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As single-phase induction motor (SPIM) is not a self-starting motor, it has been a common practice 
to add an auxiliary component to the motor circuit to establish a starting torque. Traditionally, 
two capacitors are used in SPIM to establish and improve its starting torque and to enhance its 
running performance. As the Thyristor-Controlled Series Compensator (TCSC) is a control device 
that considerably alters impedance of the circuit in which it is inserted to be capacitive or 
inductive, it can be utilized for starting and running purposes in SPIM. This paper explores the 
representation of the TCSC as a variable impedance and investigates its valuable impacts, when it 
is operated in its capacitive mode, on the transient behavior of SPIM. It presents a state-space 
model of the TCSC-inserted SPIM and shows that inserting the TCSC in the auxiliary winding of 
the SPIM introduces more benefits compared to the traditionally used methods of starting and 
running the SPIM. The simulation results of the test cases presented in the paper, which include 
comparisons between the presented approach and the traditional approaches, emphasize that 
incorporating TCSC with the SPIM brings advantageous features to start and run the motor. The 
paper will show that controlling the firing angle of the TCSC may attain the desired 
electromagnetic torque and speed characteristics. The simulation results presented in the paper 
indicate that the TCSC can effectively replace the traditional auxiliary component and the 
accompanying mechanical centrifugal switch, which in turn may reduce the size and cost of the 
SPIM. 
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1. Nomenclature 

qsv , dsv  The q-axis and d-axis stator voltages, respectively. 
'
qrv , '

drv  The q-axis and d-axis rotor voltages referred to stator windings, respectively. 

qsi , dsi  The q-axis and d-axis stator currents, respectively. 
'
qri , '

dri  The q-axis and d-axis rotor currents referred to stator windings, respectively 

qsλ , dsλ  The q-axis and d-axis stator flux linkages, respectively. 
'
qrλ , '

drλ  The q-axis and d-axis rotor flux linkages referred to stator windings, respectively. 

sr , Sr  The q-axis and d-axis stator winding resistances, respectively. 
'
rr , '

Rr  The q-axis and d-axis rotor winding resistances referred to stator windings, 
respectively. 



 
 

 

sN , SN  The equivalent number of turns of the q-axis and d-axis stator windings, 
respectively. 

lsL , msL  The leakage inductance and the magnetizing inductance the q-axis stator winding, 
respectively. 

lSL , mSL  The leakage inductance and the magnetizing inductance of the d-axis stator 
winding, respectively. 

'
lrL , '

lRL  The leakage inductance and magnetizing inductance of the d-axis rotor winding 
referred to stator windings, respectively. 

J  The inertia constant of the rotor and load. 

mB  The damping coefficient of the motor and mechanical load. 
P  The number of poles. 

rω  The angular rotor speed. 

sω  The angular synchronous speed. 

sf  The supply frequency. 
C  The capacitance in the TCSC.  
L  The inductance in the TCSC. 

CX  The reactance of the of TCSC capacitor. 

eX  The equivalent reactance of the TCSC. 

TCSCv  The voltage the TCSC capacitor. 

Lv  The voltage the TCSC inductor . 

sourcev  The voltage of supply. 

eT  The developed electromagnetic torque of the motor. 

LT  The mechanical torque of the load. 

dT  The damping torque of the load. 
 

2. Introduction 

Single-phase induction motor (SPIM) is widely used in low − fractional or subfractional 
horsepower − power applications. At homes, it is used more than any other type of motors 
and many industrial applications find this motor a popular choice [1−9]. Its rugged structure 
and inexpensive cost make this motor very popular. Unfortunately, this motor does not have 
the capability to run directly, as it is not a self-starting motor. Therefore, this motor should 
initially be operated as a two-phase motor by auxiliary means [1]. The SPIM generally has 
a main winding and an auxiliary winding and a squirrel-cage rotor.  

