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Abstract 

 

This paper is the application of differential transformation method (DTM) 

to solve the Bratu problem. A considerable research works have been conducted 

recently in applying DTM to different types of partial differential equation of 

Abdel-Halim Hassan (Chaos, Solitons & Fractals [6]) and fractional differential 

equations of Arıkoğlu and Özkol  (Chaos, Solitons & Fractals [1]). The nonlinear 

eigenvalue problem  0=+Δ ueu λ  in the unit square with u = 0 on the boundary  
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is often referred to as "the Bratu problem". The Bratu problem in one-dimensional 

planar coordinates 0=+′′ ueu λ  with u(0) = u(1) = 0 has two known, bifurcated 

solutions for values of cλλ < , no solutions for cλλ > and a unique solution 

when cλλ =  . The value of cλ  is related to the fixed point of hyperbolic 

cotangent function. Two special cases of the problem are illustrated by using the 

technique and numerical results and conclusions will be presented. 
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1. Introduction 

 In this letter, the results of applying differential transformation method [9] 

to the one-dimensional planar Bratu problem [5] will be presented. The Bratu 

problem is an elliptic partial differential equation which comes from a 

simplification of the solid fuel ignition model in thermal combustion theory [4]. It 

is also a nonlinear eigenvalue problem that is often used as a benchmarking tool 

for numerical methods [14], [10], [11] , [8] and [4]. The goal of this paper will be 

to apply differential transformation method to the 1- dimensional planar Bratu 

problem  and  compare the known exact solutions to numerical solutions produced 

by differential transformation method. 

The classical Bratu problem is 

0=+Δ ueu λ  on { }10,10),(: ≤≤≤≤∈Ω yxyx , (1.1) 

                                 with 0=u  on Ω∂ . (1.2) 

The one-dimensional (planar) version of this problem is 
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0=+′′ ueu λ                 10 ≤≤ x , (1.3) 

with u(0) = 0 and u(1) = 0. (1.4) 

 We will organize our paper in the following way. In Section 2, the 

differential transformation method will be presented. In Section 3, the differential 

transformation method will be applied to the Bratu problem. Section 4, the 

algorithm is implemented for two numerical examples. Conclusion will be 

presented in the last section. 

 

2. Description of differential transformation method 

In order to solve the Bratu problem by differential transformation its basic theory 

is stated in brief in this section. The differential transformation of the kth 

derivative of a function  u(x) is defined as follows: 

0
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In (2.1), u(x) is the original function and U(k) is the transformed function. 

 As in [3] and [7] the differential inverse transformation of U(k) is defined 

as follows: 
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In fact, from (2.1) and (2.2), we obtain 
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Eq.(2.3) implies that the concept of differential transformation is derived from the 

Taylor series expansion.  From the definitions of (2.1) and (2.2), it is easy to 

prove that the transformed functions comply with the following basic mathematics 

operations(see Table 1, below). 
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Table 1. The fundamental mathematics operations  

Original function     Transformed function 

 

)()()( xvxuxz ±=                                                    )()()( kVkUkZ +=  (2.4) 

)()( xuxz λ=                                                          )()( kUkZ λ=  (2.5) 
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In real applications, the function u(x) is expressed by a finite series and (2.2) can 

be written as 

  ∑
=

−=
n

k

kxxkUxu
0

))(()( 0 . (2.10) 

Equation (2.10) implies that ∑∞

+=
−

1 0 ))((
nk

kxxkU  is negligibly small. 

 

3. Numerical differential transformation algorithm 

In this section, the differential transformation method is implemented for 

the solution of the Bratu problem which is given by  

 0=+′′ ueu λ  (3.1) 

u(0) = 0 and u(1) = 0, (3.2) 

where 0>λ . The exact solution of (3.1) and (3.2) is given [14], [11] and [12] 

presented here as 
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where θ   solves  
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4
cosh2 θλθ . (3.4) 

There are two solutions to (3.4) for values of cλλ <<0 . For cλλ > ,there are 

no solutions. The solution (3.3) is only unique for a critical value of  cλλ =  

which solves 
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It was evaluated in [14], [11], [12] , [13] , [8] and [4] , that the critical value cλ  

is given by 

513830719.3=cλ . (3.6) 

The technique consists first of taking differential transformation to both sides of 

Eq. (3.1).Before doing this, let’s expand the non-linear term ue as follows: 

∑
∞

=
=

0 !n n
ue

n
u . (3.7) 

Theorem 1.  If ∑∞
= ⎥

⎦

⎤
⎢
⎣

⎡
= 0 !

))(()( n n
xuxz

n

 then 

.))(()(

)()(
!

