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Block-compatible metaplectic cocycles

William D. Banks, Jason Levy, Mark R. Sepanski®

Let F be a local field such that the group p,(F) of r-th roots of unity in F*
has cardinality » > 1. Let G be the F-rational points of a simple Chevalley group
defined over F. In his thesis, Matsumoto [5] gave a beautiful construction for the
metaplectic cover G of G, a central extension of G by wr(F) whose existence is
intimately connected with the deep properties of the r-th order Hilbert symbol
(,)F : F* x F* — p,.(F). Metaplectic groups figure prominently in the study of
number theory, representation theory, and physics, arising naturally in the theory of
theta functions, dual pair correspondences, Weil representations, and spin geometry.
In this paper we study the class of central extensions of a simple Chevalley group
over an arbitrary infinite field, of which the metaplectic groups form an important
subclass.

Metaplectic groups were constructed quite explicitly in Weil’s memoir [10] in the
case that G is symplectic. In [3] and [4], Kubota gave the construction of the r-fold
metaplectic cover of GLo(F). Moreover, he described an explicit 2-cocycle o on
GLs(F) that represents the second cohomology class of the extension (cf. §3 Corol-
lary 8), which makes it possible to deal quite rapidly with many concrete problems
in this setting. Steinberg [9] and Moore [7] considered the algebraic problem of
determining the central extensions of a simple Chevelley group over an arbitrary
field; they were also led to the metaplectic groups. This line of investigation was
completed by Matsumoto [5], whose work forms the foundation of the present paper.

To summarize our results, let F be an infinite field, G the F-rational points of a
simple Chevalley group defined over F, A an abelian group, and ¢ : F* x F* — A
a Steinberg symbol that is bilinear if G is not symplectic (cf. §1). In this paper we
describe an explicit 2-cocycle og in Z?(G; A) that represents the cohomology class

in H%(G; A) of the central extension G of G by A constructed by Matsumoto [5]
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using the Steinberg symbol c. In particular, if F is a local field such that p,.(F) has
cardinality r, and one takes A := j,.(F) and ¢ := (-, )z ', then G is the metaplectic
cover of G discussed above. In this case og is a metaplectic 2-cocycle.

By pulling back o from G := SL,41(F) to G := GL,,(F) under a particular em-
bedding of G into G, we obtain for every n > 1 an explicit 2-cocycle o, in Z2(G; A)
that represents the second cohomology class of the central extension G of G by A,
where G denotes the preimage of G in G. We show that the 2-cocycles {O‘n ‘ n > 1}
are well-behaved with respect to restriction, and they satisfy a nice block formula
on all standard Levi subgroups of G, i.e., that they are block-compatible. We also
show that o9 is the Kubota 2-cocycle ok on G Ly (F).

The paper is organized as follows. In §1 we review Matsumoto’s construction of
the central extension G of a simple Chevalley group G over an infinite field. Our
main result in this section (Theorem 3) is a presentation of G in terms of generators
and relations. We also describe the natural projection p : G — G.

In §2 we define the 2-cocycle og by constructing an explicit section sg : G — G
with respect to p. The basic properties that og satisfies are listed in Proposition 4.
In this section we define the notion of a standard subgroup of G and also show that
for every standard subgroup G¥, Jq;,} Gixgt = OGt (Lemma 5). In other words, our
2-cocycles are well-behaved with respect to restriction to standard subgroups. In
Lemma 6 we prove that if {Gi ‘ 1<i < p} is any collection mutually commuting
standard subgroups of G, then the preimages {@’ } 1<i < p} in G are also mutually

commuting. Moreover, in Theorem 7 we establish the following block formula:
/ / P /
oc(g1---9p, 91 - - -gp) = I1 oci(gi, 9;)
i=1

for all g;,g: € G, 1 <i < p.

In §3 we pull back the 2-cocycle o¢ from G := SL,+1(F) to G := GL,(F) and
define the 2-cocycle o, € Z%(G; A) for every n > 1. The basic properties that
oy satisfies are listed in Theorem 7, and the nine properties listed there actually

characterize the 2-cocycle. Using this characterization we show that oo is the
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Kubota 2-cocycle ok (Corollary 8), and the restriction of o,, to any copy of GL,, (F)
embedded along the diagonal in G agrees with the 2-cocycle o, (Corollary 9).
Finally, in Theorem 11 we show that for all standard Levi subgroups of G, the
following block formula holds:

/

g1 91
) . P —1
o 3 , 3 = 1 on.(gi.90) I1 e(det(g:). det(g}))

1<J
/

9p gp

where n = ny + ...+ n, and g;,g; € GL,,(F) for 1 < i < p. Note that although
our 2-cocycle o, agrees on the torus with the 2-cocycle introduced in the founda-
tional work of Kazhdan and Patterson [2], their 2-cocycle does not satisfy the block
formula.

In §4 we describe a method of calculating ¢,,(g, ¢’) for an arbitrary pair of ele-
ments g, g’ € GL,(F). Using Lemma 1 and some results from §3, the calculation of
on(g,g’) is achieved by performing ¢ + 1 2-cocycle calculations on the torus, where
¢ is the length of g. The method is straightforward and easily implemented on a
computer.

In 85 we describe a different method of calculating the 2-cocycle for pairs of
elements in the Weyl group W of permutation matrices. We introduce the notion of
the canonical expression of an element w € W. To compute o, (w,w’) for arbitrary
w,w’ € W, one first determines the canonical expressions for w, w’, and ww’. Since
the section s,, corresponding to o, is easily described on W once the canonical
expressions are known (Corollary 3), one simply applies the relations of Lemma 4
to determine o, (w, w’).

The metaplectic groups are fascinating and important objects of study that arise
in a number of disciplines. Unfortunately, the subject has had a long history of
errors, perhaps due to the deep and subtle nature of the underlying ideas. For this
reason, we have referred quite extensively to the remarkable thesis of Matsumoto [5]

as an (apparently) error-free foundation for our work. Moreover, we have included
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many details of our calculations in order to convince the skeptical reader of the
veracity of our proofs.

The authors would like to extend a special note of thanks to Anthony Kable.
This paper could not have been written without his kind assistance. We also thank
Jeff Adams, Jim Cogdell, Heng Sun, and Dave Witte for numerous insightful dis-
cussions, and we thank Oklahoma State University for providing support and an

environment richly conducive to research.

§1. Central Extensions of a Simple Chevalley Group

Let F be an infinite field, and let G be the F-rational points of a simply-connected
almost simple linear algebraic group G that is defined and split over F. Let H be
a maximal split torus of G also defined over F, let ® be the set of roots of G with
respect to H, and let A C ® be a base of simple roots. These choices determine a
Borel subgroup of G whose unipotent radical we denote by N. Let H and N be the
F-rational points of H and N, respectively. Let ®T C ® be the set of positive roots
determined by A. The set ® can be embedded in a Euclidean space in a standard
way (cf. [1] p.63), and we define:

(«, B)
(8,8)

where (-,-) is the Euclidean norm. For every a € &, let N, be the standard

(o, ) :=2

a, 8 € P,

unipotent subgroup of G corresponding to «:
N = exp {X € Lie(G) | Ad(h)X = a(h)X for all h € H}.
We fix isomorphisms {na :F— N, ‘ a € @} based on an explicit decomposition:

9z = hZ + Z Zeoz
acd

of the Chevalley algebra corresponding to G (cf. [5] pp. 8,12). It is well-known that
the subgroups {Na ‘ a € (ID} generate G as an abstract group, and Steinberg [8] has

given the following presentation.



5

Proposition 1. The group G has the presentation <QS ‘ RS>, where the set of
generators 1s:

Gs := {na(z) |a € @, v € F},

and the list Rs of relations consists of the following:

R1: Na () na(y) = na(z + y), aced, x,yecl,
R2: (i) na(z)npgly) = Tl +nv(ma,6;i,j z'y?)| np(y) na(x),
i,jEL
ia+;ﬁ€:7€¢

O‘?ﬁeq)7 O‘+ﬁ%07 xay€F7

where the my, g.; ;s are certain rational integers independent of v,y € IF,

(i) Wa(x) na(y) wa(x) ™t = n_o (- 2y), ace®, zeF*, yeF,
where wo () := 1o () n_o(—27 1) na(x),
R3: ha(x) ha(y) = ha(zy), ac®, r,yeF*,
where ho(z) = Wa (x) we (1)L

Note that the expression in brackets in R2(7) is a product of commuting terms.
To see this, simply apply R2(7) to the terms appearing in that expression. One of
the goals of this section is to give a different presentation of the group G.

Let A be an abelian group (written multiplicatively) with identity element 14.

Suppose that we are given a central extension E of G by A, i.e., an exact sequence:
l1-A—FE-5G —1.