The most common types of two-winding SPIM are the split-phase, capacitor-start, 
capacitor-run, and capacitor-start capacitor-run. Except the split-phase SPIM, the two-
winding SPIM uses auxiliary capacitor [1−3]. A two-phase motor operation is traditionally 
achieved by using inductive or capacitive auxiliary windings. If an inductive auxiliary 
winding is used, a split-phase motor operation is obtained. The motor can also operate as a 
capacitor-start motor or a capacitor-start capacitor-run motor by adding appropriate 
capacitors to the auxiliary winding to get more phase shift relative to main winding. 
Capacitor values are discrete values selected by a designer and added to motor by a 
manufacturer. The capacitors are connected or disconnected to the auxiliary winding of the 



 
 

 

motor through a mechanical centrifugal switch. Figure 1 shows a schematic diagram of the 
traditionally used capacitor-start capacitor-run SPIM. 

In the capacitor-start SPIM, a large capacitance value is used during starting period to 
get higher starting torque and to enhance running performance we disconnect the capacitor 
after the motor speed reaches about 75% of synchronous speed. To improve the starting 
torque, efficiency, and running performance of a capacitor-start capacitor-run motor, the 
two parallel capacitors are connected during the starting period (to improve starting torque) 
and when the motor speed reaches nearly 75% of synchronous speed one capacitor is 
disconnected by a centrifugal switch, leaving one smaller capacitor connected to the 
auxiliary winding to enhance the running performance.  

Problems, modeling, simulation and control of single-phase induction motors have 
received a great deal of attention in the literature over the last few decades. A considerable 
recent effort and research have been directed towards providing an optimal performance of 
the motor for a wide range of machine operating conditions [7−21]. In [7−10] different 
proposals have been presented to adjust the auxiliary capacitors using electronic switches. 
Recent research was also focused on adjustable-speed operation [11], low-cost-topologies 
[12], vector control [13, 14], space-vector modulation techniques [15, 16], sensorless 
control [17, 18], energy-saving schemes [19] and optimization [20, 21].   

Flexible AC Transmission System (FACTS) devices have been newly developed and 
utilized in some developed countries [22−26]. FACTS devices, whose operations are 
realized using advanced quick-response power electronic components, are capable of 
providing the required flexibility to operate the system in which FACTS devices are 
equipped. Their instant response to control inputs grants a high ability to enhance transient 
and steady-state operations of the system. 

Armed with a high speed switching capability, fast boosting of its degree of 
compensation, reduced weight, and decreased space requirements, the TCSC integrates a 
broad range of positive technical qualifications as it considerably provides control of 
voltage, impedance and phase angle, which are basic parameters on which electric system 
performance depends [27−32]. The series compensation is mainly based on the idea of 
adjusting impedance of line in which it is inserted, where the thyristors in TCSC are used to 
switch a variable series capacitance/inductance into the circuit.  

For the reason that the TCSC can change its impedance quickly as firing angle is 
controlled, this paper proposes to use the TCSC as variable capacitor to improve starting 
torque and enhance running performance of SPIM. Figure 2 shows a schematic diagram of 
the proposed TCSC-Operated SPIM. As shown in this figure, a TCSC is inserted in the 
auxiliary winding of the SPIM as a replacement of the traditional auxiliary component and 
the accompanying mechanical centrifugal switch.  

The definitions of the parameters and variables used in this paper are given in Appendix 
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Fig. 1: Schematic diagram of a capacitor-start capacitor-run SPIM 

  vs(t)
TCSC

M
ai

n 
W

in
di

ng

Auxiliary Winding

Rotor

 
Fig. 2: Schematic diagram of the proposed TCSC-operated SPIM 

 

 

2. Mathematical Model of TCSC 

The equivalent circuit of TCSC is shown in Figure 3, with resistances have been 
neglected [27−32]. As shown in the figure, the TCSC consists of a capacitor connected in a 
parallel thyristor-controlled inductor. TCSC operates such that the TCSC is seen by the 
circuit in which it is inserted as, virtually, having an increased reactance beyond the 
original reactance of the of TCSC capacitor ( CX ), i.e., the TCSC is seen as controllable 
equivalent reactance. The currents i , Ci  and Li  in Figure 3 represent, respectively, the 
total current, the capacitor’s current and the inductor’s current of the TCSC. The voltages 
of the capacitor and the inductor of the TCSC are denoted by Cv  and Lv , respectively.  

