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ON A SUBSTRUCTURAL GENTZEN SYSTEM, ITS
EQUIVALENT VARIETY SEMANTICS AND ITS
EXTERNAL DEDUCTIVE SYSTEM

Abstract

It was shown in [1] that the Gentzen system G j«\., the deductive system IPC*\c¢
and the equational system <£, |:RL> associated with the variety of residuated
lattices are equivalent in the sense of [8] and [9]. In this paper we show that if
we delete the rules for the implication connective — from the sequent calculus
LJ*\¢, then the Gentzen system obtained from this sequent calculus, denoted
by Ga,v,@, is algebraizable and the variety of bounded commutative integral
l-monoids is its equivalent algebraic semantics. As a consequence of this result
we obtain that the contraction rule is not derivable in Ga,v,o, so we can say
that Ga v, is a substructural Gentzen system. It is also shown that there is no
deductive system equivalent to Ga,v,» or to <£, ):BC|L|\/|> and that the variety
of BCILM is an algebraic semantics for the external deductive system ngv,@
associated with Ga v,o, with defining equation p ~ 1. Finally we prove that this
deductive system ngv, o 1s not protoalgebraic.

Let us recall the definition of the sequent calculus LJ*\c.

DEFINITION 1. ([1, definition 2], cf. [7]) Let £ = {A,V,®,—,0,1} be a
propositional language of type (2,2,2,2,0,0). Let I', IT be finite sequences
of L-formulas and ¢,1,€ be L-formulas. The sequent calculus LJ*\c is
defined by the following axioms and rules:
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DEFINITION 2. Let LJ§, | o g 1}\(: be the sequent calculus obtained by
deleting the rules for the implication connective — from LJ*\c¢ and let

Grve = <£,'_LJ* > be the Gentzen system of type (w,{1}) de-

{/\,V,@,o,l}\c
termined by the sequent calculus LJ{*/\’\/@TOJ}\C.

Let us recall the definition of the variety of bounded commutative
integral l-monoids.
DEFINITION 3. (cf. [2]) Let A = (A,A,V,®,0,1) be an algebra of type
(2,2,2,0,0), A is a bounded commutative integral l-monoid if the following
conditions are satisfied:

1. (A,A,V,0,1) is a bounded lattice where 1 and 0 are the maximum
and minimum elements, respectively;
2. (A,®,1) is a commutative monoid, i.e., for every x,y, z € A,
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(@) (zOY)©z=20HyO2),
b)) 20y=y0ou,
(¢) 1Oz =ux;

3. For all z,y,z € A,
(zVy)Oz=(x02)V(y©® 2).

The class of bounded commutative integral l-monoids will be denoted
by BCILM.

It is easy to see that BCILM satisfies the property of monotonicity of
®, i.e., for every z,y,z € A, if <y implies (x @ 2) < (y ® 2).

Notice that if we add the residuation property

r<y—zifzoy<z

to the definition of BCILM, then we obtain a residuated lattice.
The following lemma will be used to show that G, v ¢ is algebraizable.

LEMMA 4. ([9, Lemma 2.5]) Let G be a Gentzen system of type (o, 3), let
K be a quasivariety.

If there is a translation T from G to K and a translation p from K to
G such that:

1.T=A dkg pr(T = A) forallT = A€ Seq(éx’ﬁ),

2. (o, )=k To(p, ) for all (p,4) € FmZ,
3. for every A € K, the set R={(X,Y)€ A™ x A” :m € a,n € 3,

TA(X, Y)C AA} is a G-filter,
4. for all T € ThG, Or = {(p,¥) € Fm% : p(p,¢) C T} € CongFme,

then G is algebraizable with equivalent algebraic semantics K.

