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current objectives of computer graphics. One of its fields of application lies in virtual
reality, mainly in surgery simulation systems. In computer graphics, the models used
for the construction of objects with deformable behaviour are known as deformable
models. These have two conflicting characteristics: interactivity andmotion realism.
The different deformable models developed to date have promoted only one of these
(usually interactivity) to the detriment of the other (biomechanical realism). In this
paper, we present a classification of the different deformable models that have been
developed. We present the advantages and disadvantages of each one. Finally, we
make a comparison of deformable models and perform an evaluation of the state of
the art and the future of deformable models.
© 2004 Published by Elsevier Ireland Ltd.

1. Introduction

Until less than two decades ago, the evolution of
geometrical models in computer graphics had only
allowed for the representation of rigid objects. In
1986, an initial free-form deformation method was
presented that deformed arbitrary objects by dis-
torting the space in which these were contained [1].
A year later, Terzopoulos [2] incorporated physical
properties directly in a graphical object for the first

faces), or three dimensions (solid objects). Essen-
tially, they are applied in three different areas of
research: one of these areas is in the field of ob-
ject modeling for pre-computed animations [3—5].
Another one is the area of image segmentation, for
instance for an automatic 2D interpretation of the
images provided by a camera supervising an auto-
mated production line, or for the 3D reconstruc-
tion of bones and organs from medical MRI or CT
scans [6—12]. And the last is in the field of in-
time, and coined the term deformable models.
Deformable models can be d

dimension (lines and curves), t
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the deformational behaviour of non-rigid objects
due to external influences, both in deferred ap-
plications like surgery planning (e.g., simulation of
the outcome of craniofacial surgery) [13—15] and
in real-time applications. These real time applica-
tions include image guided surgery [16], minimally-
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invasive or tele-surgery [16—18], and surgery
simulation [2,19—22].

From the number of applications, it is obvious
that there is no single deformable model that is ap-
propriate for all of the above mentioned problems.
Instead, there are a variety of methods that are op-
timized in different ways to meet specific needs.

Even though virtual reality applications of de-
formable models are becoming more and more fre-
quent, in many cases, the governing prerequisite
for the simulation of mechanical deformations has
been interactivity rather than precision. In addi-
tion to that, many of the modelled objects like gar-
ments or soft tissues do not possess easily describ-
able properties. Consequently, exact methods, in
general, cannot be applied as deformable models,
and thus, other approaches must to be found [23].

Important progress in the field of deformable
models has been made since the emergence of
surgery simulation, with one of the first contrib-
utors being Cover et al. [24]. This is mostly due
to the extreme prerequisites as far as computa-
tion time, complex properties of the simulated
soft tissues, and intricate interactions with the vir-
tual instruments are concerned. In fact, there have

The first group implicitly is based on the hy-
pothesis that classical, relatively exact computa-
tion methods like Finite Element Methods (FEM) are
far too complex to yield real-time performances.
The models included in this group derive from alter-
native, rather straight forward modelling schemes
for the geometry of deformable objects, allowing
for the inclusion of elastic properties. Since both vi-
sual representation and basic haptic interaction are
restricted to the surfaces of the respective organs,
at first, they led to the appearance of deformable
splines as an extension of the well-known graphical
technique to represent smooth curves or surfaces
[2]. Later, the iterative spring-mass model was de-
veloped, once again initially representing only sur-
faces [30,31].

The handling of solid objects as hollow shells can
reduce the size of the problem to less than a hun-
dredth part of its initial size [32]. However, this
treatment intrinsically brings along limited realism,
in particular with respect to the conservation of
volumes. Consequently, there eventually appeared
volumetric extensions of the spring-mass model like
the voxel-based linked volumes algorithm [33] or
the tensor-mass model, which are based on linear
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been many different points of departure in the re-
search of adequate deformable models, focusing on
anatomies and surgical techniques that are as dif-
ferent from each other as are eye surgery [25,26],
knee arthroscopy [27,28], or hepatic laparoscopy
[22,29]. The deformable models developed in this
context can be divided into three basic groups:
the ad hoc, heuristic methods; the more techni-
cal approaches based on a simplification of the
continuum-mechanical model (see Fig. 1); and the
hybrid methods which result from a combination of
the two prior groups.

Fig. 1 Deformable models for surgery simulation.
nd non-linear relationships derived from contin-
um mechanics for tetrahedral elements [34,35].
The second andmore recent group of deformable
odels is based on the hypothesis that the corre-
ponding continuum-mechanics-based models are
oo complex, and hence, too slow on contempo-
ary computers when scrupulously applied. That is,
y sufficiently simplifying the assumptions on the
echanical behaviour of the modelled tissues, the
ontinuum-mechanics-based models can be simu-
ated today with certain realism. Parallel to the
ver-increasing computational power of computer
rocessors, eventually more and more complicated
ypotheses on the respective properties of soft tis-
ues will be incorporated. In fact, most deformable
odels that belong to this group are based on fi-
ite element methods, which require a discretiza-
ion of the entire volume of the deformable objects
19,36,37]. A deformable model based on bound-
ry element methods (BEM) has also been proposed,
hich offers the advantage of inherently taking the
alculations of the interior of an object to its sur-
ace, and thus, only requiring a discretization of
his surface.
Finally, there are also some hybrid methods that

ttempt to combine the advantages of both of these
pproaches. These methods are characterized by
ividing a deformable object into different sections
ccording to the expected kind of interaction with
ach of these sections, and to model each one of
hese with an appropriate model.
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2. Heuristic approaches

