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Antiparallel Images
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Abstract. In this note, we study the condition for concurrency of ¢he lines

of the three triangles determined by three vertices of a reference triang|six
vertices of the second Lemoine circle. Hérds the centroid and is arbitrary
triangle center different frond”. We also study the condition for the images of
a line in the three triangles bounded by the antiparallels through a giventpoint
be concurrent.

1. Antiparallelsthrough the symmedian point

Given a triangled BC with symmedian poink’, we consider the three triangles
AB,C,, AyBCy, and A.B.C bounded by the three lings, ¢, £. antiparallel
throughK to the sidesBC, C'A, AB respectively (see Figure 1). It is well known
[4] that the6 intercepts of these antiparallels with the sidelines are on a circle with
centerK. In other words K is the common midpoint of the segme®sC,, Cy, Ay
andA.B.. The circle is called the second Lemoine circle.

Figure 1.

Triangle AB,C,, is similar toABC, because it is the reflection in the bisector of
angleA of a triangle which is a homothetic image 43C'. For an arbitrary trian-
gle centerP of ABC, denote byP, the corresponding center in trianghe3,C,;
similarly, P, and P. in trianglesA, BC, andA.B.C.
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Now let P be distinct from the centroid’. Consider the line througH parallel
to GP. lIts reflection in the bisector of anglé intersects the circumcircle at a
point Q’, which is the isogonal conjugate of the infinite point@P. So, the line
G, P, is the image ofAQ’ under the homothetly (K, 1), and it passes through a
trisection point of the segmeif Q' (see Figure 2).

Figure 2.

In a similar manner, the reflections of the parallel&t throughB andC' in the
respective angle bisectors intersect the circumcircle at the same(@oiftence,
the linesG, P, and G, P. also pass through the poi@, which is the image of)’
under the homothetly (K, 1). Itis clear that the poing) lies on the circumcircle
of triangleG, GG, (see Figure 3). We summarize this in the following theorem.

Theorem 1. Let P be a triangle center oA BC, andFP,, P, P. the corresponding
centers intriangles\B,C,,, BCy Ay, CA.B., which have centroid&,,, Gy, G, re-
spectively. The line&, P,, G, P, G.P. intersect at a point) on the circumcircle
of triangle G, GypG..

Here we use homogeneous barycentric coordinates. Supgpeséu : v : w)
with reference to trianglel BC.
(i) The isogonal conjugate of the infinite point of the liG&” is the point

Ql _ a2 ' b2 ' 02
o\ 2ut+v+w u—2v4+w u+v-—2w
on the circumcircle.
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Figure 3.

(i) The linesG,P,, Gy Py, G.P. intersect at the point
0 (@ (o Plomw | Pemw
v+w—2u wHu—2v utv—2w)/) ' '

which dividesK Q' in the ratioKQ : QQ' =1 : 2.

2. A generalization

More generally, given a poirf = (z : y : z), we consider the triangles inter-
cepted by the antiparallels throu@h These are the trianglesB,C,, A, BC, and

A.B.C with coordinates (see [33]):

By = 0Pz + (b2 — )y : 0: 2y +b2),
r— (b —c?)z: Py +b%2:0),
et ctr Aty + (2 —a?)z: 0),

Co = (
Cy=(a"z2+cz:c
Ay = (0:a’y — (® — a®)x : a®2 + c*a),
Ae = (0: %z + a’y : a®z + (a® — b?)2),
Be = (b®x +a%y : 0: b%z — (a® — b)y).
Now, for a pointP with coordinategu : v : w) with reference to triangld BC,
the one with the same coordinates with reference to triadadglgC, is

P, = (B’Flx+y+2)ut A%+ 0 = A)y)v + b (P — (b — F)z)w
V2 (Py + b2 2)w : A (Py + b%2)v) .
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By puttingu = v = w = 1, we obtain the coordinates of the centroid
Go = (3b*cPz + (20 — )y — B*(b* — 2¢%)2) : b*(Py + b%2) : *(Py + b%2))
of AB,C,. The equation of the lin&, P, is

(Py +b*2) (v — w)X
+ (A(x+y+2)u+ (=2 — Ay + (0* — 22 2)v + (Pz — (b — )2)w)Y
— (X (x +y + 2)u+ 0Pz + (b — A)y)v — (20%z + (26 — )y + b?2)w)Z
0.

