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LANDAU TYPE INEQUALITIES FOR
BANACH SPACE VALUED FUNCTIONS

YINGXIONG XIAO

(Communicated by J. J. Koliha)

Abstract. Motivated by the work of George A. Anastassiou in [George A. Anastassiou, Os-
trowski and Landau inequalities for Banach space valued functions, Mathematical and Computer
Modelling, 55 (2012), 312-329], we derive some Landau type inequalities for Banach space val-
ued functions without assuming the boundary conditions.

1. Introduction

We firstly recall some classical results due to Landau [8&].

Let I=R; or [=R. If f:1— R is twice differentiable and f, " € LP(I),
p € [1,09], then f' € LP(I). Moreover, there exists a constant Cp,(I) > 0, which is
independent of the function f, such that

1 llpa < ST, (1)

= ( firtras)’

if p€[l,00) and || f||ls = esssup,;|f(x)| if p =eo. Landau considered the case
p = oo and proved that C..(R.) =2 and C..(R) = /2 are the best constants in (1). In
1932, G. H. Hardy and J. E. Littlewood [ 7] proved (1) for p =2, with the best constants
G (Ry) =2 and G3(R) = 1. In 1935, G. H. Hardy, E. Landau and J. E. Littlewood
[6] showed that the best constant C,, in (1) satisfies the estimate

where

Cr(Ry) <2

for p € [1,%0), which yields C,(R) <2 for p € [1,00).
From now on, we let f be a function defined on R taking values in a real or
complex Banach space (X, || -||). The following three Theorems can be found in [4].
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THEOREM 1. Let f € C*(L,X). If || f||lcots ||| f"|||cos < o, then

1 Moo,z < 24/ A Moo g 17 oot

where ||| f|||e.1 := supye; ||/ ()]

THEOREM 2. Let f € C*(I,X) and p,q > 1: 5+ 2 =1 If |||flllers [/l o2
< oo, then

4 q+1
1 ooy < 27 ‘(T) Hlfllli,”q IHf”III,iTéq»

where |[|f”|llp = (i |/ (0)[Pdx)7

THEOREM 3. Let f € C""'([a,b],X), n € N. Assume the boundary conditions
fD(a)=fO(b)=0for 1 <i<n—1whenn=>2. Let p,q> 1 satisfying I%—I— é =1.
Denote by B(-,-) the beta function. Then

o[4S W I
1 e < i rgyrmin 1 (Blat 1, (=D )7 (o-a) 7,

b—a (n
ool

(b—a)’
n(n+1)’

I

In this paper, we derive some Landau type inequalities for f € C* (R X) or
C3([a,b],X ), while we do not assume the boundary conditions f' (a) = f (b) = f" (a
f"(b) = 0. For more information about Landau inequality, we refer to [1, 2, 3, 4, 5]
and the references therein.

2. Main results

Recall that if f € C"(R,X), then the following vector valued Taylor’s formula
holds (see e.g. [9]):

: VAL PR ) L AR 01
f(y)—f(X)—f(X)(y—X)—--~—W(y—x) = TR @
Putting n = 3 in (2), we obtain
/! y _ 2 ui d
709+ L 2 = ) - g - BRI OE
We note (3) yields the following system by choosing y =y; and y =y,
F@01 =0+ L0 =02 = f(y) — o) - Lot

+
P02 =)+ L 32 =2 = f32) — fx) - E2 00
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The coefficient determinant D of system (4) is D = % (y; —x)(y2 —x)(y2 —y1). If D #
0, we have

_ =00 /&) 01 =x)(fb2) =)

L g Fre 52 —31)02 =) 5
) R o0 W, 1= 2) 200 -0 (@)
2(y1 —x)(y2—y1) 2(y2 —x)(y2—y1)
and
P 2 20D —F@) 200 f6) o =02 ()

M2=y)(2—x)  2=y)1—x)  (2—x)(2-»)