2.1. Deformable splines

In general, splines serve to obtain smooth and
rounded curves, surfaces, or volumes, which ad-
just themselves to a series of control points. By
moving the control points, the form of the respec-
tive curve, surface, or volume changes accordingly.
Among the different existent techniques are the
well-known Bézier curves and NURBS (non-uniform
rational B-splines). Deformable splines, also known
as active contours, were the first deformable mod-
els (in the strict sense) to be developed [2,38—40],
and were also the first models to be applied to
the field of surgery simulation [24]. As a starting
point, they employ classical splines to model a 3D
object (or its surface). With the fundamental theo-
rems of differential geometry regarding the equiv-
alence of shapes, deformable splines then define a
potential energy, which is proportional to the de-
gree of elastic deformation. By using the Lagrange
approach, this energy is finally minimized with re-
spect to the displacements enforced in some con-
trol points, thus obtaining the corresponding defor-
m
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Fig. 2 Spring-mass-type meshes: (a) triangular mesh:
springs forming triangular elements; (b) T2-mesh: every
node is connected to three of its neighbours; (c) dual-
ity between the two: nodes of the T2-mesh white posi-
tioned in the centres of the triangular mesh elements
(black nodes).

of the object can be discretized either into trian-
gular patches [15,21,41—43], in which springs rep-
resent the edges of a polygonal surface mesh and
welds represent the vertices (see Fig. 2a). Or, for
simplified handling, the discretization can also be
performed into Ti-meshes, which are characterized
by each of its vertices being connected with a con-
stant number of i + 1 adjacent vertices [14,44,45].
ation state.
The elevated number of parameters equips this

eformable model with a substantial level of con-
rol over the shape and the physical properties of
he mesh. However, these parameters can only be
hosen arbitrarily and are difficult to determine
mpirically. In addition, the representation of an
bject as a smooth surface does not coincide with
he rendering algorithms of modern graphic cards,
hich are oriented towards plane polygons. Thus,
further processing step is required. Even with-
ut this additional expense, deformable splines al-
eady have a very high computational cost. This is
hy solid objects usually have to be modelled as
ollow shells, with the corresponding detriment to
ealism, particularly in the constancy of volume.
On the whole, deformable splines are more com-

lex and computationally costlier than spring-mass
ype models, without actually offering better real-
sm. This is why they are no longer employed.

.2. Spring-mass model

s indicated by their name, spring-mass models are
ased on meshes composed of springs (or spring-
amper elements) and discrete mass points. In gen-
ral, they define a series of mass-free springs that
re distributed over the surface of a modelled ob-
ect and are welded in points or nodes to which a
iscrete mass is attributed. This way, the contour
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In this case, T2-meshes in which each node is con-
nected with its three closest neighbours are usually
chosen (see Fig. 2b). Because of their duality with
triangular meshes, the T2-meshes can best exploit
the fact that graphic cards are typically optimized
for triangular surface meshes by placing the nodes
at the centres of the elements (see Fig. 2c).

Using the Newtonian law of motion, the force
equilibrium for each node i of the mesh can be es-
tablished:

mi d
2ri

dt2
+ γ

dri

dt
+ f i

int = f i
ext, (1)

where mi is the mass of node i, ri the current coor-
dinates of node i, γ the viscous friction coefficient
of the adjacent springs, f i

int the internal force act-
ing on the node i and trying to maintain the initial
position of the latter with respect to the nodes with
which it is connected via springs, and f i

ext is the ex-
ternal force applied to the node i.

The internal forcef i
int, which is opposed to the

deformations caused by the external forces, is de-
termined by the degree of deformation of the
springs. In general,

∑ |rj − ri | − |rj − ri |0

any topological manipulations like incisions are eas-
ily represented, as the modifications in the system
of equations are very confined. Nonetheless, when
cutting into volumetric objects, their interior still
has to be created [48].

However, there are disadvantages. The local
structure of spring-mass meshes impedes the rapid
global propagation of deformations, i.e., within
each iteration step, the enforced displacement of
one node is only propagated to the next surrounding
ring of adjacent nodes. Together with the super-
ficiality of the mesh, this causes a visibly limited
volumetric behaviour. An object modelled in this
way does not even approximately maintain a con-
stant volume, and when acting on one of its sides,
the opposing side only reacts after a noticeable de-
lay. This effect is all the more visible the softer the
object is and the larger its deformations are, thus
limiting the otherwise elevated realism of large de-
formations (see Fig. 3).

Another important drawback with respect to
the realism of spring-mass type deformable mod-
els is their predisposition to oscillate, which de-
rives from their iterative structure. As mentioned
before, a conversion of the solution largely de-
pends on the selection of an appropriate time step
and on the parameters of the mesh. Therefore,
these do have to be determined experimentally for
each case. Again, the simulation of incisions rep-
resents the worst-case scenario, as some springs
have to be removed and others added. Thus, not
only is it difficult to establish the required new
parameters (specifically the initial lengths of the
new springs) but the convergence of the over-

Fig. 3 Deformation of a gall bladder modelled with a
spring-mass model: (a) wire frame view of undeformed
gall bladder; (b) rendered view of deformed gall bladder.
f i
int =

j ∈Ni

ki
j |rj − ri | (rj − ri), (2)

where Ni is the set of nodes with which the node i is
connected via springs, ki

j is the rigidity of the spring
between the nodes i and j, and |rj − ri | and |rj −
ri |0 are its current and initial length, respectively.

Finally, the set of differential Eq. (1) defined for
each node is usually resolved by a discretization of
time into intervals �t, usually with finite Euler dif-
ferences [15,31,42,46]. The stiffer the simulated
object is intended to be, the smaller the �t has to
be in order to converge [47].