THEOREM 5. G v,o 15 algebraizable with its equivalent algebraic seman-
tics, the variety BCILM, and with the translations T from Ga v o to BCILM
and p from BCILM to GA v o defined in the following way:

<®pi)/\%“ ®© pis ifm>1
i<m <m

T<p07 <oy Pm—1 = (JO> =

1~ qo, ifm=20

p(po = p1) = {po = p1; P1 = Po}-
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In order to simplify the notation we use () p; as an abbreviation for py ©

i<m
(P1O (O (P2 @ Pm-1)...)):
PRroOF: To prove this result we will use Lemma 4.

1. Let us prove condition (i) : T' = 1 —H—LJ{*A vooay\e PT (T = ).

If T = 0 we have p7 () = ) = {1 = 4, ) = 1} then by using the
axiom 3, the rules (w =) and (cut) we obtain the condition (i).

Ir= Y055 In—1;
and we will denote the formula v ® (71 © (... © (Ym-2 @ Ym-1) ---))
as (O T, we have

pr (0 = ) = {@F;» (@P) A, (@F) mp;»@r}.

Note that the sequent (OT) A9 = (DT is derivable in G5 v o by
using the rule (A2 =).

So we have to show that I' = 1 _“_LJ?/\VQOI}\CQFj(QF)/\’l//:
F)
Or=Qr @F%:;/’w(@;»)”*l
= A
OT= (O AV =N
)
Yn—2 = Yn—2 Yn—1 = Vn-1 (:> ®)

Yn—25 VYn—1 = Yn—2 © Yn—1

Ol = (OI)AY @&%(m =)

(= 0) OT = v

= or (cut)

= (cut)

1. Condition (i) : ¢ = Y=ERCILM LAY = @, Y A p =} is trivial.
2. Let us prove condition (#i¢) that is, for all A € BCILM, the set
R= {(X,a) €eA" X A:m e w, TA(X,a) - AA}

is a QA,V’@—ﬁlter.
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Notice that
R = {(X,a)EAmxA:mEu)\{O}7 @Xga}u
U{(@,a) e {0} x A:1<a}.

This set contains all the pairs (a,a), (0,a) and (§,1) with a € A,
so R contains the interpretation of the axioms. Now we will show
that R is closed under the interpretation of the inference rules of

LJE(/\,\/,G),O,l}\C'
Let us check, for example, the following:

e Right introduction rule for ® :

' D=9
L= ey

IT = ¢ and II = @, we have to show that if (f,a) € R and
(0,b) € R, then (P,a ®b) € R. We have that 1 < a, 1 <b and
by using the fact that 1 is the maximum element, we obtain that
a =b =1, by applying the property (2)-(c) we have 1 = a ® b,
so (0,a®b) € R.
IfT' = 0 and II # () (analogous for I" # () and IT = @), we have to
show that if (§,a) € R and (Y,b) € R, then (Y,a ®b) € R. We
have that 1 < a and Y < b and by using the fact that 1 is
the maximum element, we obtain that a = 1, then by applying
the property (2)-(c) we have b = a ® b, we obtain )Y < b, so
(Y,a®b) € R.
T # 0 and II # ), we have to show that if (X,a) € R and
(Y,b) € R, then ((X,Y),a ®b) € R. We have that O X < a
and OY < b by applying the monotonicity of ® we obtain
(OX)o(®Y) <a®b, and by the associative property of ®
we have ((X,Y),a ®b) € R.

o Left introduction rule for A :

Lp=¢
Long =&
If T = (), we have to show that if (b,¢) € R, then (a Ab,c) € R.

We have that b < ¢, and by using the property a A b < b we
obtain a A b < ¢, so that (a Ab,c) € R.
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If T # 0, we have to show that if ((X,b),c) € R, then
((X,anb),c) € R. We have that (O X) ®b < ¢, and by using
the property a A b < b and the monotonicity of ® we obtain
(OX)oand) < (OX)ob; sothat (O X)O(aAd) < e, that
is (X,aAb),c) € R.