Steinberg [8] showed that there exist unique lifts {n}, : F — E } o € ®} of the maps
{na ‘ a € @} that also satisfy the relations R1 and R2 of Proposition 1. In par-
ticular, for every o € @, the extension F splits over N, and N} := Im(n}) is the

image in F of N, under the splitting. It is known that N is the product in G of the
groups {N, | € ®*}, and Steinberg has shown (cf. [5] Lemme 5.1(a)) that the



6

projection m induces an isomorphism from the subgroup N* := [[ N¥ of E to the
acdt
subgroup N of G.

By [5] Lemme 5.4 and Proposition 5.5, if we define for all « € &, z € F*:
Do (@) = ni (@) o (2 ) nh(x),  ha(z) = da(x) Ba(1) 7,
then for every a € A, the map ¢, : F* x F* — A given by:
ca(,y) := ha (%) ha(y) ha(zy)

satisfies the following relations for all z,y, z € F*:

S1: Ca(,Yy) ca(ry, 2) = ca(2,y2) ca(y, 2),
82 ca(lLl) =14,  calzy)=calz™"y™),
S3: ca(z,y) = co(z, (1 — 2)y), x # 1.

Moreover, the relations:
S4: colzy, 2) = ez, 2) Caly, 2), x,y,z € F*,

also hold unless G is symplectic and « is its long simple root. Note that the maps

{ca |a € A} are determined from one another by the relations (cf. [5] p. 38):
(1) cal2,y' ) = ey, )7 a,BEN, wyeFX

We call any map ¢ : F* x F* — A satisfying S1, S2 and S3 a Steinberg sym-
bol. A Steinberg symbol is said to be bilinear if it also satisfies S4. Since every
Steinberg symbol ¢ satisfies c(z,y) = c¢(y~*,z) (cf. [5] Proposition 5.7(a)), and a
symplectic group has only one long simple root, it follows from S4 and (1) that the
Steinberg symbol ¢, is independent of the choice of a long simple root a. Accord-
ingly, we define the Steinberg symbol of E (With respect to our choices of H, A and
{na ‘ o€ (‘D}) to be the Steinberg symbol ¢, for any long simple root a.
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Lemma 2. Let E be a central extension of G by A with Steinberg symbol c.
Define {co | € A} using (1) above. For every o € @, let {n}(z)|z € F},
{fza(x) }x € F*} and {wa(z) |z € F*} be defined as above, and let Wy := Wa(—1)
for all o € A. Then the following relations hold in the extension E:

Ra: ab= (ab), a,be A,
7?%: iLa(m) ﬁa(y) = co(z,Y) ﬁa(xy), ae, x,yeF*,
Rx: ha(z) ha(y) = ca(2, ') hg(y) ha(x),  @,BE€A, z,y € F,
R ho(z) a = ahg(z), acl, zeF*, ac A,
RI%JI : Qbalbﬂ:’tf)gﬂ)a, Oé,ﬁEA, <Oé,ﬁ>:0,
Z
RN:/H1 : W W We, = W We W, a,BEN, (a,B) = (B,a) =1,
Z
Rl\:/f : (wa wﬂ)Q = (’J)g wot)Qa a, B €A, <O‘76> = -2,
Z
RI\’;JI?) . (wa QDB)?) == (UT]ﬁ UN}a)?)v (l/,ﬁ € Av <Oé,ﬁ> = _37
Z
RM%A: We @& = AWy, a€, acA,
RZ @2 =ho(-1), aeA,
Mgz, H
R&Zﬁ R TIN ﬁﬁ(x) = hy (x_<°"ﬁ>) fzg(x) Wey, a,B€AN, veF*,
Ri-: ni(@)ny(y) =ni(z+y), aecd®’, z,yck,
Rie: ni(@)nyl) = [ 1 03 (mapa'y’)nsl) nie), a.fe @, oy e,
i,j€L
ia+j§:V€‘P
Ruwa: ng(x)a=anl(x), aedt xeF, ac A,
Re =t (@) haly) = ha(y) ni(xy~ @), ac®®, BeA zeF, yeF,
Ré*ﬁ C W (1) W = 1 (—2 ) ho(z7) We nk (—z7Y), a€eA xelF*,
» VU7,
* . o * +
e nl(z) g = wgnsﬁa(ng,aa:), acdt, B A, a#3, vcF,

where {sa } a € A} is the set of simple reflections in the Weyl group of (G, H), and

the ng g’s are constants (equal to £1) independent of A and c.
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Proof : The constants {n, g} are partially described in [5] Lemme 5.1(c). Our
proof of the lemma relies heavily on results of Matsumoto [5]. Note that Steinberg

also gave a list of relations for the extension F.

The relations involving A are clear since E is a central extension of G by A.
The relations 7?/%I were used to define the Steinberg symbols {ca } a € A}, and the
relations R%z,ﬁ follow from the definition of h,. To see this, observe that since
the maps {n}, } o € &} are homomorphisms, the definition of W, (z) implies that
We = Wa(1)7! for all & € A. The relations R%. and Rf. all appear in R1 and R2

of Proposition 1.

For the remaining relations, we refer to [5]. The relations Rﬁ are given in
[5] Lemme 5.4(c). To establish the relations R;ﬁ = We use [5] Lemme 5.2(f),(g)
Z s
and the relations 7?%, 7?% and 52 as follows:

The elements {w, | € A} satisfy the relations in (W2) of [5] Lemme 6.1; this
follows from [5] Lemme 5.2(a), the second and third lines of [5] Lemme 5.1(c), and
the elementary observation that if a, 6 € A are orthogonal, then neither o — (3 nor
a+ (3 = sg(a— ) is a root. Matsumoto notes (cf. [5], proof of Théoreme 6.3) that
given the relations Rizf and R%ﬂz’ﬁ, the relations (W2) are equivalent to those in
(W2') of [5] Théoreme 6.3, which are precisely the relations RI%IZ, Rﬁ_]ﬂ;’ ka/ﬁz and
R=3. The relations R;*’ﬁ follow immediately from [5] Lemme 5.2(c), the relations

Mz,

R* o follow from [5] Lemme 5.1(b), and the relations 7212\]* = follow from [5] Lemme
s VLZ )



5.2(h) and the relations RZ ~ and R* ~ as follows:
M, H N*H

Wan) (2) e = Wan’ ()0 *he(—1)
= n% (=2 Dha(@™ Dy 0l (a7 ha (1)

=y (—a " ha(z ™) Dang (~271).

«

This completes the proof. O

The relations given in Lemma 2 actually form a complete list of relations for the

central extension E by the following theorem.

Theorem 3. Suppose that there exists a central extension E of G by A with
Steinberg symbol c. Then E is isomorphic to the group G that is given by the

presentation <Q ‘RG> where the set g~ of generators is the union of the sets:

g.A = "47
Gz = {ﬁa(as) la € A, z e F*},
QMZ = {"J)a ‘ o€ A},

Gy = {nj(z)|a € @F, z € F},

and the list Rz of relations consists precisely of the relations given in Lemma 2.

Proof : By Lemma 2, there is a natural homomorphism ¢ : G — FE, and we must
show that ¢ is an isomorphism.

To see that ¢ is surjective, it suffices by Proposition 1 to show that the elements
{n )EE ‘ aced xe F} all lie in the image of ¢. But this follows from the
relations in R2(ii) of Proposition 1 for E and the relations RI:I*MZ for £ and G,
since the simple reflections {sa ‘ a € A} generate the full Weyl group W of (G, H).

Since the relations in R 4 hold in @, the subgroup of G generated by G4 is a
quotient of A. On the other hand, ¢(a) = a for all a € G4 = A, hence the map

¢ provides an isomorphism from this subgroup to A (here we use our hypothesis
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that F is a central extension of G by A). To prove that ¢ is injective, it therefore
suffices to show that the kernel of the composition p : G- E .G is this copy
of A in G. This will be our approach, and we will not need to mention E again in
this proof.

The natural homomorphism p : G — G described above is determined by its

values on the generators of G. Clearly:

where 1g is the identity element in G, and w, := ws(—1) for all a € A.

It is well-known that the (finite) subgroup My of G generated by the elements
{wa ‘ o€ A} is a central extension of W by the group H N My that is generated
by {ha(—l) ‘ a € A}. Let 91 be the abstract group defined by formal generators

, R, R=% and R=3,
My, My, My,

{ﬁ)a, fza(—l) }a € A} subject only to the relations in R%H

Z
those in 72;7[[ o and the relations in RX o with £ = —1. Then Matsumoto proved

(cf. 5] Thé(Z)’réme 6.3) that 9 is a coxi;r of Mz by a cyclic group whose order
is infinite [resp. two] if the group G is [resp. is not] symplectic. Because of the
additional relations he(1)2 = ho(1) and ha(—1)2 = cq(—1,—1) ho(1) in 7?/%, it
follows that the subgroup My, of G generated by {fd}a ‘ a € A} is a central extension
of My by the subgroup of A generated by c¢(—1,—1). Thus, the composed map
My — My — W is surjective, and using the information above we conclude that
if M = {ﬁw ‘w € W} is a complete set of representatives in My, for W under
this surjection, then for all a € A, ﬁ}aﬁ C ]ﬁlﬁ, where H is the subgroup of G
generated by the elements in G4 and Gg.