I (6)
L 20202 e
(1 =x)(y2—y1)
Now we can establish some Landau type inequalities. The first Theorem is
THEOREM 4. Let f € CY(R,X). If [[|f|lw; 1" |l < oo, then
9 2 1
1l < i/;llfi,Rllf”’llliR;
1 2
1" e < V3IANLRNE R
Proof. Let h > 0. Putting y; =x—h and y, =x-+h in (5), we have
fx+h)—f(x—nh 1 [~
f/(x) _ ( )2h ( ) o E xfh(x_h_t)%f///(t)dt
x+h 7
= N2
). (x+h—1)"f"(r)dr.
Therefore,
1/ (x+h) —
IF@l < e 1 I A IO
i h(X+h—t)2||f”’(t)\\dt
4h X
H|f|||°° 111 1 x 2 1 * 2
<— R — —h—
< TR 4h/ (r—h=tVdit o | (emhe)dr
Hlfllloo h2
A Moo
The function 5
Fllle, h
gy = W=y P

6’
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attains the minimal value only for /i, = ¢ m‘j‘cl,f,,l““‘”R Consequently

/ 3/9 % 11 %
1 Mo < 8Chmin) = {/ S NLANZ RIS -

Similarly, Putting y; =x—h and y, = x+h in (6), we have

f//(x):f(x"'h)"‘f:;_h)_zf(x)_zihz/):h(x_h_t)zf///(t)dt

[ pobh ®)
-5 / (v h— 02" (1)dt

With the same argument, we get

4H|f|||oo h
[KEI]IES " Neo -
Therefore fllon N
/] 9, /11
17" e < L2 e 5.
By choosing
o |24z
" Mo ”
we have

3 1 2
I Mo < V3ILANL R N1 g

Our second Theorem is

THEOREM 5. Let f € CAR,X) and pyg > 1: L1 = L IF £l 11"
< oo, then

, < 1 e 1 lljiq 149 2 "
- JE— l+q
ias () (o) 20 S s

and
2q

1

21 T4
1l < 401+ 29) 25 (@) ANEE -7

H|f///‘Hp.R — (/Rf///(x)”pdx> P

Proof. By (7), we have, for h >0,

:f(x"'h)_f(x_h)_L * (x—h—t)zf”’(t)dt

2h 4h x—h

x+h ®)
(x4+h—1)2f" (t)dr

where

f'x)

“un .
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By Holder’s inequality,

/ (k= h— 12" (0)dt
x—h

) 20 g1
<[ =h=eP @)

([ wrwiras) " ([ wen-a)" o

1 4 2q+1
<o (557) 0%

Similarly,

xX+h
<[ et n=?l 0

(/Hhﬂf’”(x)”dx)g (/”h(xm—z)%dzy (11

1

1 \¢ 211
<l (55 ) 0

x-+h
/ (x4 h— 127" (1)dr

N

Therefore, by (9),

1
h—f(x=n)|| 1 1 7 2t
/ <Hf(x+ e ]
) <R gl s () e
1
H|f|||°°R 1 1 a 7 ol
Il 2~ W7
4
Choosing h = (qu> e (1+2¢)7% T (H‘IH;’C’U\‘F )qu in (12), we have
/ 1 ﬁ 1 11+qu —2— l+2q 11/ 1+2q
[FEIES 2% e (1+2q) ™5 || flllog” - 1A R
Consequently
INTZ /1 \ %
q
Mop < [ — 142 qu 1+2q 1" 1+2q.
ia< (50) " (1) 020 S ATE i
Next, by (8), we have, for 7 > 0,
+h)+ flx—h)—2 1|
||f”(x)||<Hf(x ) fglxz ) f(X)H_FW / (x_h_t)Zf///(t)dt
x—h
x+h
+—2/ (x4+h—1)*f"(1)dr (13)
2h X

1
ek (LN
< ha.
=+ (5 ) It
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To get the last inequality above, we use (10) and (11). Choosing h = (Sq)ﬁ(%ﬁ—

_ 9
1) e (H‘IHIZ’C’U\T ) 29 in (13), we obtain

2q

/1 142 1+2 i H 1+2q 1 1+2q
£ ()] < 4(142¢) T2 8 A" - AR

Consequently

2q
21 (1 T
711z < 401-+20075 () ™ AN D0
To prove the last Theorem, we need the following Lemma.