Left introduction rule for V :

Feo=§ T'y=¢
Lovy=¢

If T = (), we have to show that if (a,c) € R and (b,c) € R, then
(aVb,c) € R. We have that a < ¢ and b < ¢, and by using
the fact that Vv is the supremum, we obtain a V b < ¢, so that
(aVb,c)€R.

If T # 0, we have to show that if ((X,a),c) € R and ((X,b),c) €
R, then ((X,aVb),c) € R. We have that (O X) ®a < ¢ and
(O X)®b < ¢, and by using the distributive property (3) we
have (O X) @ (aVd) = ((OX)©a) V(O X)©b) and by using
the fact that V is the supremum, we obtain () X)® (aVb) < ¢,
so ((X,aVb),c) €R.

The other rules are left to the reader.
Let us prove condition (iv), that is for all T € ThG, v e,

Or = {(‘PM/’) € Fm%/\,v,@,o,n cp(p9) C T} € CongILMF™{A,v,0,0,1}

It is easy to show that 8 is a congruence.
Now let ¢ = 1 be one of the equations which define the BCILM. We
have to show that p(p,¢) C T for all T € ThGA .. It suffices to

show that 0 '_LJf/\,\/‘@‘O,l}\C v =1 and () l_LJfA,V)Q)OJ}\C P = p.
Let us check, for example, the following:
e rNr=ux:
We have to show that 0 I_LJE/\YV.’@,O,I}\C oA =

and @ l_LJ*

{/\,v,@,O,l}\C
and (= A), respectively, the result follows.

¢ = ¢ A p. By using the rules (Al =)

e xOYy=y0oOuz:

We have to show that I—LJ{*AVQOU\C POY = PO Itis

straightforward by using the rules (= ©®), (i =) and (© =).
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e lOzxz==x:

We have to show that 0 '_LJE/\,\/,@,O,I}\C 10¢ = o

and () }—LJ{*A oo\ P 1® . Consider the following proofs:

=
1,cp:>go(w;>)(®:>) D=1 ga:><p(

=0
10p=9¢ 0=10¢ )
c (@VY Oz =(z02)V(yo2)

We have to show that () F, ;-

(AN,©,0,13 \E

(¥ ®&). Counsider the following proof:

(PVYP)OE=(p0EV

=9 E=8 V=1 =€,
0,E=>p0O¢E (= v2) = 0O (= V1)
0.{= (PO VL ,E= (o V @O v =)
eV, E= (9O V ([ OE) (@ =)
(pVY)©E= (o V(YOI
Now we have to prove that () I—LJ{*AYV‘Q‘O’I}\C (pOEOVWOE) =

(o V1) ®&. Consider the following proof:

B G TE Ve VD,

3
pi= Vo O TN DI
sots Voot ©3) gois pvgos ©)

OO VWO = (pVY) ot (V=) i

As a consequence of this theorem, we have that the equational theory
of BCILM is decidable.

THEOREM 6. The contraction rule is not derivable in Ga v -

PROOF: Assume that the contraction rule is derivable, that is:

F,%%H = 5 I_LJ"

(AN.0.0,13 \€

oIl =¢

then by the theorem 5 we have that

(@F)@P@w@ (@H) < {FBCILM (@F) ®<P®(@H) <¢ (1
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Consider the (A, V, ®, 0, 1)-reduct of the MV—algebra of three-elements,
thatisA:<{O,2,1} A,V ®01> where 0 < 1 <1andx®y—ﬂ(x—>
). Asioi=-(3— —\5) =-1-1)= —|1 = 0, we have that there
is an interpertation of the antecedent of (1) that is true (0 < 0) but the
interpretation of the consequent of (1) is false. So the contraction rule is

not derivable in G v.o. O

THEOREM 7. The variety BCILM is not the equivalent algebraic semantics
for any deductive system.