Fix a set M of representatives as in the previous paragraph, and for each o € 7,

let N* now denote the subgroup n} (F) of G. Choose an ordering of the simple roots

A, and extend it to an order on ®T by expressing each root as a non-increasing
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sum of simple roots, then comparing pairs of roots lexicographically. We will prove
the following Bruhat decomposition for G:

(2) G= II ( IT'Ny)H#, [I'N:,

weEW  qed+ acdt

where [] Ny denotes the set of products of the form n?, (z1).. .n}, (r1) with the
acdt
«;’s increasing. Observe that this decomposition implies the theorem.

To establish the Bruhat decomposition, it suffices to show that the right hand
side of (2) is preserved under left multiplication by the generators of G (disjointness
of the union follows from the projection to G). The union is clearly preserved under
left multiplication by the (central) elements in G4. Using the relations R%. and
N+, it can also be shown that the union is preserved under left multiplication by
elements of Gy+, and the relations in R;*’ﬁ imply that the union is preserved under

left multiplication by elements of G. This leaves only the elements in QMZ. Fix

6e€Aandwe W. Using R* ~ | R* ~ and RL -, it follows that:
N* My, N*,H MZ7H

wg( TT'NL)HA, TI'N; = ([T N5)weN5Hi, [T N

aedt aedt aG;éI)ﬁ"’ aedt
(67
= ( [T N;)HapNji, [N
aiz; acdt
(6%

We consider two cases. First suppose that the root w™'3 is positive. Write w as
a product of minimal length of simple reflections: w = s, ...54,. Then 7,, can be
expressed in the form 7, = fzﬁ;al ... W, for some he ]ﬁl, and for each 7 =1,... /¢,
we have So, ,...Sq, 08 # «;. Consequently, the relations in R;*Mz’ Ryn+.4 and

RN*,ﬁ imply that:

N5 ( TI'N3) =70 ( TNz

acdt acdt
We can also write wg),, = ﬁ’ﬁsﬁw for some h' € ]ﬁl, hence ]ﬁlﬁ)gﬁw = ]ﬁlf]sﬁw. Thus,
if w™!4 is positive, it follows that:

wg( TT'N&)Hiw [T'N; < (1 NG)Hisw [1'N.

acdt acdt acdt aedt
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Now suppose that w=!3 is negative. Write w’ = sgw. Then w'~1f3 is positive,
and 7, = ﬁwﬁﬁw/ for some h € H. Using the relations RZ ~ and R2 ~ , and

My, ,H N* Mgz
proceeding as before, it follows that:

ws( TI'NS)HA, [T'N; (TN HA, [TN;U( [T N;)Hi TN

acdt acdt acdt acdt acdt acdt

This completes the proof. O
Remark. Most of the preceding proof was taken from [5] Lemme 6.11.

Corollary 4. If Gg and Rg are defined by taking A :=1 and ¢ := 1 in Theorem 3,
then <g¢; ‘ Rq;,> is a presentation of G. O

In the sequel we will continue to denote families of relations in the group G as
in Lemma 2, while using the notation RI%AIZ’H, N ete., for the corresponding
families of relations in the group G. This should not cause any confusion.

Starting with arbitrary A and c, if we define G by the presentation above, then
G is a central extension of G. However, the subgroup of G generated by G4 might
be a strict quotient of A, hence G need not be a central extension of G by A.

Matsumoto completed the above construction as follows.

Theorem 5. ([5] Théoréme 5.10) There exists a central extension of G by A with

Steinberg symbol c if and only if either c is bilinear or G is symplectic. O

Necessity follows from S4. To prove sufficiency, Matsumoto first reduced to the
case where G is either simply-laced or symplectic. Next, he showed (cf. [5] Lemme
6.6) that the abstract group M defined by the generators G4 U G= U QMZ subject
only to the first eleven families of relations in Lemma 2 is a central extension of

M := Ng(H) by A. Finally, he built the desired extension of G as a group of
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permutations on the set:
X:={(9,m)|g €G, meM, m(g) =p(n)},

where p denotes the natural projection from M to M, and m is the unique map
from G to M such that m(m) = m for all m € M, and m(ngn’) = m(g) for all

n,n’ € N, g € G. The existence of m follows from the Bruhat decomposition for G.

§2. Construction of a 2-Cocycle

We continue to use the notation of §1. Let [F be an infinite field, G the F-rational
points of a simple simply-connected algebraic group that is defined and split over
F, A an abelian group, and ¢ : F* x F* — A a Steinberg symbol that is bilinear if
G is not symplectic (cf. §1 Theorem 5). In §1 we constructed a central extension G
of G by A, together with a natural projection p : G — G. In other words, we have
an exact sequence:

1-A—=G2G =1,

The goal of this section is to construct an explicit 2-cocycle in Z?(G; .A) that rep-
resents the cohomology class in H?(G; A) of the extension G.

Recall that for any subgroup G of G, a section of G (with respect to p) is a
map 5 : G — G such that p(s(g)) = g for all g € G, and s(1g) = 14. If sis a
homomorphism, then s is said to be a splitting of G. In this case, s(G) = G, and
p HG) = 5(G)-A = G x Asince A is central. Note that if s and " are two splittings

of G, the map s~ : G — A, g — 5'(g)s(g) !, is a homomorphism.

Lemma 1. There exists a unique splitting sy of N with the property:

*

sn(na(z)) =nk(z), acdt zcF.

If the exponent of A is finite and nonzero in I, then sy is the only splitting of N.
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Proof : As we mentioned earlier, Steinberg proved (cf. [5] Lemme 5.1(a)) that
the map p : N* — N is an isomorphism, and this immediately implies the first
statement of the lemma.

Now suppose that A has finite exponent z € Z NF*. If ' is any splitting of N,

then sy ' : N — A, n — s'(n)sy(n) ', is a homomorphism. For all « € &+, z € F:
syt (na(2)) = g5y (na(2271)?) = g5 (na(zz™))” = 14

since a® = 14 for all @ € A. This shows that 8’ (nq(z)) = sn(na(z)) = nk(z), hence

«

s’ = sy by the first statement of the lemma. O

Let d := rank(G). For the remainder of the section, we fix an arbitrary ordering
of the simple roots: A = {dy,...,dq}. We define a section sy of H as follows.
First, let:

sp(ha()) = ho () co(z, ), ael, xelF~.

It follows from the relations R% and Rj; that every h € H can be uniquely expressed

d
in the form h = [] hg, (x;) with each x; € F*, and we define:
=1

su(h) :=su(ha,(za)) - . . sm(ha, (21)) = ‘]l[d ha, () f[l Ca, (i, ;).

In order to extend sy to a section sy of the subgroup M := Ng(H) = H-Mjy,
we introduce a certain finite subset 91 C My as follows. Every root a € ® defines
a homomorphism « : HH — F*, h — h® := «a(h). The group M acts on ®: for all
m €M, a € ®, let ma be the unique element of ® such that h(m®) = (h™)® for all
h € H, where h™ := m~'hm. As H acts trivially on ®, we obtain a well-defined
(faithful) action of the Weyl group W = M/H on ®. Regarding W as a group
of permutations on @, it is known that W is generated by the simple reflections
{sa } o€ A}, where each s, is the element of W associated to w, € M. For any

w € W, the length {(w) of w is the smallest integer ¢ such that w has an expression
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of the form w = s4, Sq, - - - Sa, With each a; € A. For later purposes, we also define

£

the length £(g) of an arbitrary element g € G by pulling back the length function

on W via the composition:
G2M—-M/H=W.

For allw € W, write w = 54, Sqa, - - - Sa, With £ = £(w), and let 1y, := Wqa, Wy - - - Wa, -
Then 7, € Mgz, and the assignment w +— 7, is independent of the expression
of w as a minimal product of simple reflections (cf. [5] Lemme 6.2). Note that

l(ny) = £(w). We now define:
Mm .= {nw‘wEW}.

The set 9N is not a group in general, but the map w +— n,, gives a bijection between

W and 9, and 901 is a complete set of distinct coset representatives for M /H.

Lemma 2. There exists a unique section sy of M with the properties:
(a) sp(wy) = Wy for all o € A,

(0) sm(nn') = sm(n) sm(n’) for all n,n" € M such that L(nn') = £(n) + £(n'),
(c) sm(hn) = sm(h)sm(n) for all h € H, n € M.

Proof : Let n € M, and write n = wq, ... ws, with £ = £(n) and each a; € A.
Then by [5] Lemme 6.2(d):

5M(77) = ’J)O[lif)o[2 .. .’J)a[

is well-defined, and sy clearly satisfies (a) and (b). Since HN9 = {1¢}, sim can be
extended to a section of M satisfying (c) as well. The uniqueness assertion is clear

since M = [] Hpn. O
nem

Lemma 3. There exists a unique section sg of G with the property:

sg(nmn’) = sy(n) sy(m) sn(n'), n,n’ €N, m € M.
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Proof : Uniqueness follows from the Bruhat decomposition for G. In order to

prove existence, we will first verify the following assertion:
(1) if nm =mn’ with n,n’ € N, m € M, then sy(n) sy(m) = sp(m) sn(n’).

