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Coupling of Lattice Boltzmann
and Finite Element Methods for
Fluid-Structure Interaction
Application
In order to analyze the fluid-structure interaction between a flow and a flexible structure,
an algorithm was presented to couple the lattice Boltzmann method (LBM) and the finite
element method (FEM). The LBM was applied to the fluid dynamics while the FEM was
applied to the structural dynamics. The two solution techniques were solved in a stag-
gered manner, i.e., one solver after another. Continuity of the velocity and traction was
applied at the interface boundaries between the fluid and structural domains. Further-
more, so as to make the fluid-structure interface boundary more flexible in terms of the
computational modeling perspective, a technique was also introduced for the LBM so
that the interface boundary might not coincide with the fluid lattice mesh. Some example
problems were presented to demonstrate the developed techniques.
�DOI: 10.1115/1.2826405�
ntroduction
Coupled multiphysics problems are very common in real engi-

eering applications. Because of the complexity of the nature,
umerical techniques such as the finite element method �FEM�,
ave been applied to coupled problems. There is an extensive
mount of literature in the subject field. As a result, it is not the
ntention of the author to review all of those here. Only some
elective work is discussed below. A few of early works in mult-
physics applications are found in the literature �1–3�. Among the
oupled problems, fluid-structure interaction �FSI� is one of the
ommon applications. FSI examples include, but not limited to,
ow over aircraft wing, bridge, and building structures; underwa-

er explosion in interaction with submerged structures �4–6�; flow
nside pipes; blood flow in artery; flow over a bundle of pipes;
ibration of turbine and compressor blades, etc. As a result, nu-
erical techniques have been also developed for FSI problems.
ome of them used FEM for both fluid and structure calculations
7–10�, and some others used coupled FEM and the boundary
lement method �11,12�. Most of those studies considered poten-
ial flow for FSI. Viscous flow was considered in blood flow
13,14� using FEM.

The lattice Boltzmann method �LBM� has been developed and
pplied to fluid flow applications since late 1980s �15–19�. The
echnique was proved very efficient and powerful for such appli-
ations. For example, problems such as multiphase flows �20,21�,
urbulent flow �22�, and thermal flow �23� could be handled effec-
ively using the LBM. On the other hand, the FEM has been
tilized dominantly for structural applications. However, to the
est knowledge of the author, there was no effort to couple the
wo techniques to solve the fluid and flexible structure interaction
roblems. An application of the LBM to FSI was the case with
ow around rigid structures as appeared in artificial heart-valve
eometries �24�. As a result, this paper presents a technique for
oupling of the LBM for the fluid domain and the FEM for the
exible structural domain. In addition, in order to make the fluid-
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structure interface boundary more flexible in terms of the compu-
tational modeling perspective, a technique was also introduced for
the LBM so that the interface boundary might not coincide with
the fluid lattice mesh. The following sections describe the devel-
opment of the LBM and treatment of general fluid-structure
boundaries. Then, the coupling technique between LBM and FEM
is presented. Finally, some numerical examples are presented to
demonstrate the coupled technique, and the summary is followed.

Lattice Boltzmann Method
This section describes the lattice Boltzmann technique. This

technique was originated from lattice gas �LG� automata �25�,
which are discrete particle kinetics based on discrete time and
lattice spaces. The evolution equation for the LG automata is ex-
pressed as

f i�x + ei�t,t + �t� − f i�x,t� = �i�f�x,t�� �i = 0,1, . . . ,n� �1�

where f i�x , t� denotes the number of particles at the lattice site x
and time t, which move along the ith lattice direction with the
discrete local particle velocity ei. Furthermore, �t is the time in-
crements, and �i is the collision operator for the rate of change of
f i resulting from collision, and it depends only on the local value
of f i�x , t�.