LEMMA 1. Let h >0 and p,q>1: —_1 If f€C3([x—h,x+h],

17

x-+h
[ennir
X

. |||fm|||oox hx| 37
/ (et h—1)2f"( V& |||1[x i
x—h - 2q+1
N e () 77

Proof. We have, by Holder’s inequality,
x+h x+h
/ (x -+ — 1) " ()t g/ (e — 02" (1) e

UL Moo o - 2 (xR — 1),
” |f”/| ||1.[xx+h] . maxte[xx-l,-h] (x+ h— l)

1
1A g (f"”’(Hh 1))

|||f///|||°°,[x,x+h] : ga
= |||f///|||1,[x,x+h] -h ’

i 20t
1" W gy (e ) 077
The proof of inequality (15) is similar. In fact, we have
X X
| == | < [ = h=e @) ar

3
" o g - [ (x— =12, HIfZIHM[x nd 5
< |Hf///|||l[x ] MAX; e[ hx](x_h_t)zv = H|f e—=ha] h

fH'Hw[xx-&-h 3

177 s 1,

" L)oo,
1" M e (m) [

N

X), then

(14)

15)

7 Lo
I - (s~ 1)25ar) mf"'mp.,[x_h,x]-(TL)"WT.
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Now we can prove the last Theorem.

THEOREM 6. Let f € C3([a,b],X) and p,q > 1:

1 _
.1—7—1- =1. Then

1
q

| 5(b—a)? 5(b—a
Lﬂmmwﬁ]<nnn{—igyl—|fm%MM7( i

9 1.[a,b]s

Ltq

(142" (b—a)' e 12

—da

1" Mpja ¢ + 7171 lee fat)
[320+1(2g + 1)]4 b-a

and

(176 —a) 9
1" oo, .51 <mln{T|fﬁlw,[a,b]7 §H|fm\

1.[a,b]>

1+3¢ 1
142 9 )(b—a)4 36
P gy 22O DTy 30
Beg+1)s 74

Proof. Step 1. We firstly assume x € [a,a + %(b —a)]. Then
1 2
x+ g(b—a), x+ §(b—a) € [a,b].

Putting y; =x+ %(b —a) and y, = x+ %(b —a) in (5) and (6), respectively, we obtain

2(b—a) Cb—

2(b—a)

. ﬁ/xw—z— <x+ 2(b3— a) —t)zf’”(t)dt

x4 bza —a 2
f/(x):3(4f(y1)_3f(x)_f(y2)) la/er 3 <X—|—b —t) fm(t)dl

and

(b—a)? " 2(b—a
b—a)

N ﬁ/xﬁ%— <x+ @ _;>2f’”(t)dt.

Py =20 HO7x) ~18f() 9 - /x"*% (x phoa

Therefore,

12 1 v by b—a \°
f/(x)”<m||f°°’[“7b]+mH/x <x+ 3 —t> " (t)ar

2(b—a) . 2
’ <x+2(b3 a)—t) " (t)dt|| .

X+

1
* 2(b—a)

X
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By Lemma 1, we have

/ . /1! b
f<x>||<mm{|||f oo - 224 “’

4(b—a)* a) (b - a)

+min{||f///|||oo7[a,b MM )

» 2%'(b—a)1*7’ 12
I M b Tt 11 oo a8
Fariq+ 1)) P

. ) 5(b—a 5(b—a
=mm{¥|f’”w[ab], g

(1427 )b—a) 7"
[32+1(2g + 1))

Also by Lemma 1, we have

; 36 9 /x+b—3“ b—a
<— I
17 ()] \(b_a)QH‘f‘Hw,[mb]"_Z(b_a)z | Xt —

2(0—a) 2
9 X+ =3 2(b—a) "
—_— —t t)dt
vl () e
. b—a 1
<mm{||f”’|||m,[a7h S M Iy

) 8(b—
+mln{||f///|||oo7[a,b]' ( ) "
36
+ m\\lflllm,[u,h]
:min{ ( ) " " 1,[a,b]» H|f”/H‘p[ab]

36
+ gl fun

M fa, b] 5 H|f”/H\p (a,b]

»
i /11 12
£ s }+—b_a||fw,[a,b].

2
—t) " (t)ar

I+q

(b-a) ¥

(b—a)i }
2[3(2q+ 1))

14+2g 1

1" 2 q (b—a)q

1,[a,b]» H|f H‘p[ab] 1
[3(2g+1)]4

(142 4" ) (b—a)d

[324+1 (2g+1)]s

3(2g+1))4

}

|
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Step 2. Secondly, we assume x € [a+ 1(b—a),a+ 3(b—a)]. Then x+ 1(b—

a),x—%(b—a) € [a,b]. Putting y; =x— $(b—a) and y, =x+ (b —a) in (5), we

obtain

Therefore, by Lemma 1,

IF (ol < II\f\Hw[ab]Jr

’ ' b- ’ 1
4(b—a) /x,h;a (x_Ta—f> [ (@)ar
a+b3e bh— 2
ﬁ : <x+ 3a—t> f”/(l)dt

(b—a) > (b—a)'s"
. a —a) 4
<mm{||f”’|||m,[u,h Ay 22 I e —}

L4pert g 1)