First, suppose that n = n,(z) with a € &+, x € F. If z = 0, then (1) holds
trivially, thus we can assume that z # 0. If m = hg(y) with 8 € A, y € F*, then
n' = ng(xy=(*0) by Ry g But nj(z) hs(y) = ha(y) nk(zy=(*P)) by the relations
in R;\}*’ﬁ’ hence (1) follows in this case. Similarly, if m = wg with § € A, then
a # (B since ¥ # 0 and n’ € N, and n,(7) ws = wsNsza(Mpa®) by Ry, By the

*
«

*

relations in R;]* aan ssa(Na ), and (1) follows in this case as well.

S VLZ

) Wg = Wan
(z) wg = g

d
For arbitrary m € M, write m = hn with h € H, n € 9. Factoring h = [] ha, (z:)
i=1

with each z; € F*, and n = wq, ... w,, with £ = {(n) and each a; € A, we must

show that:

. . d
nh(x) ha, (Xg) - hay (22) hay (T1) Way - - Way, [] ca, (iy x;)
i=1

is equal to:

. d
hay(2d) . hay (2) ha, (1) Wa,y . Wa, [] ca, (zi, zi) sn(n').
i=1

This follows by an inductive argument using the preceding results. Thus, (1) holds
if n = ny(x). For arbitrary n € N, we factor n into a product of generators of the
form n,(z), and the assertion (1) follows by an inductive argument using the fact
that sy is a splitting.

Now for any g € G, if g = nmn’ with n,n’ € N, m € M, then m = m(g) is
uniquely determined. To establish the lemma, it suffices to show that if nmn’ =
nymn/,, then sy(n) sp(m) sn(n’) = sn(ny) sp(m) sw(n}). But nylnm = mnin/~",
hence (1) implies that sy(ny'n)sp(m) = sy(m) sn(nfn/ ). As sy is a splitting,

the result follows. O
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Recall that for any group G, a 2-cocycle on G with coefficients in A is a map

o: G x G — A such that:

(2) 0(9.9)0(99'.9")=0(9,9'9") 0", 9"),  9,9".9" €G,

and o(1g, 1lg) = 14, where 14 is the identity element in G. This definition implies
that o(1g,9) = 0(g,1g) = 14 for all g € G. Let Z?(G; .A) denote the set of all such

2-cocycles.

Proposition 4. Let og € Z?(G; A) be defined by:

06(9,9") = sc(9) sc(9") sc(g9g’) ", 9,9 €G.

Then og satisfies the following properties:

(a) o
b

g,n) =og(n,g) =14 foralln €N, g € G,
oc(ng,g'n') = oc(g,g’) for alln,n’ €N, g,4' € G,

Cc

G (

(
oc(gn,g") = og(g,ng’) for alln €N, g,9' € G,

(

e) og(n,

(0)
(c)
(d) og(h,n) =14 for all h € H, n € M,
(e)

oc(n,n') = 14 for all n,n’ € M such that L(nn') = L(n) + £(n).

Proof : Property (a) follows from Lemma 3, while (b) and (c) follow from (a) and
the cocycle relation (2). Properties (d) and (e) follow from Lemmas 2 and 3. O

We will next consider the restriction of the 2-cocycle og to certain “standard”
subgroups of G. Let Af C A, let ®f be the set of roots in ® spanned by the elements
of Af, and let @ := ®* N d*+. Let G* be the group that is generated in G by:

{ha(z) |@ € A%, 2 € F*} U{ws |a € AP} U {na(z)|a € @, z € F}.

We call G a standard subgroup of G if G is also the F-rational points of a simple

simply-connected algebraic group that is defined and split over F.
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Let G* be a standard subgroup of G. Realize G* as a Chevalley group with gen-
erators {nq(z) |a € ®*, z € F}, and give A? the order inherited from A. We con-
struct (just as we did with G in §1) a central extension G* of GF by A corresponding
to the Steinberg symbol ¢ (With respect to our choices of {ha (z) ‘ ae Al xeFX },
At and {na}a € Hﬁ}). Since Hf := HN Gf, N* := NN G, Mf := M NG and
ME = M N G* are the analogues of H, N, M and 90, respectively, for the group
G*, we can proceed as above to construct the section sg: : G!f — G* and the

corresponding 2-cocycle og: € Z2(G¥; A).

Lemma 5. For every standard subgroup G* of G, JG‘GuXGu =ogt-
Proof : By the results of §1, G is isomorphic to the group generated in G by:
AU {ﬁa(x) o€ AY 2 e F*}U {a |a € AL U{ng(2) |a € 'z e F}.

The natural projection Gt — G! s simply the restriction of p : G — G to Gf. The
relation sgr = 5((;,‘ o follows immediately from the definitions, and this implies the

lemma. O

Lemma 6. Let {Gi ‘ 1< < p} be a collection of mutually commuting standard
subgroups of G. Then {@Z ‘ 1< < p} are mutually commuting subgroups of G.

Moreover:

(3) s5G(g1---9p) =5c(91) ---5c(gp)
for all g; € G*, 1 < i <p.

Proof : For each i, let A%, ®¢, &+ H! N’ M’ and MM’ be defined as above for
the group G*. Observe that if o € A*, B € AJ, i # j, then (o, 3) = 0. Indeed,
this follows from the relations Ry . Using the relations in R 4, 7?%, R~ R%H ,

’ v/

H,A’
R RE = Ry, Ry~ A, R;} ~, and R;*~ , it follows that if g; [resp. g;] is a
Zs )

My, A’ M *H My,
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generator of G [resp. @j], i # J, then g;g; = g;g;- This implies the first statement
of the lemma.

We first establish (3) in the case where g; = h; € H?, 1 < i < p. The product

d

hq ...hy can be uniquely expressed in the form [] ha,(x;) with each x; € F*. Let
i=1

l:= card{i ‘ T # 1}. We induct on [, the case | = 0 being trivial. Thus, suppose

that [ > 1, and let k£ be the largest integer such that xj # 1. Let ¢ be such that

&y € A, From the definition of sy:

sr(h . hy) = sw(hay (@) B - i hy) = sw(hay (1)) se(ha - hi o hy),

where ﬁz := hg, (zx) " 1h;. By induction on [, this expression equals:

i (hay (k) sm(h) . . csu(h) .. sm(hy) = sm(h1) ... sm(ha, (zr)) su(h;) .. s (hy),

since H! commutes with H7 if i # j. But sy (ha, (xk)) sH(ﬁi) = sy (h;), hence (3)
holds in this case.

Next, suppose that g; = n; € 9M?, 1 < i < p. Since the elements of M’ commute
with the elements of 97 if i # j, it follows that £(ny...n,) = £(m) + ... + £(np).

By an inductive argument using Lemma 2(b):

sp(n1 - mp) = sm(m) - - sm(mp),

and (3) holds in this case as well.
To establish (3) in general, let g; € G*, 1 <i < p, and factor each g; = n;h;n;n
with n;,n. € N*, h; € H*, and n; € 9M". Then:
sg(g1---9p) = se(nihimn) ...nyhynpn,)
=sg(ny...nphy ... hpyn ... gpn .. n;)
=sn(n1...np)su(hy ... hy) sm(n .. mp) sn(ny . ..n).

Using the results above and the fact that sy is a splitting, the last expression equals:

5N(n1) o .5N(np) EH(hl) o .EH(hp) EM(Th) .. .5M(7]p) 5N(n’1) . .5N(n;).
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Since G commutes with GJ if i = j, this expression equals:
sn(na) su(hy) sm(m) sw(ny) .. -sn(np) sm(hyp) sn(np) 5N(n;)-
As sn(n;) sm(hi) sm(ni) sn(nl) = sg(g;) for each i, the result follows. O

Theorem 7. Let {Gi ‘ 1<:< p} be a collection of mutually commuting standard

subgroups of G. Then:
/ / P /
oc(g1---9p,91---9p) = 'Hl oG (9i, 9;)
for all gi,g; € G', 1 < i <p.
Proof : By Lemma 6:
s5G(g1---9p) =5c(91) ---5c(gp), sg(g1---9,) = sg(g]) - - .5@(91/7).
Since G' commutes with G if 4 %7
56(91---9p)sc(91 ---9,) = 56(91) 56(91) - - - 56 (9p) 56(9))
p

[ o6 (9i,9})

=s5¢(g191) - - -5c(9p9p)

2

by Lemma 5. On the other hand:

sc(g1---9p91---9,) = 5c(9191 - - - 9p9p) = 56(9191) - - -56(9pY))-

Comparing these expressions, the theorem follows. O

§3. The 2-Cocycle for the General Linear Group

We continue to use the notation of the previous two sections. For the remainder
of the paper, let G® be the general linear group GL,,1(F), and let G* C G’ be

the special linear group SL,+1(F), where n is a fixed positive integer. Let T° be
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the subgroup of diagonal matrices in G”, and for 1 < i < n + 1, let 7; be the i-th
coordinate homomorphism on 7”:

TiZTbHFX, t:diag(tl,...,tn+1)»—>ti.
The set ®° of roots of G” relative to T° can be identified with the set of pairs
{(6,)) |1 <i,j<n+1, i+#j}, where:

7'1<t)

7(t)’

We call a root (i, j) positiveif i < j and negativeif i > j. Let ®* be the set of posi-

= teT’, a=(i,j) € d.

tive roots in ®”, and A’ its ordered base of simple roots {&; = (i,i+1) } 1<i<n}.
Let H” := T° NG’, and let N, MbZ, MP? and 9" be defined for the simple Chevalley
group G” as in §§1-2. Note that N” := N is the standard unipotent subgroup of
G associated to our choice of positive roots, and M’ := T°-M} = [[ 7" is the

neM’
subgroup of monomial matrices.