In the equation, the local particle velocity is discrete in the
given lattice. For example, for a 2D lattice, as shown in Fig. 1, the
velocities for the nine possible directions are

ei = � �0,0� i = 0

cs�cos��i − 1��/2�,sin��i − 1��/2�� i = 1,2,3,4

�2cs�cos��i − 1��/2 + �/4�,sin��i − 1��/2 + �/4�� i = 5,6,7,8
	 �2�

where cs is the lattice speed of sound. For the BGK model �26�,
the collision operator is expressed as

�i = −
1

�
�f i − f i

eq� �3�

where � is the relaxation time and f i
eq denotes the local equilib-
rium distribution. This local equilibrium is expressed as
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f i
eq = pwi
1 +

v · ei

cs
2 +

�v · ei�2 − cs
2v · v

2cs
4 � �4�

n which � is the fluid density, and v is the fluid velocity. In
ddition, wi is the weighting parameter for each velocity direction,
nd it is given below for the 2D lattice shown in Fig. 1:

wi = � 4/9 i = 0

1/9 i = 1,2,3,4

1/36 i = 5,6,7,8
 �5�

The fluid density � and momentum �v are expressed as

� = �
i

f i �6�

nd

�v = �
i

f iei �7�

urthermore, the fluid pressure p and the kinematic viscosity v are
xpressed as

p = �cs
2 �8�

nd

� = cs
2�� − 1/2� �9�

eneral Boundary Treatment in Lattice Boltzmann
ethod
For FSI problems, the boundary moves as a function of time. If

he structural movement is small, the present lattice mesh can be
sed for the subsequent calculation. On the other hand, if the
tructural motion is large so that there is a significant change in
he fluid-structure interface boundary, the fluid-structure interface
oundary will not coincide with the previous fluid lattice mesh. In
his case, the LBM lattice needs to be updated. This is a cumber-
ome and time consuming process. The remeshing may result in
n irregular lattice and also affect the accuracy of the LBM solu-
ion, even though the irregular lattice could be treated using the
nite volume approach of LBM �27,28�. As a result, this section
iscusses how to treat the case when the FSI boundary does not
oincide with the lattice mesh in order to avoid remeshing the
attice.

Figure 2 shows the lying between two neighboring lattice

ig. 1 2D lattice with nine points showing discrete velocity
ectors
oints. In the figure, open circles denote the lattice points while

11302-2 / Vol. 130, FEBRUARY 2008
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the solid circle indicates the structural node at the fluid-structure
interface boundary. The lattice Point B is a real fluid lattice while
Point A is a fictitious lattice point because it is inside the structure.
Let the distance from one lattice Point A to the structural node S
be � �0���1� with the normalized lattice spacing of 1. Then, f i

S

is interpolated as

f i
S = �1 − ��f i

A + �f i
B �10�

where superscript A and B indicate the two lattice points in Fig. 2.
From this equation, we obtain

f i
A = �f i

S − �f i
B�/�1 − �� �11�

If f i
S is set to zero, then

f i
A = − �f i

B/�1 − �� �12�

Using these approximations, the fluid-structure interface can be
handled while it moves between any two neighboring lattice
points of the fluid domain. On the other hand, the pressure at the
fluid-structure interface is computed from the extrapolation of the
fluid pressure as below:

pS = �2 − ��pB + �� − 1�pc �13�

This pressure equation was derived from a linear extrapolation of
pressures at the lattice Points B and C in Fig. 2.

Coupling of Lattice Boltzmann Method and Finite Ele-
ment Method

One of the boundary conditions at the fluid-structure interface
is given as

v =
�u

�t
�14�

where u is the structural displacement vector at the fluid-structure
interface boundary and this equation states the continuity of ve-
locity at the interface boundary assuming no slip condition. Fur-
thermore, the continuity of traction at the fluid-structure boundary
is expressed as

	kl
f nl = 	kl

s nl �15�
f

Fig. 2 Structural boundary shown as the bold line with node S
is located between two fluid lattice Points A and B. While Point
B is a real fluid lattice, Point A is a fictitious lattice because it is
located inside the structure.
in which 	kl is the stress tensor in fluid, which is computed as
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	kl
f = − p�kl + 
�vk,l + vl,k� �16�

kl
s is the stress at the structure wall, and nl is the normal unit
ector at the interface. In Eq. �16�, p is pressure, and 
 is the
iscosity.