The application of a more sophisticated time
discretization technique like Runge—Kutta has also
been proposed. Generally speaking, it is much more
stable than Euler’s method, and hence, it permits
the selection of a greater time step �t. This is
partially compensated for, by requiring a more fre-
quent evaluation of the internal forces. Neverthe-
less, an acceleration factor of about two with re-
spect to Euler’s method can be achieved by employ-
ing a fourth order Runge—Kutta method [34,41].

The major advantage of this basic spring-mass
model is the simplicity of its mesh. It is ideal for a
direct rendering, and the resulting system of equa-
tions is also easy to obtain and program. In fact,
the mesh has a markedly local structure since each
node only depends on its direct neighbours.

This permits the representation of even great de-
formations with relatively high realism. In addition,
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all system of equations might also be significantly
affected.

Despite these deficiencies, spring-mass type
models are, at present, the most widely used de-
formable models and are not only applied to surgery
simulation. As far as the number of already im-
plemented interaction types are concerned, no
other deformable model is as advanced as this one
[41,49]. However, this success is only due to the
simple mesh structure and the subsequently easy
programmability of practically all possible interac-
tions. For volumetric tissues like organs, the phys-
ical realism is very limited. And as the evolution
of this deformable model has already reached its
peak, it is not yet predictable whether it will be
able to maintain its position in the future when
other deformable models with higher physical re-
alism will be able to simulate a similar range of
interactions.

In conclusion, various methods have been pro-
posed to compensate for the obvious superficial-
ity of the basic spring-mass model. The simplest
one is to introduce internal parent nodes into the
mesh that connects the opposite sides of an object
[31,41,50]. A higher connectivity of the different
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Fig. 4 Deformation of a cube discretized into linked vol-
umes: (a) undeformed system; (b) deformed system, ren-
dered with the help of an additional boundary represen-
tation of the surface.

ing masses at the respective centers of these ele-
ments and to interconnect them with their neigh-
bours in space by resorting to springs and dampers
[27,52,53].

Computationally, the only differences with re-
spect to the basic spring-mass model are the consid-
erably higher number of nodes and their increased
connectivity. Thus, the overall performance is com-
parable, including the possibly critical stability,
while the increased size of the problem significantly
limits the resolution of the discretization. Current
PCs can handle on the order of a thousand elements
as has been demonstrated in tests carried out by the
authors.

Yet, in order to achieve an acceptable visual re-
alism with smooth surfaces, it is inevitable to re-
sort to auxiliary boundary representations or sur-
face maps (see Fig. 4b), another costly procedure.
However, nowadays even complex interactions like
cutting, carving, joining, or tearing can easily be
represented by simply eliminating or adding the re-
spective joints between elements. Thus, while the
topological resolution is not crucial for the visual
realism due to the surface maps employed, it is
crucial for mechanical realism, as each volume el-
e
l
v
o

odes (especially with distant nodes) largely dete-
iorates the simplicity of the system of equations,
nd its solution time is increased accordingly. Nev-
rtheless, the selection of both positions and pa-
ameters of springs and nodes is still arbitrary and
d hoc. Also an optimization of the positioning pro-
ess (for instance, with a simulated annealing pro-
ess) is laborious and merely stochastic [51]. The
ajor problems, arise when cutting into these mod-
fied spring-mass models. First, the interior springs
hat have to be cut are not easily determined, as
he incision algorithms are typically directed to-
ards the triangular surface mesh. Second, all op-
imization of the interior spring positions is annihi-
ated.
Therefore, a complete discretization of the en-

ire interior seems more appropriate in order to
chieve greater volumetric behaviour. Thus, de-
ending on the method used, the alternatives are
ither the linked volume technique or the tensor-
ass model.

.3. Linked volumes

.3.1. Basic model
ne possible volumetric extension of the basic
pring-mass model is based on a discretization of
he entire volume of a deformable object into
venly spaced, cubic elements (see Fig. 4a). The
ost direct approach is to lump the correspond-
ment itself is rigid and indivisible, and practicable
ocal refinement techniques have not yet been de-
eloped. At the same time, an increased number
f elements slows down the propagation of defor-
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mations. Consequently, the overall behaviour, and
specifically the volumetric behaviour, of this ap-
proach is only improved to a certain extent with
respect to the basic spring-mass model.

2.3.2. Chain mail algorithm
While the basic linked volume technique is a mere
3D extension of the spring-mass model, the chain
mail algorithm takes a slightly different approach
[27,33,52,55]. It uses to the same volumetric dis-
cretization, but instead of linking the different el-
ements with springs, these are interconnected like
links of a chain. That is to say, within a certain limit,
each link can move freely without influencing its
neighbours, while major displacements are propa-
gated directly to the corresponding adjacent links
(see Fig. 5).

To achieve an elastic behaviour, the chain mail
algorithm resorts to a relaxation of the deforma-
tional energy accumulated in the system whenever
there is some spare computational capacity. In sim-
ilarity to the spring-mass type model, this internal
energy is proportional to the displacement of the
elements with respect to each other. And as with
the basic linked volume technique, this energy is

propagation of deformations and even a roughly
constant volume, are automatically guaranteed by
the chainlike structure of the model, which is also
capable of emulating a quasi-viscose or plastic be-
haviour. Moreover, in conjunction with the linear or
non-linear elastic relaxation, almost any mechani-
cal behaviour can be simulated. And what is more,
as with the basic linked volumes, even complex in-
teractions can easily be represented by simply elim-
inating or adding some joints between elements.