N
b—a a b—a)
T e T R TP L
4[3¢+1(2g+1)]4
3
+ EH f{lloo.fa,5]
(e > (b—a) ¢
. a —a) 4
=min 3 17" o) s Iy s IS —— o —
2[34+1(2g+1)]4

3
+ 71l o

Similarly, putting y; =x— (b —a) and y, = x+ £(b—a) in (6), we obtain

1 9(f (1) +f(y2) —2f(x)) 9 x b—a
f(x)= 1 — 2) _z(b—a)2/xh3a< _ _

9 v e b—a \* .,
T M GO AT
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Hence, following the prove above, we have

, 36 9
1 ()] <mll\f\\\w,[a7m+m

X _ 2
/ b (x— b 3 a —t) " (t)dt

g x+”%“ b—a g 111
T2p-ap / (**—;——0 o
1
. b_a b—a)1
<min { H |f///‘ Hoo.,[mb] . 5 I ‘f///|||1,[a7b]7 I ‘f///‘ p.’[mb](i)l}
3(2g+ 1))
36
+ m”\f\\\w,[am.

Step 3. Lastly, We assume x € [a+ 2(b—a),b]. Then x— (b—a),x—2(b—a) €
[a,b]. Putting y; =x— %(b —a) and y; =x— %(b —a) in (5) and (6), respectively, we
obtain

2(b—a) b—a

1 X Z(b—a) 2 Y
+2(b—a)/x,m (x_ 3 —f> [ ()t

3

X > 2
f/(x) :3(3f(x)+f(y2)_4f(yl>) 1 /X ( _b3 —t) fm(l)dt

_b—a
3

and

fx) =

9f(y2) +9f(x) — 18f (1) 9 x bh—a 2 .
(b—a)? +2(b—a)2 /x_ba< B —f) S (e)dr

x _ 2
“oa? _9a)2 /fo <x+2(b3 %) —t) " (t)dt.

Following the prove in Step I, we have

12 1 X b—a B
IIf’(x)Smllfw,[a,bﬁmH/xb}a (x— 3 —z) " (t)dt

X _ 2
‘/xz(/,a) (x_z(b3 a) —t) fm(t)dt

.| 5(b—a)? 5(b—a
< min { (71) " oo, a6 Sb—a) [irad

1
* 2(b—a)

3 9 1.[a,b]>

1+

(142" (b—a) T 12
—da

1" Npja ¢+ 57— lleo oty
[32a+1(2q + 1)) a
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and

/] 36 9
‘V(@HgatZPHVM%MH+E@t;P

X _ 2
/ . (x— b 3 a —t) " (t)ar

x 2(b— g 1"
/PM <x+ ( 3 a)—t) [ (0)dt

. 17(b—a) 91 m
<min { 15 I Ml ey 5 L7

9
MCEE

1.[a,b]> H |fm‘ Hp,[a,b]

(14277 ) (b—a)
3

(2g+1)]
36
* G ap W=

Step 4. Combining Step 1, Step 2 and Step 3, we have, for all x € [a, D],

.| 5(b—a)? 5(b—a
|w@w@m{i§TMUWLMW(9 A1 0 g

1+q

(142'7)(b—a) 7" 12

—da

117" ) p + 5z 1 lln
[32+1(2 + 1)) a

and

. 17(b—a 9
fﬁ)@m{iﬁlwwmmﬁvm

143 1
" (1+2 7 )(b_a) 7
Lias)s 1 p )

23(247+1)]7
36
* G ap W=

Consequently,

) 5(b—a)? 5(b—a
nfwmﬁm%iﬁlwwmmﬂg)wwww

I+q

(1427 )(b—a) 4
(3241 2q+1))9

12
| f///|||p,[a,h]} + o M e

. 17(b—a 9
H|f”\Hw,[a,b] <mln{%|f”/w,[a,m7 §|Hf///|||l,[a,b]v

! b—a)? |Hf‘Hoo,[a7b]~ g

. 12 a9 (b —a)d 36
A it “>}+
(2g+ 1)) (
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