Coupling of LBM to FEM for FSI applications was undertaken
n the staggered manner. In other words, the LBM was applied to
he fluid domain using the velocity boundary conditions obtained
rom the FEM at the fluid-structure interface. Then, the fluid trac-
ion was computed from the LBM at the fluid-structure boundary.
he traction was applied to the structural finite element analysis.
his solution cycle continued until the solutions for the fluid and
tructure became compatible at the interface boundaries.

A procedure to apply the fluid-structure interface velocity
oundary condition to the LBM is described below. There is no
nique way to apply the structural velocity to the fluid because the
BM does not have the explicit fluid velocity as an unknown
ariable. In order to find proper f i�x , t� at the fluid interface, Eq.
7� was used along with the ratios of weight factors shown in Eq.
5�. First of all, the so-called bounce-back scheme was applied to
he fluid-structure boundary lattice points of the LBM. This means
hat when a particle distribution hits a boundary lattice point, the
article distribution scatters back to the node it came from. Then,
he local particle distribution f i was further modified as follows to
aintain the velocity continuity at the fluid-structure boundary.
et u̇x and u̇y be the structural velocity components along the x
nd y axes at the fluid-structure interface. The particle distribution
s revised as follows:

f2 ← f2 + u̇x/3

f3 ← f3 + u̇y/3

f4 ← f4 − u̇x/3

f5 ← f5 − u̇y/3

f6 ← f6 + u̇x/12 + u̇y/12

f7 ← f7 − u̇x/12 + u̇y/12

f8 ← f8 − u̇x/12 − u̇y/12

f9 ← f9 + u̇x/12 − u̇y/12 �17�

y doing so, the local fluid mass was conserved at the lattice
oints lying at the fluid-structure interface and the velocity conti-
uity condition was enforced between the fluid and structure.

Another way to apply the fluid-structure interface velocity to
he LBM is described below. In this approach, the bounce-back
cheme is not applied to the interface lattice points. Instead, let
u̇x and �u̇y be the x and y components of the velocity difference
etween structure and fluid at the interface. Then, the particle
istribution is revised as follows:

f2 ← f2 + �u̇x/3

f3 ← f3 + �u̇y/3

f4 ← f4 − �u̇x/3

f5 ← f5 − �u̇y/3

f6 ← f6 + �u̇x/12 + �u̇y/12

f7 ← f7 − �u̇x/12 + �u̇y/12

˙ ˙
f8 ← f8 − �ux/12 − �uy/12

ournal of Pressure Vessel Technology
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f9 ← f9 + �u̇x/12 − �u̇y/12 �18�
Comparing the two different approaches using numerical ex-
amples, both techniques resulted in quite comparable solutions.

When the traction was computed from the LBM using Eq. �16�,
then the finite element analysis is conducted using the following
equation:

�M��ü� + �C��u̇� + �K��u� = �F� + �P� �19�

where �M�, �C�, and �K� are the finite element mass, damping,
and stiffness matrices, respectively. �u� is the nodal displacement
vector, and the superimposed dot denotes the temporal derivative.
Furthermore, �F� is the external force vector, and �P� is the force
vector resulting from the fluid-structure interaction as expressed
below:

�P� = ��
�int

�N�T�f�d� �20�

Here, �N� is the matrix composed of finite element shape func-
tions over the interface element boundary �int, and �f� is the trac-
tion vector. The summation is over the total number of finite ele-
ment boundaries at the fluid-structure interface. For numerical
time integration of Eq. �19�, the Newmark �29� method was se-
lected because it is an unconditionally stable technique so that the
time step size could be determined from the LBM analysis.