Once again it is the resolution of the discretiza-
tion that is the critical aspect of this model. While
crucial for the mechanical realism, it is as limited
as with the basic linked volumes technique. So far,
chain mail approaches have only been used success-
fully in real time for 3D objects consisting of very
few elements [52].

Like other heuristic models, the chain mail tech-
nique poses the problem of an arbitrary selection
of parameters, which in turn affects the stability of
the system. In this case, the margin of free mobil-
ity between the links also has an important damping
effect. Thus, complex mechanical behaviour is still
emulated rather randomly and cannot be directly
influenced by the parameters [52].
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Finally, the calculation of the propagations of im-
osed displacements for various simultaneous con-
act points can only be performed at high additional
omputational cost. The same is true when treating
nhomogeneous tissues, for which the force feed-
ack is not proportional to the depth of penetra-
ion. As there are no stresses associated to the dif-
erent elements, tearing might well be simulated,
ut it occurs at random sites rather than where the
aximum stress appears.
To sum up, the attractiveness of volume links

tems from the straightforwardness of their mesh
nd the simplicity with which even complex inter-
ctions aremodelled. However, while improving the
olumetric character and allowing for more com-
lex mechanical behaviour with respect to the ba-
ic spring-mass model, a very high price is paid to
chieve this still-far-from-accurate volumetric be-
aviour, which represents an excessive amount of
ata to be processed. Ultimately, this is the rea-
on why this deformable model is not yet very
idespread.

.4. Mass-tensor model

nother volumetric extension of the basic spring-
ass model is based on a discretization of the en-
ire interior of the deformable object into tetrahe-
rons. In a straightforward approach, point masses
nd springs are again positioned at the respective
minimized iteratively until convergence. However,
there are no forces associated to the links; for this
reason, the force feedback is assumed to be propor-
tional to the depth of penetration, i.e., the deepest
displaced link. This depth is determined with the
help of a distancemap where the initial distances of
all the elements with respect to the surface are tab-
ulated. And like the basic linked volume technique,
the chain mail algorithm further requires some ad-
ditional surface mesh for rendering.

Just like the spring-mass model, the great advan-
tage of the chain mail algorithm is its simplicity.
Thus, the volumetric behaviour, including a rapid

Fig. 5 Principle of chain mail algorithm [33]: deforma-
tion of a 2D mesh when moving a link in the direction
of the arrow: (a) initial state; (b) deformed state: the
neighbouring links are displaced to maintain maximum
and minimum distances. Set of links: (c) initial state; (d)
maximum compression; (e) maximum stretching.
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tetrahedral vertices and edges [56]. The perfor-
mance of such this model is comparable to that
of the basic linked volumes technique (cf. Section
2.3.1). The different discretization technique does
not require any additional surface mesh for its ren-
dering. The tetrahedral mesh is much more difficult
to create in the first place and to handle when sim-
ulating incisions. Even when minimizing the number
of newly created tetrahedrons in such a situation,
the corresponding increase of nodes is significant,
thus further aggravating the scarcity of memory and
resolution time [57]. Finally, since the performance
of the model does not depend on the stochastic
repartition of internal springs but rather on the res-
olution of the mesh, the problem of an arbitrary se-
lection of parameters and the dependent stability
of the system persists.

This is where the mass-tensor model comes in.
In fact, it stems from the limitations encountered
in the development of deformable models based
on finite element methods (cf. Section 3), which
also discretize 3D deformable objects into tetra-
hedrons [34]. By also using continuum mechanics,
it establishes some simplified, linear relationships
that describe the deformational behaviour of the
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parameters can now be obtained empirically, and
inhomogeneities can easily be considered by assign-
ing different parameters to each tetrahedron. As
the relatively costly computation of tensors is car-
ried out before starting an actual simulation, the
only way to simulate cutting processes in real time
is to remove entire tetrahedrons from the mesh as
when electrocauterizing.

However, in the mass-tensor model, the underly-
ing linear elastic hypotheses, which are necessary
to obtain simple and easily resolvable equations,
also limit the physical realism to small deforma-
tions of an order of up to about 10%. For greater de-
formations of hyperelastic materials the rotational
variance of the model becomes obvious, i.e., when
revolving an entire object or only part of it, this is
distorted in the rotational direction and its volume
is increased. This important drawback is compen-
sated for when using to a large deformation model
with a strain tensor that is a quadratic function of
the deformation gradient; for instance, the Green-
St. Venant strain tensor. However, this improvement
occurs at the expense of a largely increased com-
putational cost (almost six times the computation
time required for a mesh with some 6300 tetrahe-
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ifferent tetrahedrons. Summarized in tensors, the
tiffness of each of these elements now replaces
he springs with which the internal forcesf i

int,
cting at the different nodes and opposed to
he deformations caused by external influences,
re determined.
Instead of deriving a complex simultaneous de-

cription of global interrelationships as obtained
ith FEM, the mass-tensor model uses the same
echniques as mass-spring type models when lump-
ng masses at single points and iteratively solv-
ng the Newtonian law of motion (1) as a gov-
rning equation (cf. Section 4). Accordingly, even
hough they are computed with certain scientific
igour, the stiffness tensors still constitute an im-
ortant influence on the stability of the system,
.e., on the maximum time step allowed for the it-
ration to converge. This time step becomes very
mall for materials that are not compressible (such
s human tissues). This is why a recent improve-
ent to the model heuristically introduces an ad-
itional internal force that later penalises any
ariation of the tetrahedral volumes during the
eformation [35].
The result is a deformable model that no longer

epends on the topology of the underlying mesh,
ut on the resolution of the mesh. It also exhibits
ignificantly more volumetric behaviour than any
pring-mass type models, as it essentially respects
he incompressibility of tissues and propagates de-
ormations much faster. Likewise, some material
rons) [35]. To solve this, first, the deformations
re computed linearly. The computation is repeated
on-linearly only for those parts of the organ that
re deformed beyond a certain threshold. Thus, the
otal computation is reduced but it is still signifi-
antly more extensive, and hence, slower than the
urely linear approach.