  + vL(t)  -

  +  vc(t)  -

Li

 i

L

c

 i

ci

 
Fig. 3: Equivalent circuit of the TCSC. 



 
 

 

The TCSC has two modes of operation, which are TCSC with TRIAC is ON and TCSC 
with TRIAC is OFF. When the TRIAC is ON, the TCSC will appear as parallel LC circuit, 
where the capacitor and the inductor have the same voltage. The ON mode of operation is 
described by the following equations: 

 
dt

)t(di
L)t(v)t(v L

LC ==  (1)      

 )t(i)t(i)t(i CL +=  (2) 

 
dt

)t(dv
C)t(i C

C =  (3)  

 ))t(i)t(i(
C
1

dt
)t(dv

L
C −=  (4) 

 
L

)t(v
dt

)t(di CL =  (5) 

When the TRIAC is OFF, the inductor is open and the TCSC will appear as a capacitor, 
therefore, the current )t(i  will pass through the capacitor only. In this mode of operation, 
the TCSC is modeled by the following equations:  

 ∫=  dt  i
C
1)t(vc  (6) 

 
dt

)t(dv
C)t(i)t(i C

C ==  (7) 

 0)t(iL =  (8) 

In nutshell, we can consider TCSC circuit as a parallel LC circuit with a variable 
inductance. For SPIM operations, because in starting and running periods we need 
capacitive impedances to be connected to the auxiliary winding of the SPIM, we select the 
values of L and C in this paper such that a capacitive impedance of TCSC is obtained all 
the time, i.e., the inductive impedance is selected such that it is greater than the capacitive 
impedance in the parallel LC circuit. 
 

3. Mathematical Models of SPIM and TCSC-Operated SPIM 

3.1. Mathematical Model of SPIM  

The mathematical model of SPIM in terms of stationary reference-frame variables is 
given by the following equations [2, 3, 8, 9]: 
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λ
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where SssS N/Na = and sSSs N/Na = . If 0'v'v drqr == , the set of dynamic equations 

representing the SPIM, which are given by (9)−(12), can be represented by the equivalent 
circuits shown in Figure 4 [2]. 

In matrix form, the equation (9)−(12) can be expressed as: 
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In (9)−(13), the flux linkages of stator and rotor are defined as: 
 )'ii(LiL qrqsmsqslsqs ++=λ   (14) 

 )'ii(LiL drdsmSdslSds ++=λ   (15) 

 )'ii(L'i'L' qrqsmsqrlrqr ++=λ   (16) 

 )'ii(L'i'L' drdsmSdrlRdr ++=λ  (17) 
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(a) The q-axis equivalent circuits 
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Fig. 4: The equivalent circuits of a SPIM in terms of stationary reference frame 



 
 

 

By substituting the expressions of flux linkages of (14)−(17) in (13) and with 
sourcedsqs vvv ==  and 0'v'v drqr == , the model of the SPIM in state-space matrix form is 

given by: 
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In (18), the voltage qsv and dsv are given by: 

 sourcedsqs vvv ==  (19) 

where )tcos(Vv smsource ω=  and ss f 2πω = .  