1)(

0121

0

2

121
0

3

2
0101

1

020

k
nnn

k kk

xxkkUkkU

kkUkU
n

kZ
k kk k

k

k

r

n n

n

n

−−−

×−=

−−−

∑ ∑∑ ∑ ∑∑
= =

∞

= = == −

−

−

KL
 

Proof. By using Eq.(2.8), we obtain differential transformation of nxu ))((  as 
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From hypothesis, and by using Eq.(2.5) we obtain 
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Theorem 2.  If ))(exp()( xuxz =  then 
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Proof. By using Theorem 1, we find  
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Finally if we apply differential transformation to (3.1)  
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 (3.8) 

The boundary conditions in Eq.(3.2) can be transformed at 00 =x  as follows: 
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0)0( =U  (3.9) 

and 

.0)(
0

=∑
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n

k
kU  (3.10) 

Let 

aU =)1( . (3.11) 

Substituting (3.9) and (3.11), and 0=k  into (3.8), we have 

2
)2( λ

−=U . (3.12) 

Substituting (3.9),(3.11)-(3.12), and 1=k  into (3.8), we have 

.
6

)3( λaU −=  (3.13) 

Following the same recursive procedure, we calculate up to the nth term )(nU . 

The solution obtained from Eq. (2.10) has yet to satisfy the second initial 

condition in Eq.(1.4), which has not been manipulated in obtaining this 

approximate solution. Applying this initial condition and then solving the 

resulting equation for a, will determine the unknown constant a and eventually the 

numerical solution.   

 

4. Numerical examples  

For purposes of illustration of differential transformation method for 

solving the one-dimensional planar Bratu problem, The computer application 

program “Mathematica” was used to execute the algorithm that was used with the 

numerical examples. The differential transformation method described in  Section 

2 is applied to two special cases of the Bratu problem. The first one is when 

1=λ . In this case, the problem (3.1)-(3.2) has two locally unique solutions )(1 xu  

and )(2 xu with 549.0)0(1 ≈′u  and 909.10)0(2 ≈′u (see[14]). The solution of the  
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differential transformation method converges to the solution 549.0)0(1 ≈′u  and 

not to the solution 909.10)0(2 ≈′u . In Table 2, the exact solution for the case 

1=λ derived from Eq. (3.3)  is compared with the numerical solution obtained by 

the differential transformation technique. Table 1 shows that the absolute errors, 

i.e. the difference between the approximate solution and exact solution. Fig. 1 

shows the analytic solutions and numerical solutions obtained by differential 

transformation method for 1=λ . 

 

 

Table 2. Differential transformation method approximation for the Bratu problem 

for the case 1=λ and 6=r  

 

x                  Exact solution               Numerical solution        Error 

0.1           0.0498467912   0.0498467912     0.0 

0.2                 0.0891899346              0.0891899345     0.0000000001 

0.3           0.1176090958   0.1176090956     0.0000000002 

0.4           0.1347902539   0.1347902537                0.0000000002                               

0.5           0.1405392144   0.1405392142                0.0000000002    

0.6           0.1347902539   0.1347902537                0.0000000002    

0.7           0.1176090958   0.1176090955                0.0000000003 

0.8           0.0891899346   0.0891899344                0.0000000002    

0.9           0.0498467912   0.0498467910                0.0000000002 

1.0           0.0    0.0                  0.0   
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Table 3. Differential transformation method approximation for the Bratu problem 

for the case 2=λ  and 6=r  

x                  Exact solution           Numerical solution        Error 

0.1           0.1144107433         0.1144120397                0.0000012964 

0.2                 0.2064191165         0.2064216798                0.0000025633 

0.3           0.2738793118         0.2738830790                0.0000037672 

0.4           0.3150893642           0.3150942368               0.0000048726 

0.5           0.3289524213         0.3289582675               0.0000058462 

0.6           0.3150893642         0.3150960238               0.0000066596 

0.7           0.2738793118         0.2738866035               0.0000072917 

0.8           0.2064191165         0.2064268222               0.0000077057 

0.9           0.1144107433         0.1144181533               0.0000074100 

1.0           0.0          0.0             0.0 

 

The second case is when 2=λ . Table 3 shows that the absolute error of 

the approximation of the numerical technique. As λ  approaches the critical 

value cλ , the error becomes larger , and the  convergence becomes slower as is 

clear for the case 2=λ  shown in Table 3. Also, Fig 2 shows the analytic 

solutions and numerical solutions obtained by differential transformation method 

for 2=λ . 

 
Fig.1. The differential transformation solution (dotted curve) versus analytic 

                solution (solid curve) for 1=λ . 
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Fig. 2.  The differential transformation solution (dotted curve) versus analytic  

                solution (solid curve) for 2=λ . 

 

5. Conclusion 

 Differential transformation method has been applied to the Bratu problem. 

The results for two numerical examples showed that the present method is quite 

reliable. Therefore, this method  can be applied to many complicated non-linear 

eigenvalue problem and does not require linearization, discretization or 

perturbation. 
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