. Continuum-mechanical approach

n entirely different way to approach the issue of
eformable models is to directly base them on the
aws of continuum mechanics, even though these
ave to be simplified significantly in order to obtain
eal-time performance. In fact, the simplest rela-
ions are obtained when assuming a linearly elas-
ic material that has small, slow deformations and
egligible internal forces like gravity. Under these
ircumstances, the resulting differential equation
s the second order Navier equation:

λ + µ) grad (divu)+ µ �u = 0, (3)

here λ and µ are the Lamé constants of the ma-
erial and u is the displacement vector of any point
f the object with respect to its initial position.
There does not exist a general analytical solution

or (3), and therefore a numerical solution scheme
s required, with the two best known approaches
eing finite element methods and boundary ele-
ent methods.
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3.1. Finite element methods

3.1.1. Basic relationships
Originally, FEM were developed to approximately
resolve differential equations defined for a cer-
tain domain and with some given corresponding
boundary conditions. To do so, the entire do-
main, i.e., the deformable object, is discretized
into a finite number of subdomains or elements.
Then, the magnitude of interest, i.e., the displace-
ment, is approximated with polynomial equations
over each element and is represented as a func-
tion of the values at some corresponding control
points or nodes. When forcing this quantity to be
continuous over element boundaries, an approx-
imated solution can be obtained by minimizing
the inherently introduced error over the domain
boundary.

In the simplest, linear case, the resulting system
of equations is of the form:

KU = F, (4)

where U and F are the nodal displacement and force

3.1.2. Fast finite elements (FFE)
Although numerically disadvantageous, by far, the
fastest way to solve (4) repeatedly for the vector of
unknowns U and a varying, known right-hand side
vector F, is the preliminary inversion of K before
simulating any deformation, i.e., when time is not
yet the governing factor [23]. Thus, for each input
vector F, it is only necessary to carry out the simple
matrix—vector multiplication

U = K−1F. (5)

However, K−1 is no longer sparse. Moreover, the re-
quired discretization of the entire volume also im-
plies the creation of many nodes in the interior of
the modelled object. Even though these contribute
to the volumetric behaviour of the model, they are
of no interest for a graphical representation nor for
the mechanical interaction. Thus, (5) is of much
larger than the one really required, and a compres-
sion of the system to the surface nodes can be car-
ried out [19].

This way of solving the Navier Eq. (3) is also
referred to as fast finite elements [19]. It is fast
enough to allow for the real-time simulation of rea-
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vectors, respectively, and where K is the symmetric
and spare stiffness matrix. This, in turn, is banded
with an adequate enumeration scheme for the finite
elements.

During a simulation, most nodes are free, and
therefore, have a zero force prescribed and an un-
known displacement. The nodes that are virtually
in contact with an instrument, in turn, have their
displacement prescribed, while the resultant force
to be fed back is unknown. Thus, F almost ex-
clusively consists of zeros, with the exception of
some unknown values for the contact nodes. U, in
turn is mostly comprised of unknowns with only a
few known, but variable, prescribed values. As a
consequence, (4) has to be reordered every time
the set of constrained nodes changes in order to
group all the known and unknown values together
so that in what follows, U refers to the vector
of unknown values and F refers to the vector of
known values.

The properties of K constitute (4) a system that is
relatively easy to solve. However, the solving time
actually depends on the employed algorithm to a
great extent. And even in the best case, a real-
time application is only feasible for a system that
is too small to allow for a general, direct applica-
tion of the above equation [19,23]. This difficulty
further demonstrates the importance of the sub-
stantial simplifications with respect to the underly-
ing hypotheses about the mechanical behaviour of
the modelled objects.
onable size, but requires a pre-computation of up
o several hours. As far as the physical realism is
oncerned, the FFE very accurately comply with
he preliminary hypotheses of the mechanical be-
aviour they are based on. However, these assump-
ions must be very restrictive so as to obtain a linear
elationship. Consequently, neither great or rapid
eformations, nor the partially viscous behaviour
f tissues can be represented correctly.
The preliminary compression inevitably requires

he constancy of the stiffness matrix K̃ss, as its mod-
fication would be too costly to be carried out in
eal time. This implies, however, that the finite el-
ment mesh has to be static and that the type of
ach node (prescription of either displacement or
orce) is fixed during the entire simulation. In other
ords, topological changes, such as cutting, can-
ot be considered nor can the contact area (i.e.,
he set of contacted nodes), be modified. This is
hy FFE are not really applicable to general surgery
imulation.

.1.3. Dynamic systems
he addition of a more dynamic behaviour with
ass inertia and energy dissipation to this de-
ormable model has also been proposed, albeit in
n approximate way in order not to alter the sim-
licity of (3). For this purpose, the Newtonian law of
otion (1) is used once again and solved with an ex-
licit or semi-implicit Euler method. However, the
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system becomes:

MÜ + DU̇ + KU = F, (6)

where the dots indicate temporal derivatives, and
M and D are the diagonal mass and damping ma-
trices. As far as the damping coefficients are con-
cerned, these are supposed to be proportional to
the corresponding nodal masses, i.e., D≡ αM.