For all g, h € G”, let g" := h~'gh, and "g := hgh~! = ghil. As in §2, the action
of M® on T® by conjugation induces an action on ®”, where for all m € M°, a € ®°,
ma is the unique element of ® such that ¢t(™®) = (™) for all t € T°. The group
M?" also acts on the finite set M, := {1,... ,n}, where for all m € M", i € M,,, mi

is the unique element of ,, such that:
Tmi<t):7'i(tm), tETb.

The relation:

(tm>(i,j) _ Ti(tm) _ Tmi(t> _ t(mi,mj)
(™) Tmj (1)

shows that:

m(i,j) = (mi,mj), me M’ (i,j)ec

A set of generators of G* can be explicitly described as follows. For every
o € ®F, 2 € T, the generator ng () is the matrix 1g, +x e,, where 1 is the iden-

tity matrix in G°, and e, is the elementary matrix with 1 in the a-th position and
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0’s elsewhere. For every a = d; € A®, the generator wy, := na(—1) n_g(1) na(—1)
is the monomial matrix with —1 in the a-th position, 1 in the —a-th position, 1 in
the j-th diagonal entry for all j # 4,i+1, and 0’s elsewhere. For every o = &; € A”,
x € FX, the generator he () := ng(z) n_o(—271) ne(2) w, is the diagonal matrix
with z in the i-th diagonal entry, x=! in the (i + 1)-th entry, and 1’s elsewhere

along the diagonal. For example, our generators for SLs(F) have the form:

T -1 1 =z
ha, (z) :== ( m_1> , Wg, 1= (1 ) , Ng, (x) == ( 1) .

For the remainder of the paper, let A be an abelian group, and ¢ : F* xF* — A
a bilinear Steinberg symbol. Note that F* — A, x — ¢(zx, z), is a homomorphism
in this case, and every element ¢(z,z) = ¢(z, —1) € A has order at most two.

According to §1 Theorem 5, there exists a central extension G® of G by A with
Steinberg symbol ¢. Notice that ¢, = ¢ for all & € A’. Using our ordering on A’,
the section sg» : G — G" and the corresponding 2-cocycle og» € Z%(G’; A) are
defined as in §2.

Now let G := GL,(F), let G := SL,(F) C G, and let T, ®, &+, A, H, N, Mg,
M, 9, N and M be defined as above with n + 1 replaced by n. In particular,
A= {di ‘ 1<i<n-— 1}. The goal of this section is to study the 2-cocycle o, in
Z2(G; A) that is defined as follows. Consider the embedding of G into G’:

g
LG =G, g— .
det(g)~"

Then o, is the 2-cocycle defined by:

0n(9,9") = 05 ((9), 1(g") e(det(g), det(g")) ™", g.g' € G.

Lemma 1. For all t,t' € T, o,(t,t') =[] C(Ti(t>,7‘j(tl))_1.
i<j



Proof : Let t; := 7;(t) and ¢} := 7;(¢') for 1 <4 <n. Then:

n

ot) = 1L has (i), ot') = [T ha (1),

i i
where z; := [] t; and 2, := [] t} for 1 < i <n. Then:
j=1 j=1

since:

~ n n—1
= II ha,(ziz}) T (@i, 25) T1 e(zi, 2ipy) ™
7 =1 1=
Consequently:
n—1 n—1

o (t(t), u(t) = c(wn, 23) T1 elzi, 22777 = elan, 23,) T el@iti,) ™
i=1

Since x,, = det(t), x|, = det(t'), we have:

on(t ) = 0 ((t), 1)) e, 2,) ) = 11 e(wj_1,t)) " = 11- (ti, )

The result follows.

Lemma 2. We have:
(a) on(t,n) =14 forallt € T, n € M,
(0) on(n,n') =14 for alln,n’ € M such that L(nn') = £(n) + L(n').

23
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Proof : Observe that +(T) C H’, and +(9) C 9°. Then for all t € T, n € M:

on(t,) = o (1(t), 1(n)) c(det(t), 1) = 14

by §2 Proposition 4(d). Similarly, if n,n" € 9 with £(nn') = £(n) + ¢(n’), then
E(L(n) L(ﬂ’)) = E(L(n)) + E(L(n')), hence:

on(n, ') = og (t(n), u(n) c(1,1) 7 =14

by §2 Proposition 4(e). O

Lemma 3. ForallteT, ne IM:

(1) oa(nt) =TI e( —7(t),m(t) "
g

Proof : We identify 9t with its image +(90) in G°. If £(n) = 0, (1) holds trivially.
Now suppose that 7 is a simple generator of the form w, with a = &y € A. As in

Lemma 1, let ¢; := 7;(¢) for 1 <14 < n, and write ¢(t) = [] ha, (z;) with z; := [] ¢;.
=1 j=1

(2

Let t/ := ot t, := 7,(t') = 7,-1,(t) for 1 < i < n, and write ¢(t') = [] ha,(2])

W

with x} = 1_[1 t;. Then:
J:

tx; ifi=k,
(2) T; = {

T; otherwise.

Since det(n) = 1, we have that:

on(n,t) = 0 (Was t(t)) = sg (wa) s ( : ha, (2:)) sg» (W ﬁ he, (a:i))_l.

Now:
s () s (T s, (1)) = o 11 o (1) TT e, ),
s (e 1T By (20)) = 50 (TT B (&) wa) = TT B, (a8 0 11 el ),

-
Il
—
-
Il
—
.
Il
S
-~
I
—
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thus o0,,(n,t) is the product of:

(3) o [] Do (w:) ( 111 e (@) Ba)

and:

[T el ) (1T elal 7)) " = et ).

i=1 i=1
Applying the relations in R% ~, R2, and R%, it follows that:
Mz,H  H H
k42 k+2 _
wa H hozl (xz) - hozl (.’131) won
1=n =n

By a straight-forward calculation, it can be shown that:
ATht1, Tht1) }dek (Tk41) ﬁak(ajgl) Bak (1) = c(t*, tgy1) Bak (t™ xg).
Using (2), it follows that (3) is equal to ¢(t%, tx+1). Consequently:
on(n,t) = c(t®, trgr) c(t® t%) = cltutylys te) = c(—tiiq, te) = c(—tpgr, te)

Since {a € & | na < 0} = {@y}, this proves (1) when £(n) = 1.

Now suppose that (1) has been established for all t € T, n € M, with £(n) < [,
[ >2 LetteT,neM, with £(n) =1. We can write n = 1119 for some ny,n2 € M
such that £(n) = £(n1) + £(n2), and £(n;) < I for i = 1,2. Then:

on(n,t) = on(mnz, t) = on(mnz, t) on(m1,m2) = on(n1, M2t) on(n2, 1)

by Lemma 2(b). Now:

on(m,n2t) = on(m, ™tn2) = on(m, ™t n2) on("t,n2) = on(m™t, n2) on(m, ™t)
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by Lemma 2(a). Also:
on(m™t,n2) = on (""", m2) = on ("1, 12) 00 (M, 1)
= on ("""t mn2) on (1, m2) = 1a.
Thus, by the inductive hypothesis, o, (7, t) is equal to:

—1 -1
on(m,"t) on(ne,t) = 1 c(=7(7),7("t) ~ II e —7(),7(t))
a=(i,j)edt a=(i,j)€dT

na<0 noa<0

The first product can be re-expressed as:

[T e(=7 5@, 7-40) = I c(—7),7d) -
a=(i.j)€®” a=(ij)en; o+
n1a<0 M0

Since £(mmn2) = €(n1) + €(n2), it is easily shown that:
{a et |mma <0} ={acdt|ma<0}][{ac ny '@ | mimea < 0}

Thus, 0,(n,t) is equal to:

I e(—7®)n®)" I e(—m@),n®) = II e(—mt),nt) .

a=(i,j)€n, ' oF a=(i,j)€2* a=(i,j)€2*
mn2a<0 n2a<0 nin2a<0
Since 1 = 1112, this completes the proof. a

Lemma 4. For alln,n' € N, g,9' € G:
on(n,g) =on(g,n) = 1a,
on(ng,g'n') = au(9,9"),
onlgn,g') = on(g,ng").