3.2. Mathematical Model of TCSC-Operated SPIM 

For the case when TRIAC is OFF, the q-axis equivalent circuit of the SPIM remains the 
same as that of the uncompensated SPIM which was shown previously in Figure 4a, but the 
d-axis equivalent circuit of the SPIM is modified to include the capacitor C as shown in 
Figure 5. The voltage dsv and the state variable TCSCv  can be expressed as: 

 TCSCsourceds vvv −=  (20) 

 
dt

dv
Ci TCSC

ds =  (21) 

By adding the equations of dsv  and TCSCv  state variables of (20) and (21) to the SPIM 
equations given by (18), the model of the TCSC-operated SPIM, with TRIAC is OFF, can 
be described by the following equation: 
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For the case when TRIAC is ON, the q-axis equivalent circuit of the SPIM also remains 
the same as that of the uncompensated SPIM (see Figure 4a), but the d-axis equivalent 



 
 

 

circuit of the SPIM is modified to include the LC parallel circuit as shown in Figure 6. The 
state variables Li  and TCSCv  can be expressed as: 
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dsL −=  (23) 
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By adding the equations of the voltage dsv (which is also given by (20)) and Li  and 

TCSCv  state variables of (23) and (24) to the SPIM equations given by (18), the model of 
the TCSC-operated SPIM, with TRIAC is ON, can be described by the following equation: 
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The expression of instantaneous electromagnetic torque and the equation of 
electromechanical system of SPIM, for both uncompensated SPIM and TCSC-operated 
SPIM, are given by [2, 3]: 
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The damping torque of the load ( dT ) in (27) is given by: 

 rmd BT ω=  (28) 

 



 
 

 

'
LRL  

'
qrrSsa λω  

'
Rr  

 

+ 

dsv  

−

lSLSr  

 −  +
+ 

sourcev  

− 

iC 

iL 

C 

L 

dsi  

+ 
'
drv  
− 

msL

'
dri     + vTCSC −

 
Fig. 5: The d-axis equivalent circuits of a TCSC-Operated SPIM when the TRIAC is ON 
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Fig. 6: The d-axis equivalent circuits of a TCSC-Operated SPIM when the TRIAC is OFF 

4. Simulation Results 

The nonlinear differential equations, which describe the SPIM dynamic behavior, have 
been simulated on a computer using the MATLAB software package. In this paper we use a 
0.25 hp, 4-pole, 60 Hz, 110 V SPIM with 21046.1J −×=  2m.kg , 0Bm =  and 

)N/N( sS =1.18. The machine parameters are as follow: 

Stator parameters:  
sr = 2.02 Ω, Sr = 7.14Ω, lsX = 2.79Ω, lSX = 3.22 Ω , msX = 66.8Ω , mSX = 92.9Ω 

Rotor parameter:  
'
rr    = 4.12Ω , '

Rr  = 5.74Ω , '
lrX  = 2.12Ω  , '

lRX  = 2.95Ω 
TCSC parameters:  

LX =15.83 Ω, CX =14.5Ω 

The transient response of the free acceleration (no-load) of the traditional capacitor-start 
capacitor-run SPIM (see Figure 1) are shown in Figure 7. From this figure we can notice 
that the motor has relatively a good starting torque and acceleration time since the 
equivalent capacitor is high at starting. 

To show the advantageous features and capabilities the TCSC may bring to the SPIM 
operation during starting and running periods, we next consider the effect of the TCSC on 
the motor at many starting firing angles at starting period. After the motor reaches 75% of 
its synchronous speed the TCSC firing angle is set equal to zero to obtain a high speed and 
a better running torque. 

The same free acceleration (no-load) characteristics of the traditional capacitor-start 
capacitor-run SPIM can be obtained by setting the starting firing angle at 180o as shown in 
Figure 8. The slight increase in the starting torque (compared to Figure 7) is due to 
neglecting the resistance of the capacitor in the TCSC modeling. 



 
 

 

    
 

Fig. 7: The instantaneous speed and torque of capacitor-start capacitor-run SPIM. 

 
 

Fig. 8: The instantaneous speed and torque of SPIM with TCSC. 