In order to solve (6), suggested two different
forms to apply Euler’s method have been proposed
to discretize time [23]. The explicit approach yields
nodal displacements Ut+�t at the instant t +�t
which are directly obtained from the previous ones
as

Ut+�t =
(

α

2
+ 1

�t

)−1 {
2

�t
Ut +

(
α

2
− 1

�t

)
Ut−�t

−M−1 �t[KUt − Ft]
}

. (7)

This method simply requires the evaluation of KUt
at the moment prior to the current computational
step. It is, hence, extremely simple and fast to carry
out, even more so for a sparse stiffness matrix K,
i.e., a non-compressed system. However, dynamic
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3.1.4. Tensor pre-computation
The most advanced FEM-based deformable model is
more flexible than the ones referred to above, and
at the same time offers most of the advantages of
the other systems. It is based on the superposition
principle [29]. When exposing a linear elastic body
to a load, the body reaction (i.e., its deformation
and the resultant force at the point of load appli-
cation) is assumed to be proportional to the load.
In addition to that, the reaction to the application
of simultaneous loads is also assumed to be iden-
tical to the sum of reactions to the corresponding
individual loads.

Then, assuming a unit displacement of every sur-
face node subsequently and separately for the three
basic directions, all the possible reactions of all the
surface nodes from (4) can be progressively pre-
computed. The results are stored in the form of dis-
placement tensors TU

i,k ∈ R3×3, i �= k and force ten-

sors TF
k ∈R3×3, where TU

i,k expresses the displace-
ments of node i caused by unit displacements of
the only constrained node, k, and TF

k expresses
the corresponding reaction force at the node k
itself.

Now, if at any moment of a simulation, a dis-
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ystems have has the same disadvantages as the
pring-mass model except for the fact that the inte-
ior nodes improve the volumetric behaviour. More-
ver, the global behaviour of the modelled objects
o longer depends on the arbitrariness of the dis-
retization.
For the semi-implicit Euler method to solve (6),

he product KU is evaluated at the moment t +�t
nstead of at the moment t. By doing this, the fol-
owing equation is obtained:

ˆUt+�t = F̂t , (8)

here

ˆ ≡ K +
(

1

�t2
+ α

2�t

)
M (9)

nd

ˆt≡Ft + 2

�t2
MUt +

(
α

2�t
− 1

�t2

)
MUt−�t . (10)

his is not an explicit system like (7); it is quite
imilar to the static system (4) which can actually
e compressed and solved with a preliminary inver-
ion of K̂, albeit with the same reservations as far as
ts practicability is concerned. However, as the dy-
amic system is not implicit, it may also oscillate.
hus, its stability largely depends on the selection
f an appropriate time step �t.
lacement Ūk ∈R3 is enforced at a single surface
ode k, the corresponding displacement and force
ensors only have to be multiplied by Ūk to ob-
ain the other nodal displacements and the reaction
orce Pk at the node k itself.
In the tensor technique, the restriction to sur-

ace nodes is trivial and does not require an ad-
itional compression. Moreover, a dynamic adapta-
ion of the type of each node is finally possible when
here is a variable set of contact nodes. This can oc-
ur when new instruments came into contact with a
imulated organ and these slide along the surface,
r when a contact is lost (variable prescription of
ither displacement or force). Also, multiple con-
acts can be easily controlled as long as there are
ot too many of them.
These advantages make this method the most

ractical FEM-based technique proposed so far [34].
owever, it is still based on linearly elastic hypothe-
es. Accordingly, their realism is very limited for
reat or rapid deformations. What is more, topo-
ogical changes, like the ones, which occur when
utting, can still not be represented in real time as
ll tensors would have to be recomputed, which is
oo costly an operation. This is why the application
f the superposition principle might be quite suit-
ble for certain applications where the geometry of
he simulated tissues is not modified, e.g., with en-
oscopic simulators. However, it is not apt for more
eneral applications.
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3.1.5. Other approaches
Other FEM-based deformable models have also
been proposed. However, some do not even fo-
cus on real-time computations as they have been
designed for pre-operational planning (e.g., [15]).
Others vary only slightly from the approaches pre-
sented above in the amount of pre-computations,
which in general are less effective [25,36]. An-
other approach discretizes the surface of the
modelled tissues only and treats them as thin-
walled membrane-like structures filled with a liq-
uid [32]. Thus, the size of the problem is largely
reduced. However, since the non-linear mechan-
ical hypotheses with which a relatively realistic
behaviour is achieved are so complex, that the
time saved by the reduced size is lost. No real-
time simulations have been reported using this
method.

While FEM-type deformable methods intrinsi-
cally have to be based on linear hypotheses to
achieve real-time performance, some attempts
have been made to include non-linear character-
istics like anisotropy in an approximated way. Such
attempts should be carried out once the linear com-
putations as presented above have been performed,

Fig. 6 Deformation of a liver modelled with a bound-
ary element method (approximately 250 nodes): (a) wire
frame view of undeformed liver; (b) wire frame view of
deformed liver; (c) rendered view of undeformed liver;
(d) rendered view of deformed liver.

(see Fig. 6). Hence, no costly additional boundary
representation or other surface maps are required,
nor does a complex discretization of the interior of
a body become necessary. Furthermore, the dimen-
sion of the problem is reduced by one. However, the
mathematical description is more complex, and ev-
using characteristic curves [29]. Finally, some work
has also been performed on the geometrical aspects
of cutting into the 3D meshes used by FEM-type
models [7,57,58]. These models concentrate on the
complex problem of how to adjust a typically tetra-
hedral finite-element mesh to the arbitrarily prop-
agating trace of shear or scalpel-type blades. How-
ever, despite progress in this area, none of these
approaches is apt for real-time simulations due to
the general inability of FEM-type models to allow
for arbitrary topological changes during an actual
simulation.