Proof : Observe that ((N) C N°. Then:

on(n,9) = o (1(n),1(g)) ¢(1, det(g)) ™ = La,

(g, 1) = o (1(g), 1(n)) ¢(det(g), 1) = La,
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for all n € N, g € G, by §2 Proposition 4(a). The other statements follow from

these and the cocycle relation. O

Lemma 5. Foralla € A, x € F:
c(z, x) if ¢ # 0,
on (wa,na(x)wa) = {
c(—1,-1) ifz=0.

Proof : If we identify 9t [resp. N] with its image ¢(9M) [resp. «(N)] in G’, then
9 C M, and N C N”. Suppose that 2 € F*. Since det(wy) = 1, o, (wa, na(x)wa)
is equal to:

lofet (wa, na(as)wa) = 5 (We) S (na(as)wa) S (wana(x)wa) !

= Wa i (2) Wa 50 (Ra(—27 ) ha (a:_l)wana(—x_l))_l
= Bon (2)io (05 (—2 Yha(@ DVians (-2 ez 2 )) 7

= W Nl (2) Wa (Wa n(z) ﬁ)a)_lc(:ﬂ_l,x_l)_l =c(x,x).
The case x = 0 is similar. O
Recall that 91 is a complete set of distinct coset representatives for M /T = M /H.
Then G has the Bruhat decomposition:
G = [[ NTnN,
nem
and there exists a unique map t : G — T such that:

t(ntnyn’) = t, n,n’ € N, teT, neMm.

Note that t(g) can be easily computed for any g € G (cf. §4).

Proposition 6. For alla € A, g € G:

(4) on(Wa, 9) = on (t(wag) t(g) ™", —t(g)).
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Proof : For the proof, we will only need the fact that o, lies in Z2(G;.A) and
satisfies the properties of Lemmas 1-5, which we apply repeatedly without comment.
For any g € G, we factor g = ntnn’ with n,n’ € N, t € T, n € 9. Without loss
of generality, we can always assume that n” € N—, where N~ := [[ N_, is the
standard unipotent subgroup of G opposite to N. eer

Case I. Suppose that “on ¢ N. Then it is possible to factor n = n''n,(z) with
z € F* and n” € N such that Y»n” € N, (n”)" € N~. Since nq(z)" must lie
in N—, it follows that n~'a < 0, hence = w,n’ for some 7’ € M such that
Uwan') = (') + 1. Using the fact that ng(—z~ 1)) e N, it follows that
on(Wwe, g) is equal to:
O (Wa, N 1o (@) twan'n’) = op (Wa, na(z)wat™n')

-1

On (Wa, na(@)wat™n') o (na(2)wa, 1) on(wa, 1)

an(wa, No (T wa)an(na(—x_l)ha(aj_l)wana(—x_l), £ ) on(wa, tWen/)t

a2 Wa, ) on (ha (™), wa) on(Wa, t7on") 7!

= ¢( (ha(
= c(z,z) o (ha(z™ tn) on(t,m)
= ¢( (ha x” ) (ha(:v_l)t,n)

= c(:L'_l, —1)"te(z7, Tk+1(t))_1 =c(z7, —Tk+1(t>)_1

if & = ¢y;,. On the other hand:
t(wag) = t(wan"na( )twan'n”) = t(wana(as)watw‘ln')
= t(na(—2 " ha(z Hwana(—z )t n") = ha(z™')t,
hence:
_ _ _ —1
on (t(wag)t(g) ™", —t(g)) = on(halz™), —t) = c(z™!, —Tes1(t)) .
This proves (4) in this case.
Case II. Suppose that Yn € N, and ¢(w,n) = £(n) + 1. Then:
On (woz: g) = an(wa7 ntﬂn/) = Un(wa: “7) Un(t7 77)

= 0p(Wa, t) on (Y twa, n) on (Yt we)

= 03 (Wi ) T (Ut wa)) Tn(Way 1) = ¢ — T (t), 7)) T
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if a = ¢y;,. On the other hand:
t(wag) = t(wantnn') = t(watn) = ot = ha(t~) t.
Thus:

on (t(wag)t(9) ™", —t(9)) = on (ha(t™*), —t)

— (T (TR (0) 7 =71 () T = e = T (8), (1)

Thus, (4) holds in this case as well.
Case I1I. Suppose that Yen € N, and ¢(w,n) = £(n) — 1. We can write n = w,n’
with " € 9t such that {(w,n') = £(n') + 1. Then:

On(Wea, g) = 0p(Wa, ntwan'n’) = op(Wa, twan') on(twae, n'),

since:

Un(twa: 77/) = Jn(twom 77/> an(t: woz) = Un(t: woz77I> an(wa: 77/) = la.

Then o, (w,, g) is equal to:
On(Way twea) On(Watwe, n') = 0p(Wa, twe) 0r (t, Wy
= 0p(wa,t) op (P twe, we) op (Yt We)
= 0p(Wa, t) an(w‘lt, ha(—l)) On(Wa, Wy
= (= o1 () () " e(mpa (t), —1)
= (= Tpa(t), —m(t) "

if & = ¢y;. On the other hand:

- e(—1,-1)"

t(wag) = t(wantwen'n') = t(watwan') = ha(=1) 1" = ho(=1)ha(t™) t.
Hence:

On (t(wag)t(g>_1v _t(g>) =0n (ha(_l)hoz(t_a>v _t)
—1

— c( — T (O)TR(t) 7L, —Tk+1(t))_1 = C( — Tey1(), —Tk(t)) ,
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Thus, (4) holds in this case, and the proof is complete. O

Theorem 7. The 2-cocycle o, is the unique element of Z*(G; A) satisfying:
(a) on(t,t') = [T e(rs(t), 7;(t") " for allt,t €T,

(b) on(t,n) = izjfor allt €T, neM,

(¢) on(n,n') =14 for all n,n" € M such that L(nn') = £(n) + L(n'),

(d) on(nt) = I e( = 75(t),m(t))”" for allt € T, n € M,

a=(i,j)EDT
na<0

9

9

n(n,g) =on(g,n) =14 foralln € N, g € G,
on(ng,g'n’) =0o,(g,9") for alln,n’ € N, g,9' € G,

n(Wa, na(2)we) = c(z, x) for alla € A, z € F*.

9

)
(f)
(9) onlgn.g') = onlg,ng’) for alln € N, g,9' € G,
(h)

)

n(wom wa) = C(_lv _1)

Q

Proof : By Lemmas 1-5, o, satisfies the above properties. Conversely, suppose

that o € Z2(G; A) satisfies (a)-(i). Clearly:

(5) o(t,g) =o(t t(g)), teT, gecd.

Also, the proof of Proposition 6 shows that:

(6) o(wa,9) = o (t(wag)t(9) ™', ~t(g)), €A, geG.

Now let g,¢" € G, and factor g = ntnn’ with n,n’ € N, t € T, n € M. If {(n) = ¢,
we can express 1 in the form n = wg, ...w,, with each a; € A. By an easy

argument:
0(g,9") = a(t,m'q") 0(Way, Way - - Wa,0'g") . 0 (Way_y , Wayn'g") 0 (way, 0'g"),

and all of the terms on the right can be computed using (5) and (6). Since o,(g, g’)
has a similar expansion, and ¢ and o,, must agree on 7' x G and on {w,} x G for

every a € A, it follows that o = o,. a
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Corollary 8. The 2-cocycle o1 on GL1(F) = F* is trivial. The 2-cocycle oo on
GLy(F) agrees with the Kubota 2-cocycle on GLo(F).

Proof : If n =1, then T' = G, hence o is trivial by Theorem 7(a). For n = 2, the
Kubota 2-cocycle o € Z%(G; A) is defined by:

o (xlog) xeg) \T
ctad) = (05 ) 990

a b
where for all g = e G:

c d
c if ¢ #0,
x(g) = {
d otherwise.
As o satisfies properties (a)-(i) of Theorem 7, o = 0. O

Corollary 9. Let G* := GL,,(F), m < n, and let 7 : G* — G be the embedding

defined by:
1,

gr g )
Ly
where a,b >0, n=a+m+b, and 1, [resp. 1] is the a x a [resp. b x b] matriz with

1’s along the diagonal and 0’s elsewhere. Then:

o0 (3(9),2(9)) = om(9,9"), 9.9 € G

Proof : Let 07(g,9") == 0n(3(9),(¢")) for all g,¢' € G*. Let T#, ®% P A?
H¥, N*, I\\/HﬁZ, ME, 9t N* and M* be defined as above with n replaced by m. In
particular, Af = {ézi ‘ at+1<i<a+m-— 1} C A. Also, let Tiﬁ : Tt — F* be the
i-th coordinate homomorphism on T*: 7'2‘ﬁ (t) :=t; for all t = diag(ty,... ,t,) € T*.
Note that:

P () ifa+1<i<a+m,
7 (5(t)) :{

1 otherwise,
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for all t € T*. Then for all ¢,¢' € T*:

ot 1) =TT e(rn(),m0m) " = I e(ra@), 7))

1<j a+1<i<j<a+m

= I e(rf (). 7}(1))

1<i<j<m

oot t).
Since (MF*) C 9, the relation o7(t,n) = 14 for all t € T% n € M, is clear.