The impacts of selecting different starting firing angles on free acceleration starting 
torque are shown in Figure 9. At 160o firing angle (Figure 9a), the starting torque is 4.5 
N.m and at 90o firing angle (Figure 9b), the starting torque is about 3.5 N.m. If we consider 
a small firing angle such as 30o (Figure 9c), we notice that the starting torque is less than 2 
N.m.. Therefore, as we increase the firing angle the starting torque will increase and that is 
expected because the equivalent capacitance increases as the firing angle increases. 

The effect of different starting firing angles is not significant on speed characteristic as 
in the cases of the running firing angle, especially for close values of firing angles, but the 
starting firing angle affects the acceleration time. Figure 10 shows that the motor needs 
different time to reach 90% of synchronous speed, which equals 1620 rpm. Time required 
to reach this speed at each of 180o, 150o, 90o and 30o firing angles is summarized in table 1. 

All previous simulation results of the TCSC-Operated SPIM, have shown the effect of 
the starting firing angle on motor performance with 0o running firing angle, which achieves 
the best running performance. To get a variable speed drive, i.e., if the motor is desired to 
work under another speed we may change the running firing angle. Figure 11 represents the 
free-acceleration speed characteristics dynamic behavior of TCSC-SPIM with 150o starting 
firing angle and 180o running firing angle. As can be seen from this figure, the steady-state 
speed will decrease to 1700 rpm. 



 
 

 

 
 

(a) 160o firing angle.                                            (b) 90o firing angle. 
 

 
 

(c) 30o firing angle. 
 

Fig. 9: The instantaneous electromagnetic torque at 160o, 90o and 30o firing angles. 

 

Table 1: Time Elapsed to Reach 90% of Synchronous Speed  

Firing Angle Time 

1800 0.5971 

150o 0.6002 

90o 0.6016 

30o 0.8513 

 



 
 

 

 
 

 (a) 180o firing angle.                            (b) 150o firing angle. 

 
 

 (c) 90o firing angle.                            (d) 30o firing angle. 

Fig. 10: The speed-time characteristics at 180o, 150o , 90o  and  30o  firing angles. 

 
The torque and speed characteristics, with N.m. 1TL = , for both the traditional capacitor-
start capacitor-run SPIM and the TCSC-operated SPIM are shown in figs. 12 and 13, 
respectively. For both cases, the load has been applied at  sec1t = . As can be noticed from 
comparing the two figures, the TCSC also works effectively in starting and running periods 
and may do the functions of the starting and running capacitors in the traditional motor 
operation. 



 
 

 

  
Fig. 11: The instantaneous speed with 150o starting firing angle and 180o running firing angle 

    
Fig. 12: The instantaneous speed and electromagnetic torque of the traditional capacitor-start 

capacitor-run loaded SPIM 

 

     
Fig. 13: The instantaneous speed and electromagnetic torque of the loaded TCSC-operated SPIM with 

180o starting firing angle and 0o running firing angle 

5. Conclusions 

In this paper we have represented a TCSC as variable capacitor that can replace the 
traditionally used double capacitors for starting and running operations in SPIM. In 
addition, the paper has presented the mathematical state-space model of the TCSC-operated 



 
 

 

SPIM. The dynamic characteristics of SPIM using TCSC for different controllable firing 
angles have been discussed in the paper. The effects of firing angle of the TCSC on the 
starting and steady-state operations have also been investigated.  

In this paper we represent that TCSC- operated SPIM can simply be used as capacitor-
start capacitor-run SPIM with 180o starting firing angle and 0o running firing angle. By 
taking the benefits of TCSC as variable capacitor we can accomplish the desired 
characteristics in both starting and running periods by the controllable firing angle. 

As related to effect of the firing angle on starting torque, the simulation results showed 
that increasing the starting firing angle would result in an increase (improvement) in the 
starting torque because the equivalent starting capacitance increased as the firing angle 
increased. From speed-time characteristics illustrated in the paper, the characteristics 
showed that the time required to reach a certain speed would increase as the firing angle 
was decreased. 
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