespective of the crank, the proposed
mechanism of two degrees of freedom is carried out at very
low (or even zero) stroke at low speeds of the crank, and as the
frequency of rotation of the crank increases (i.e., wind speed
increases) the stroke increases also, not only its frequency
alternating motion.

Thismechanism property provides the following benefits:

(i) Allowing startup of the vertical axis wind turbine at
low wind speeds (thus avoiding the disadvantage of
this type of wind turbines).

(ii) Accomplishing an increase of pump turbine efficiency
with the increase of wind speed.This is obvious if you
notice that as speed increases, both the number of
racing pistons in unit time and the length of its stroke
increase.

(iii) Limiting the speed in case of strong wind turbine, by
substantially increasing the power consumed by the
pump.
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[5] D. Le Gourires, Énergie Éolienne, Eyrolles, Paris, France, 1980.
[6] J.-L. Menet, L.-C. Valdès, and B. Ménart, “A comparative

calculation of the wind turbines capacities on the basis of the L-
𝜎 criterion,” Renewable Energy, vol. 22, no. 4, pp. 491–506, 2000.

[7] G. Pechlivanoglou, Passive and active flow control solutions
for wind turbine blades [Ph.D. thesis], Technical University of
Berlin, Berlin, Germany, 2013.

[8] I. H. Abbot and A. Von Doenhoff, Theory of Wing Sections:
Including a Summary of Airfoil Data, General Publishing Com-
pany, Toronto, Canada, 1959.



Mathematical Problems in Engineering 9

[9] G. Bragg and W. Schmidt, “Performance matching and opti-
mization of wind powered water pumping systems,” Energy
Conversion, vol. 19, no. 1, pp. 33–39, 1979.

[10] W. Bucher, “Performance report of a wind-electric pumping
systems,”World Energy Congress, vol. 3, pp. 1584–1588, 1990.

[11] J. D. Burton and M. Hijazin, “Lift rod load reduction for wind
driven pumps,” in Proceedings of the 2nd World Renewable
Energy Congress, vol. 3, pp. 1256–1533, Reading, UK, September
1992.

[12] J. D. Burton, “The mechanical coupling of wind turbines to low
lift rotodynamic water pumps,” Solar andWind Technology, vol.
5, no. 3, pp. 207–214, 1988.

[13] G. H. Deliu, E. Secara, and M. Macovei, “Regimul aerodinamic
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