By cyclically replacing(a, b, ¢), (u,v,w), (z,y, z), and(X, Y, Z) respectively by
(b,c,a), (v,w,u), (y, z,x),and(Y, Z, X), we obtain the equation of the liri&, P,.
One more applications gives the equatiorGRfP..

Proposition 2. The three line¢, P,, G, P,, G.P. are concurrent if and only if
flu,v,w)(@ +y + 2)? (02 (v — w)x + 2 (w — uw)y + a®b*(u — v)z) =0,
where

flu,v,w) = Z ((21)2 +2¢2 —aHu? + (® + A2 — 5a2)vw) .

cyclic
Computing the distance betweé&hand P, we obtain
flu,v,w) = 9(u+ v +w)? - GP2.
This is nonzero fo® # G. From this we obtain the following theorem.

Theorem 3. For a fixed pointP = (u : v : w), the locus of a poinf” for which
the G P-lines of trianglesA B, C,,, Ay BCy, and A.B.C are concurrent is the line

b2 (v — w)X + a?(w — u)Y + a?b*(u — v)Z = 0.

Remarks (1) The line clearly contains the symmedian pdihand the poinfa?u :
b%v : c2w), which is the isogonal conjugate of the isotomic conjugat® of
(2) The locus of the point of concurrency is the line

Z b2 (v —w)((* +a® = b*)(u—v)? + (a* +b* — ) (u — w)*)X = 0.
cyclic

This line contains the points

a2
((62+a2—b2)(U—v)2+(a2+b2_c2)(u_w)2 )
and

CL2U
((62+a2_bQ)(U—U)2+(a2+b2—02)(u—w)2 >
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Theorem 4. For a fixed pointl’ = (x : y : z), the locus of a poinP for which the
G P-lines of trianglesA B, C,,, Ay BCy, and A.B.C are concurrent is the line

Y z z T x Y
(-2)x+ (G- 2)Y+(a-p)2=0

Remark.This is the line containing the centroid and the point(ai2 Rk C%)

More generally, given a poirft = (x : y : z), we study the condition for which
the images of the line

L: uX + Y +wZ =0

in the three triangled B, C,,, A, BC, andA.B.C are concurrent. Now, the image
of the lineL in AB,C, is the line

—u(Py +b22)X+ (P — (b = A)2)u— Az +y+ 2)w)Y
+ (0% + (0 — A)y)u— bz + y + 2)0)Z = 0.

Similarly, we write down the equations of the imagesiinBC, andA.B.C. The
three lines are concurrent if and only if

(B +—aH)v—w)?+(+a®>—b?)(w—u)?+ (a®>+b* —P)(u—10)?)

(r+y+2)? Z u-a?(Py+b%2) | =0.
cyclic
Since the first two factors are nonzero for nonzerov, w) and (z,y, z), we
obtain the following result.

Theorem 5. GivenT = (z : y : z), the antiparallel images of a line are concurrent
if and only if the line contains the point

r (Y z oz xr Y
T=(ptaiata ot

Here are some examples of correspondence:

r] || 7T | T[T |
X1 | Xar || X1g | X214 || Xeo | X1196
Xo | Xs39 || Xoo | Xsoo || Xoo | X1084
X3 | Xg || Xao0 | X1108 || X100 | X1015
Xy | Xotg || X55 | X1 || X110 | X115
X5 | Xsro || Xs6 | Xo || X111 | Xosso
Xeo | Xo || X57 | Xi212 || Xss7 | Xsss
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