Moreover, j(wg,) = wg,,, for 1 <i < m — 1, hence 7 is length preserving on 9t*.

it
Consequently, o7 (n,n') = 14 for all n,7' € M* such that £(nn’) = £(n) + £(n'). For
allt € T%, n € M*, 07(n, t) is equal to:
—1 -1
I[Te(-700)701)) = IT e( =), 7u(®)
a=(i,j)edT a=(i,j)€dT

7(n)a<0 7(n)a<0
a+1<i,5<a+m

—1
— T o)
a:(i+a,j+a)€<1>+
2(m)a<0
1<s,5<m

For all i € M, = {1,... ,n}, n € Mk
a+n(i—a) ifa+l1<i<a+m,
J(n)iZ{
7 otherwise.

This relation implies that:

{(i.g)|[1<i<j<m, gm)(i+a,j+a)<0}=/{(ij) € " |n(i,j) <0}

Thus:
o', t) = TI e(—74t). 75 (1) " = ol t).

a=(i,j) €T
na<0
Since 3(N*) C N, 0?(n,g) = 07(g,n) = 14 for all n € N¥ g € G*, and it follows
that o’(ng, g'n’) = 0’(g,¢’) and 0’ (gn, g') = 0?(g,ng’) for alln,n’ € N*¥, g,¢' € G*.
Finally, j(na, (%)) = na,,,(z) for all z € F, 1 <i < m — 1, hence:
c(z, x) if x # 0,

o’ (wdiv no“zi(x)woli) =0n (wdi+avndi+a (x)wdi+a) = {
c(—1,-1) ifx=0.
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We have shown that o7 satisfies properties (a)-(i) of Theorem 7 with n replaced

by m. By the uniqueness assertion, it follows that o7 = o,,. O

Lemma 10. For allt,t' € T, n,n € M:
on(tn, t'n') = on(t,"') on(n,t") on ("'t t (")) o0 (n, 7).

In particular, if £(nn’) = £(n) +£(n), on(tn, t'n’) = on(t, ") op(n, t').

Proof : We have:
on(tn,t'n') = on(tn, t'n') on(t', ') = on(tn,t’) on(t,n) on("t'tn. n') on("t't, )
= on(t,"t'n) on ("t n) on(n,t) on ("t 0n) o (0, 7')
= 0y (t,") on(n,t') on ("L, (")) o (1,77').
If €(nn’) = £(n)+L(n'), then ny’ € M (hence t(nn’) = 1¢), and the second statement

follows easily. O

Theorem 11. For every standard Levi subgroup of G, the following block formula
holds:
91 91
1

- SORR (N = 11 0w (952 90) TT e(det(g:), det(g})) ™",

i=1 i<j
9p 9y
where n =mny + ...+ ny, and g;,9; € GLy,(F) for 1 <i <p.

Proof : We induct on the number of blocks. When p = 1, there is nothing to
prove. Suppose that p = 2, n = n; + n9, and let G! := GL,,(F), G? := GL,,(F).
For i = 1,2, we define T°, ®°, &t A" H', N, MY, M, 9', N* and M* as before
with n replaced by n;. Let:

g1
PGt —= G, g1 ,
1n,

1n,
.72 : G2 — G7 g2 — )
g2
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where 1,,, denotes the identity matrix in G*. According to Corollary 9, if we identify

each G* with its image 7*(G?) in G, then:

(7) on(9isg)) = on, (9, 90), i, g, € G

We claim that:

(g1, 92) = ¢(det(gr), det(ga)) ',

(8)
Un(927 gl) = 14,

for all g; € G', go € G%. Indeed, if we factor each g; = n;m;n} with n;,n; € N,

m; € M?, then:
Un(91792) = Un(glaaninz) = Un(91n2,m2) = Un(n2917m2) = Un(glym2)~

Similarly, o, (g1, m2) = o,(m1,ms). Now factor each m; = t;n; with ¢; € T,
n; € M. Since £(mn2) = £(m) + £(n2), and G! commutes with G?, Lemma 10
implies:

on(mi, ma) = on(ts, "t2) on(m, t2) = on(ts, t2) on(m, ta).
Since 7;(t2) = 7j(t2) = 1 for all (4, ) € @t such that (i, 7) < 0, o (m1,t2) = La.
Thus:

on(91,92) = on(t1, t2) = C(det(tl),det(tz))_l = C(det(m)adet(gz))_l-

The proof that o,,(g2,g1) = 14 is similar. This establishes the claim.
For all g1, g7 € G, g2, g5 € G, we compute using (7) and (8):
on(9192, 9195) = 0n (9291, 9291) on (92, 91)
= 0n(9291, 95) Tn (92, 91) 0n (929591, 91) Tn (9292, 91)
(
(

on(92,9591) on (g5, 91) on (91, 95) on (9295, 9191) onlg1, 91)

= 0n(92, 93) on (9295, 91) on(91, 93) o0 (91, 91)

= 0, (91, 9}) Ony (g2, 65) c(det(g1), det(gh)) ™
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This proves the theorem in the case p = 2. For arbitrary p > 2, we proceed by

induction:
91 9
On ,
/
gp gp
g2 95
. : -1
= On, (glagbo-n—nl T 5 . c(det(gl),det(gé...g;))
9p 9p
p 1 P 1
=0, (91,91) 1L oni(9,97)  TI e(det(gi),det(gf)) — TT c(det(g1), det(g}))
i=2 2<i<j<p j=2
1 —1
= [ onl9:,90) 11 c(det(g:), det(g}))
1= 1<J
This completes the proof. O

§4. On Calculating the 2-Cocycle

We continue to use the notation of §3. In order to compute o, (g, g’) for arbitrary
9,9 € G =GL,(F), we will need to have a method of computing t(g) for any g € G.
Here t is the unique map from G to 7' such that:

t(ntgn’) = t, n,n' €N, teT, neM.

To this end, consider the set of functions {xi G — F* ‘ 1<i<n+ 1} defined as
follows. First, let x,11(g) := 1 for all g € G. Next, if 1 <i <mn and g € G, let
x;(g) be the first nonzero (n+1—1) x (n+1—1i)-minor formed from the last n4+1—1
rows of g, where the minors are ordered lexicographically according to the columns
they involve. In particular, x;(g) = det(g) for all g € G. For each i, it follows from
the definition of x; that:

xi(tg) = xi(t) xi(g), teT, geG,
(1)

x;(ngn’) = x;(g), n,n' €N, g € G.
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The computation of t(g) is now described by the following lemma.

Lemma 1. The set 9 is characterized by:
Oﬁ:{meM‘xi(m)zlforlSign}.

Consequently: »
Xi\9 ,
Ti(t(g»:XH_l(g)’ QGG: ISZSTL.

Proof : Let M! := {m cM ‘ xi(m)=1for 1 <i< n} For any monomial matrix

m € M, let m; denote the nonzero entry in the i-th row for each 1 <7 <n. As m;

lies in the (m™1i)-th column, it follows that:
x;(m) = sign; (m) m; Xi41(m),

where:

sign;(m) := ];[Z (—1).

m~Y<m™?

Consequently, m € M? if and only if m; = sign;(m) for 1 <i < n.

We will show that 9 c M!. If n € 9 with 4(n) = 0, then n = 1g, hence
n € M'. We proceed by induction. Suppose that n € M*! for all n € 9 with
l(n) <1, >1. Let n € M with £(n) = [. Factor n = w,n with a = & € A,
n € M, and £(n') = 1 — 1. Since det(w,) = 1, it follows from the definitions
that x;(wan') = x;(n') if i # k + 1. Since n’ € M! by the inductive hypothesis,
x;(n') =1 for all 4, hence x;(n) =1if i # k+ 1. Also:

Xp+1(1) = signgy1(n) Mey1 Xeq2(n) = signe1(n) Met1,

and we have that:

sighp1(n) = signg1(wan’) = [1 (=1) = II(-1),
k41 j>k+1
(wan/)_1j<(wa77/)_1(k+1) n/_1j<7]/_1k
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and:

Mt = (wan) kg1 = (0)k = signi () = [T (1) = T (1),
Jj>k j>k+1

n/—1j<77/—1k, n/—1j<n/—1k

since the relation ((w,n') = £(n') + 1 implies that o' ~'(k + 1) > n'~'k. Thus
xk+1(n) = 1 as well, and therefore n € M!. This shows that 9T C M'. On the
other hand, both 9 and M! have cardinality n!, hence It = M.

To prove the second statement, first observe that if ¢t € T', then x;(t) = H 7;i(t).
Consequently: =

Ti(t) = tefT.