ProoOF: In [6, proposition 2.1] it is proved that for the four-element dis-
tributive lattice A = ({0,a,b,1},A, V), with 0 < b < a < 1, the Leibniz
operator {24 cannot be an isomorphism between the filters of an arbi-
trary deductive system and the congruences of the algebra A. Consider

= ({0,a,b,1} ,A,V,®,0,1), where ® = A, then A’ € BCILM. Tt is
easy to check that the proof of [6, proposition 2.1] applies in our case to
show that BCILM is not the equivalent algebraic semantics of any deductive
system. O

Now we will consider the external deductive system associated with
Grv,0-

DEFINITION 8. Let £ = {A,V,®,0,1}. Let S3, = <Fm£,FSg >
Vo ALV,0O

be the external deductive system associated with GA v o; that is, '_52,
AV,0O

is the finitary and structural consequence relation on the set F'm, defined
by:

[hgo p Hf {D=~v:v€el}rrmc0= ¢, forallTU{p} C Fm,.
A VL,0

THEOREM 9. SY

Grvoo and Ga,v,o are not equivalent.

Proor: This theorem is a consequence of the fact that G v @ is algebraiza-
ble with its equivalent algebraic semantics, the variety BCILM, (theorem 5)
and the fact that BCILM is not the equivalent algebraic semantics for any
deductive system (theorem 7). |

THEOREM 10. The variety BCILM is an algebraic semantics of the de-
ductive system SgA v with defining equation ¢ =~ 1, that is, for every

FU{e} C Fmiav,0.01}
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Ihsy eiff l=pizpiel} Epaim L~ ¢

PrOOF: By the definition of SO v and theorem 5, we have that
Fl—so @ iff {@#(pl.%EF}I—LJ*AV@M}\C(Z)égOiff

{1~<p, ’LGI}'—BC“_MlN . O

THEOREM 11. Sg is mot protoalgebraic.
AVL,O

Proor: To show this result we will check that the Leibniz operator is not
order -preserving on the Sg .ofilters of the algebra A = ({0,a,1}, A, V, @,
0,1) of type (2,2,2,0,0) Where 0 <a <1, Aand V are infimum and
supremum, respectively, and A = ©.
First we prove that the SO o -filters of A are exactly the lattice
filters of A; that is, the SOA v ﬁlters of A are: {1}, {1,a} and {1,qa,0}.
Indeed,

e Suppose that F' is a lattice filter of A. We have to show that F' is a
59 ..o -filter; that is, if ' |—So o, h € Hom(Fmg,A) and h(T") C

F, then h(p) € F. Consider the Gentzen system gLJ{A Vo0, Which
is obtained by adding the contraction rule to Ga v.e. It is easy to

see that the external deductive system S Jr " associated with
ALV,0,0
gr, LT ooy coincides with the deductive system S obtained from
QLJ{*A oo by means of T' g ¢ iff D—LJ{*AM@,O’I} I' = ¢. This
deductive system S coincides with the fragment without implication
of the Intuitionistic Propositional Calculus. It is also known that the
filters of any distributive lattice A are the S-filters. Let us suppose
that T" '_38 @, then I' g ¢ and as F' is a S-filter we obtain that
ALVLO

h(p) € F.

e Suppose that F is a SO . —ﬁlter We have to see that F' is a lattice
filter of A. We have that {ga v} |—So © @ 1), since

,V,
{0 = ¢,0 =1} l_LJ{AVOUI}\C 0= <,0®1/J and, therefore, if o, 3 € A
and a € F, B € F, we have that « ® § € F.
We have thatgpFSo oV, since@:xgaFLJ*\c(i]:&ga\/w and,
,V,0

therefore, if o, 3 € A and a < B and « € F, we have that aV g € F,
that is, 8 € F. So, F' is a lattice filter of A.
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Finally let us see that the Leibniz operator is not order-preserving
on the ngv’@—ﬁlters of the algebra A. Consider the ngv,e—ﬁlters F =
{1} and F> = {1,a} then we have that (0,a) € QA ({1}), but (0,a) ¢
QA ({1,a}). So Qp ({1}) € QA ({1,a}). O
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