3.2. Boundary element methods

The last independent deformable model is based
on the less well-known boundary element meth-
ods [22,59,60]. Like FEM, these were developed to
approximately resolve differential equations. How-
ever, they use to so-called fundamental solutions
that fulfil the corresponding differential equation
within the interior of the respective domain. Thus,
boundary value problems are reduced to precisely
the boundary of these domains. As for the practi-
cal effects, this also means that only the surface
of an object has to be discretized into patches
or boundary elements. This way, the model auto-
matically coincides with the most commonly used
rendering algorithms, which use triangular surface
meshes of the geometrical bodies to be represented
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ery node of this boundary mesh actually has a direct
influence on all the other nodes.

In the simplest, linear case, one obtains,

HU = GP (11)

as the resulting system of equations, where the in-
fluence matrices H and G are much smaller than
the stiffness matrix K in the FEM case. However, in
general, they are fully populated and do not pos-
sess any favourable properties such as symmetry or
positive definiteness which could be taken advan-
tage of for a simpler solution. U and P, in turn,
are the nodal displacement and traction (or sur-
face force) vectors, respectively. Just as before, U
mostly consists of unknown values except for the
contact nodes, for which the displacementU* is pre-
scribed. P, in turn, mostly consists of zeros, with
the exception of unknown values for just the con-
tact nodes. This means that (11) has to be reordered
every time the set of constrained nodes with pre-
scribed displacement U* changes so as to group all
known and unknown values together.

As was the case with the FEM, by far the fastest
way to solve the above equation repeatedly for a
slightly reordered vector of unknown values U′ and
a
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as a target state. The actual nodal positions ri
t are

then determined as an interpolation between the
previous nodal positions ri

t−�t and the target posi-

tions r̃i
t as

ri
t = ri

t−�t + (r̃i
t − ri

t−�t) e
−α(di/�t), (13)

where di is the distance to the closest contact node,
for which a displacement is prescribed, and �t is
the elapsed time since the last computation of the
deformation state. The heuristic parameter α de-
termines the speed with which the deformable ob-
ject occupies the target state. Thus, contact nodes
immediately reach their corresponding target posi-
tions, while other nodes require more time to do so
the further away they are from any contact node.
This heuristic extension of the static boundary el-
ement approach yields quite satisfying results as
far as speed and even mechanical realism are con-
cerned. However, there are satisfying results only
as long as the modelled objects are not concave;
then, the computation of the distances di, which
has to be repeated every time the set of contact
nodes changes, becomes quite laborious.
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varying, known right hand side vector U*, is the
reliminary inversion of the reorderedH′ before the
ctual simulation, therefore:

′ = H′−1U∗. (12)

n general, this equation is comparable to the com-
ressed system obtained with the fast finite ele-
ent approach described above. Accordingly, the
EM approach is just as robust and quick as FEM.
lso, both techniques stem from the same linearly
lastic hypotheses so that their realism is equally
imited for great or rapid deformations.
However, BEM tend to give even more exact re-

ults than FEM, in particular for force peaks like
hose created with the tips of surgical instruments.
he most important difference with respect to the
EM approach is the fact that H′ has been obtained
rom H and G by simple column exchanges and
ot by complex compression algorithms or tensor
re-computations. Thus, whenever the set of con-
trained nodes changes, only some columns of H′
re modified, and the adaptation of H′−1 becomes
ossible in real time with the help of the Wood-
ury formula [61]. The same applies to topological
hanges, in which case, the matrix has to be ampli-
ed as well to consider new, additional nodes. Thus,
ocal incisions can be represented with reasonable
omputational effort.
Finally, a quasi-viscosic behaviour is achieved by

andling the computed static deformational state
. Hybrid model

he last deformable model developed to date is ac-
ually not a single independent method but rather a
ombination of two of the models presented above.
t makes use of the fact that the mass-tensor model
as been developed by starting from a finite el-
ment approach, i.e., from the same tetrahedral
esh types [34,62]. Thus, while FEM-based tech-
iques are characterized by their speed and robust-
ess, they also lack topological flexibility and defor-
ational realism for great deformations. The mass-
ensor model, in turn, is slower and less stable but
llows for certain non-linear behaviour, and even
utting is possible, although only by removing en-
ire elements.
Therefore, when limiting the area of an organ
ithin which a cut can be expected during a simu-
ation, this part can be modelled with a mass-tensor
ype model that tolerates such an intervention. The
est of the organ should be modelled with the ten-
or pre-computation approach in order to optimize
omputation time. As far as the interface between
he two is concerned, this is designed to comply
ith the fact that the FEM-type method only sup-
orts prescribed displacements as boundary con-
itions. The displacements of the common nodes
hared by both models are hence imposed by the
ass-tensor model, which, in turn, receives the re-
ulting forces as its input.
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While the general properties of each technique
are preserved, the overall computational perfor-
mance of this approach is comparable to an acceler-
ated mass-tensor model. To be efficient, however,
the region attributed to the FEM-type model should
comprise more than half of the organ. Thus, the
pre-selection of sections where cuts might be per-
formed and where they cannot be performed, has
to be repeated for each scenario. What is more,
nowadays, the pre-selection also has to be carried
out manually because of the interior nodes. As a
result, in practice this approach is inherently inef-
ficient.