By (1), it follows that:
x;(ntnn') = x;(t), n,n' €N, teT, neM,

since x;(n) = 1 for all n € 9 = M. In other words, x;(g) = x;(t(g)) for all g € G.

Thus:

| _ Xi(t(g)) __xi(9g)
Tl(t<g)) T X (t(g)) ~ xi4+1(9)

for all g € G. O

In order to compute o,(g,g’) for arbitrary g,¢’ € G, we use the method of
§3 Theorem 7. First, factor g = ntw,, ...wq,n’ with n,n’ € N, t € T, and each

a; € A. Here ¢ = {(g). Then o0,(g,¢’) is equal to:
on(t,Way - - Wayn'g") 0p(Way s Way -+ - Way,0'g") oo O (Way_ s wa,n'g") 0p(Way, n'g").

Each of these terms can be computed using §3 Theorem 7(a) and the relations:
on(t,g) = on(t.t(g)), teT geG,

on(Wa,g) = on(t(wag)t(g) ' —t(g)), €A, ged.

§5. Calculations on the Weyl Group
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We continue to use the notation of §§3-4. Let W denote the Weyl group of
permutation matrices in G, that is, matrices with a 1 in each row and column,
and 0’s elsewhere. For every a = &; € A, let s, be the monomial matrix with 1
in the a-th and —a-th positions, 1 in the j-th diagonal entry for all j # 4,7 + 1,
and 0’s elsewhere. The elements {sa ‘ a € A} generate W. If a = &, € A, and
08=a €A, wewill write a« < if k<[, and o> G if k > [.

Lemma 1. For all a, 3 € A:

c(—1,-1) if{a,8) =0 and a < 3,
on(8a,88) = {

1a otherwise.
Proof : First, suppose that a = dy, § = ¢, and k # [. By §4 Lemma 1:
-1 ifi =k,

1 otherwise,

1 ifi=1,
Tl(t(SQ)) = {

1 otherwise.

In this case, f(wawg) = €(ws) + £(wg), hence:

on(Sa, $8) = 04 (t(Sa)Wa, t(sg)ws) = on(t(sa), “t(sp)) on(wa, t(sg))
by §3 Lemma 10. Now:
o (t(sa), “t(s5)) = IT e(7i(t(sa)), 7oy (6(55)))

i<j

= H C( — 177—w;1j (t(85)))

k<j

{ c(—1,-1) fwyl >k,
14 otherwise,

and:

(W, t(55)) = ¢ — o1 (6(s)), 7 (6(58))) " = 14
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since k # [. This proves the lemma when a # 3. If @ = (3, then:

1 1
n(8a;8q) = 0K << ) , ( )) =1y
1 1

by Corollaries 8 and 9 of §3. O

Proposition 2. Let w € W, ¢(w) > 0, and let « be the largest element of A such

that wta < 0. Then 0, (8, w) = 0p(Sa, Saw) = 14.
Proof : As in the proof of §4 Lemma 1:
x;(w) = sign; (w) x;41(w), weW, 1<i<n,

since each w; = 1. Then:

r(b(w) = 0 enw) =TT (-1).
Xz—l—l(w) _1.]‘>Z B

1

Suppose that a = a € A and w € W satisfy the conditions of the proposition.
Since x;(sqw) = x;(w) for i > k + 2, we have 7;(t(sqw)) = 7 (t(w)) if i > k + 2.
Also:

7 (b(sqw)) = Hk (—1).
71>
(saw) < (sqw) ™k

Since w™ta < 0, it follows that (sqw)~t(k + 1) > (sqw) 1k, hence:

(t(saw)) = I (1) =TI (=1) =7 (t(w)).
J>k+1 J>k+1
(saw) Y<(saw) %  w Y<w H(k+1)

For every 3 :=c&; € A, 3> «, we have w™!3 >0, or w™'l < w™'(l +1). Thus:
wlk+D) <w H(k+2)<...<w t(n-1),
and this implies 7; (t(w)) = sign;(w) = 1 for all ¢ > k. Consequently:

(1) 7i (t(sqw)) =1 ifi=kori>k+2.
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Now factor saw = t(sqw)n with n € M. Since {(wn) = l(wa) + £(n):
On(Sa, SaW) = oy (t(sa)wa, t(saw)n) =0, (t(sa), wat(saw)) On (wa, t(saw))

by §3 Lemma 10. Using (1), we have:

o (t(sa), " t(saw)) = T e(7i(t(sa))s Tyt (t(saw)))_1

= M e(= L (t(saw))) ",
= (= Lm(t(saw)) " T e(=17(t(saw))) " =14,
j>k+1
and:
On (Wa, t(saw)) = c( = Tig1 (t(sqw)), Tk (t(saw))) ~ = 1a.

Thus, 0, (Sa, Saw) = 14. Also:

On(Sas W) = 0pn(Sa, siw) On(Sas SaW) = 0n(Sa, Sa) on(la, w) = 1y

by Lemma 1. This completes the proof. O

Given the 2-cocycle o, € Z2(G; A), the central extension G of G by A can be

constructed as follows. As a set, G =G x A, with multiplication defined by:

(9,a)(¢",d') = (99',ad'on(9,9)).,  9.9'€G, a,d € A
Let s, : G — G be the section g — (g, 14). Then:

0(9,9) = 50(9) 5n(g) sn(99") ™, 9,9 €G.

With this notation, define §, := s,(s,) for all & € ®. Note that 1y = sp(lg) is
the identity in G.

Let F[A] be the free group generated by {sa } a € <I>}. Using the ordering on A,
we order the elements of F[A] lexicographically. For every w € W, a reduced expres-

sion for w is an expression of the form w = s, ...sq, with ¢ = {(w). Regarding
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each reduced expression as a word in F[A], we will define the canonical expression
for w to be the largest reduced expression with respect to the lexicographic ordering
on F[A]. Alternatively, we can define the canonical expression inductively as fol-
lows. If w = 14, then the canonical expression for w is 1. Next, suppose that we
have already defined the canonical expression for all w € W with ¢(w) < ¢, £ > 1.
If we W, {(w) = ¢, let a; be the largest element of A such that w™a; < 0. Note
that oy = ¢y, where k is the largest integer ¢ such that 7; (t(w)) = sign;(w) = —1.
Then w = s,,w" with w’ € W, ¢(w') = ¢ — 1. If the canonical expression for w’ is
Say - - - Sa,, then we define the canonical expression for w to be sq4, ...84,. It can

be shown that the two definitions are equivalent.

Corollary 3. Letw € W, and let w = 54, ... Sq, be its canonical expression. Then

Sp(W) =580, - .- Sa,-

Proof : This follows immediately from Proposition 2. O

Lemma 4. We have:

52 :15 a€ P,
ga gﬂ = C(_17 _1) gﬂ gOt O‘?ﬁ € (I)7 <aaﬂ> = O;

508384 = c(—1,-1)335, 53 a,f €D, (o, ) = —1.
Proof : The first two relations follow from Lemma 1. Now suppose that a, 3 € A,

(o, B) = —1, a > (. Since s45354 is the canonical expression for w = 5,534,

S, (W) = 54535, by Corollary 3. On the other hand:
Sp (W) = 5,(585058) = 535453 0n (53, Sa53) On(Sa, S3)-

As 0,,(Sa, S3) = L4 by Lemma 1, it suffices to show that o, (sg, sasg) = c(—1,—1).
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If o = &g, then 8 = ¢&y_1, and:
-1 ifi=k-1,

7}(t(85)) = {

1 otherwise,
—1 ifi=k—-1lori=k,

T (t(SQSﬁ)) = {

1 otherwise.
Factor sos3 = t(sasg)n with n € M. Since ¢(wgn) = L(wg) + £(n):

on (38, 5asp) = on(t(sa)ws, t(sass)n) = o (t(ss), “"t(sass)) on (s, t(sass))
by §3 Lemma 10. We have:

o (t(s), *t(sa55)) = T e(s(t(s5)), 7,35 (t(5a59)))

=TI (=17, 5 (bsas9))

j>k—1
=c( -1, Tk_l(t(8a8ﬁ>))_1 ];[kc( —1,7; (t(SQSﬁ)))_l
=c(—1,-1),

and:
on(wp, t(sasp)) = c( — 7 (t(8a8ﬁ>),Tk_l(t(8a8ﬁ>))_l = 14.

This proves the lemma in this case. Finally, if o, 5 € A, (o, 8) = —1, 8 > «, then
we have shown that $35,53 = ¢(—1, —1) 54,5354, hence 5,535, = c(—1,—1) 535,53.

This completes the proof. O

In order to compute o, (w,w’) for arbitrary w,w’ € W, we first determine the

canonical expressions for w, w’, and ww':

W= Sq; -+ Say;

/
W = 8p;---55;,

I
WW = Sy, ... 8y,
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By Corollary 3, we have:

O'n<w7 w/) = 5n(w) 5n<w/) 5n<wwl)_1 = §a1 s gakgﬂl s gﬁk (571 SR g’Ym)_l'

The relations of Lemma 4 are then used to compute the cocycle.
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