Numerical Results
First of all, we consider the case where the fluid-structure in-

terface boundary does not coincide with the fluid lattice points, as
shown in Fig. 3. This example is a flow between two rigid panels.
However, the rigid panels are located between fluid lattice points
as shown in the figure, where � is the distance of the rigid bound-
ary from the neighboring lattice points. The bold lines indicate the
rigid panels. The lattice points between the bold lines are the real
fluid lattices. Because this is the Poiseuille flow problem, the
LBM solutions are compared to the analytical solution to check
the validity of the model. Different � values in Fig. 3 were se-
lected and their LBM solutions were plotted with the analytical
solution in Fig. 4. All velocities and the channel distance in the
figure were normalized. As seen in the figure, the LBM velocity
profiles match well with the analytical velocity for different �
values.

The next example is illustrated in Fig. 5. As shown in the fig-
ure, this example case replaced the rigid bottom plate of the pre-
vious example by a flexible structure whose beam flexural rigidity
is 833. The normalized transverse displacement at the center of
the flexible beam is plotted in Fig. 6 for two different � values of
Fig. 3. The two cases resulted in almost the same displacements as
seen in the figure. The results show that the proposed algorithm to
treat the fluid-structure interface boundary not coinciding with the

Fig. 3 Poiseuille flow in a channel. The bold lines denote rigid
boundaries located between the fluid lattice points.
fluid lattice worked properly.
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The next example is illustrated in Fig. 7. This example has a
lanted flexible structure at the bottom side of the flow channel.
he same material properties as before were used for this ex-
mple. The transverse displacement at the center of the slanted
eam is plotted in Fig. 8 as well as its velocity. As time goes, the

ig. 4 Normalized velocity distribution for Poiseuille flow with
ifferent � values in Fig. 3

ig. 5 Flow between a rigid boundary and a flexible beam. The
eft and right sides have the periodic flow boundary condition.

ig. 6 Time history plot of transverse displacements at the
enter of the bottom beam of Fig. 5 for two different � values

hown in Fig. 3

11302-4 / Vol. 130, FEBRUARY 2008
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velocity becomes damped out and the transverse displacement ap-
proaches to its equilibrium position. Figure 9 shows the flow field
at an instant of time. Both flow velocities and the transverse de-
flection of the flexible beam are shown in the figure.

The last example case to demonstrate a vortex induced vibra-
tion was the cavity driven flow inside a flexible container. Figure
10 illustrates the problem. The solid lines indicate the rigid walls
while the broken lines denote flexible walls. The selected flow

Fig. 7 Flow between two rigid boundaries containing a slanted
flexible beam structure inside at the bottom wall

Fig. 8 Transverse displacement and velocity versus time at
the center of the flexible beam shown in Fig. 7

Fig. 9 Plot of the fluid velocity and the structural displace-

ment at an instant of time
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eld lattice size was 25�25. As vortex flow occurs inside the
ontainer, the container wall starts to vibrate. The displacements
t the center of the bottom side of the container are plotted in Fig.
1 as a function of the normalized time. Both horizontal �i.e.,
ongitudinal� and vertical �i.e., transverse� displacements at that
ocation were plotted. In addition, the flow velocity plot as well as
he structural displacement plot are shown in Fig. 12 at a given
nstant. The transverse displacement of the bottom wall is much
maller than those of the sidewalls so that the former is not shown
learly in the figure.

ummary
A technique was presented to couple the LBM and FEM for FSI

pplications so that the well-known merits of both techniques
ould be exploited. For example, LBM is useful to model complex
uid flows while FEM has reached maturity for structural dynam-

cs including nonlinear behaviors. Furthermore, a scheme was also
ntroduced to treat fluid-structure interface boundaries not coin-
iding with the fluid lattice mesh so that remeshing could be

ig. 10 Cavity driven flow inside a flexible container. The flex-
ble walls are denoted by a broken line.

ig. 11 Time-history plot of longitudinal and transverse dis-

lacements of the container at the center of the bottom wall

ournal of Pressure Vessel Technology
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avoided or at least minimized. Some numerical examples were
presented to demonstrate the developed techniques. The examples
showed the usefulness of the coupled techniques.

An extension of the present technique for 3D cases with more
practical applications will be discussed in a subsequent publica-
tion. Stability and error analysis will be also conducted in a future
study.
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