5. Comparison

None of the deformable models presented above si-
multaneously exhibits all of the sought-after char-
acteristics required in surgery simulation such as
speed, robustness, physiological realism, and topo-
logical flexibility. Therefore, a more thorough com-
parison will be carried out here. This is a difficult
task, since only limited data has been published on
the performance of each model.

In an attempt to make a more systematic com-
parison, first, a detailed list of the different fea-
tures to be considered and their respective im-
portance is elaborated. As far as the computa-
tions are concerned, both speed and robustness
are the most important characteristics. In addi-
tion, the extent of possible pre-computations and
the dimension of the system of equations, i.e.,
the amount of data to be handled must also be
considered here.

The most important topological aspect of a de-
formable model is its capacity to cope with modifi-
cations of the mesh like when cutting. Moreover, its
predisposition to be rendered and, to a lesser de-
gree, the dimension of the mesh have a direct influ-
ence on the velocity of the model. And even though
there is no fully automatic technique yet to create
the mesh data for all kinds of anatomical structures
from medical images, the creation of an appropri-
ate mesh still involves quite different amounts of
effort and shall therefore also be considered here.

Biomechanical realism, comprises a general
plausibility of the deformations, i.e., consistency
with the imposed movements of the instruments,
immediacy, and globality. Therefore, incompress-

ass
Table 1 Comparison between deformable models

Weight Deformable
splines

Spring-m
model

Computation
Velocity 7 3 6
Robustness 5 3 2
Pre-computations 2 2 2
Dimension of system
of equations

1 0 1

Total 15 8 11

Topology

Flexibility (incisions) 6 3 5
Rendering 5 3 5
Mesh dimension 2 1 2
Mesh data acquisition 2 1 2

Total 15 8 14

Biomechanical realism
Deformational be-
haviour

4 1.5 3

Volumetric constancy 4 3 4
Great deformations 3 0 0

Dynamics 2 1 2
Determination of pa-
rameters

2 0 0

Total 15 5.5 9

Total 45 21.5 34
Linked
volumes

Tensor-mass
model

Hybrid
model

Tensor pre-
computation

BEM

0 4 5 7 7
4 4 4 5 5
2 1 1 0 0
0 0.5 0.5 1 1

6 9.5 105 13 13

6 3 2 0 4
2 5 5 5 5
0 1 1 1 2
1.5 0.5 0.5 0.5 2

9.5 9.5 8.5 6.5 13

3 3 3 3 4

4 4 3 0 0
3 4 3 2 2
2 2 1 0 1

0 1 1 2 1

12 14 11 7 8

27.5 33 30 26.5 34
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Fig. 7 Graphic comparison between deformable models.

ibility, ability to represent large deformations, and
dynamical behaviour (viscoelasticity) have to be
taken into account. Finally, the number of parame-
ters controlling the deformational behaviour is im-
portant, as well as the way these are determined
and whether they have an influence on the stability
of the system of equations.

From the actual comparison in Table 1 and its
visualization in Fig. 7, it becomes clear that there
is no outstanding deformable model that is better
than the rest. There are rather three different mod-
els that yield comparable overall results. Hence,
depending on the feature to be emphasized, one
model might be preferable over the other. For in-
stance as a BEM-based model is only a non-iterative
model, it is computationally quicker and more ro-
bust than the others. The spring-mass model, in
turn, offers the highest topological flexibility and
simplicity for rendering. Finally, the only approach
that combines both good volumetric behaviour and
realism of large deformations is the tensor-mass
model.

However, this comparison does not reflect the
complexity of the different models. Thus, the tri-
angular surface meshes required by a BEM-based
m
e
m
a
m
t
c
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ing approaches emphasize one aspect to the detri-
ment of others. Thus, basically it is the simplicity
and small size of the spring-mass type mesh and the
corresponding system of equations that make this
deformable model the most widely used one for ap-
plications in surgery simulation. This approach has
been successful in modelling even complex interac-
tions with relative ease making.

However, the preceding evaluation is based on
the performances with currently available hard-
ware configurations. In the future, the computa-
tional power of processors along with their mem-
ory is expected to increase rapidly. This addi-
tional capacity will not only be used to increase
the complexity of surgical simulation scenarios but
also offers the potential to increase the realism
of deformable models. However, the models that
are currently considered to be the best may not
be have greatest potential for improvement. The
spring-mass model has already almost reached its
maximum capacity. The linked volume technique
(with its comparable simplification) has a high
potential of becoming the most widely used ap-
proach as it offers a largely improved volumetric
behaviour.
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odel or a spring-mass approach are still relatively
asy to create and to modify, while the tensor-mass
odel involves a complex tetrahedral mesh. As far
s the system of equations is concerned, the spring-
ass type system is the easiest one to create, while
he BEM-based model entails the most complex pre-
omputations.

. Conclusions

t present, there does not yet exist an optimum
eformable model that complies with all the differ-
nt requirements of surgery simulation. The exist-
Likewise, more complex techniques, such as the
ensor-mass model or the continuum-mechanical
pproaches, will have to offer a better perfor-
ance than the spring mass or linked volume mod-
ls to make the required extra effort worthwhile.
hus, the highest potential might be with the BEM-
ased model, as it requires a mesh that is com-
arably as simple as the spring-mass model. How-
ver, its future largely depends on its capacity to
vercome the current restriction to linearity, which
ffects mostly the realism of large deformations.
n the long run, however, we expect continuum-
echanical methods to be able to accurately sim-
late the deformation of human tissues in surgery
imulation.
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