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1. Introduction

Lehmer [1], studied certain ternary algebraic structures called triplexes in 1932.
The notion of ternary semigroup was introduced by Banach. Sioson [2], worked
on the ideal theory in ternary semigroups. Many authors worked on ideal
theory, fuzzy and intuitionistic fuzzy ideals theory in ordered semigroups and
ordered ternary semigroups, see [3, 4, 5, 6].

In 1965, Zadeh [7], introduced the concept of fuzzy sets. In 1986, Atanassov
[8], introduced the notion of intuitionistic fuzzy sets which is a generalization
of fuzzy sets.
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Molodtsov [9], initiated the concept of soft set theory in 1999 and used this
concept for the modeling of uncertainty. Maji et al. [10], defined some binary
operations on soft sets, which were later corrected by Ali et al. [11]. Shabir
and Ali [12], introduced the notion of soft semigroups. Also see [13].

The notion of fuzzy soft set was introduced by Maji et al. [14]. They studied
the union, intersection, compliment and De Morgan Laws for fuzzy soft sets.
The results of Maji were further improved by Ahmad and Kharal [15]. Zhou et
al. [16], applied the concept of intuitionistic fuzzy soft sets to semigroups and
introduced the notion of intuitionistic fuzzy soft ideals over semigroups.

The purpose of this paper is to extend the concept of intuitionistic fuzzy
soft set to the theory of ordered ternary semigroup. We introduce the notion
of intuitionistic fuzzy soft left (right, lateral) ideals over an ordered ternary
semigroup.

2. Preliminaries

Definition 1. (see [1]) A ternary semigroup T is a non-empty set whose
elements are closed under the ternary operation of multiplication and satisfy
the associative law defined as

[[abc] de] = [a [bcd] e] = [ab [cde]] , for all a, b, c, d, e ∈ T.

For simplicity, we shall write [abc] as abc. A ternary semigroup T is called
an ordered ternary semigroup if there is a partial order ≤ on T such that

a ≤ b ⇒ acd ≤ bcd, cad ≤ cbd, cda ≤ cdb, for all a, b, c, d ∈ S.

Let (T, .,≤) be an ordered ternary semigroup. For A ⊆ T, we define

(A] = {t ∈ T : t ≤ a, for some a ∈ A}.

A non-empty subset A of an ordered ternary semigroup T is called a ternary
subsemigroup of T if (A] ⊆ A and AAA = A3 ⊆ A. By a left (right, lateral)
ideal of T we mean a non-empty subset A of T such that (A] ⊆ A and TTA ⊆ A

(ATT ⊆ A, TAT ⊆ A) and an ideal is that which is a left, a right and a lateral
ideal of T. A subsemigroup A of T is called an interior ideal of T if (A] ⊆ A

and TTATT ⊆ A and is called a bi-ideal of T if (A] ⊆ A and ATATA ⊆ A.

Definition 2. (see [8]) An intuitionistic fuzzy set (briefly, IFS), A in a
non-empty set X is an object having the form,

A = {(x, µA(x), γA(x)) | x ∈ X} ,
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where the functions µA : X → [0, 1] and γA : X → [0, 1] denotes the degree of
membership and the degree of non-membership respectively and for all x ∈ X,

0 ≤ µA(x) + γA(x) ≤ 1.

An intuitionistic fuzzy set A = {(x, µA(x), γA(x)) | x ∈ X} in X can be
identified by an ordered pair (µA, γA) in IX × IX . For simplicity, we shall use
IFS for intuitionistic fuzzy set and A = (µA, γA) for IFS

A = {(x, µA(x), γA(x)) | x ∈ X} .

For intuitionistic fuzzy set A and B, A ⊆ B, means that µA(x) ≤ µB(x) and
γA(x) ≥ γB(x), for all x ∈ X. Also the union and intersection is defined as

A ∪B = {(x, max{µA(x), µB(x)},min{γA(x), γB(x)} | x ∈ X)}

A ∩B = {(x, min{µA(x), µB(x)},max{γA(x), γB(x)} | x ∈ X)}.

For any r, t ∈ [0, 1] , A(r,t) = {x ∈ X | µA(x) ≥ r and γA(x) ≤ t} is called the
(r, t) − level cut of A.

Definition 3. (see [9]) Let U be an initial universe set and E be the set of
parameters. Let P (U) denotes the power set of U. Let A be a non-empty subset
of E then the pair (F,A) is called a soft set over U, where F is a mapping given
by, F : A → P (U).

Definition 4. (see [14]) Let U be an initial universe set and E be the
set of parameters. Let A be a non-empty subset of E and P (FS(U)) be the
collection of all fuzzy subsets of U then the pair (F̂ , A) is called a fuzzy soft set
over U, where F̂ is a mapping given by, F̂ : E → P (FS(U)).

Definition 5. (see [17]) Let U be an initial universe set and E be the
set of parameters. Let A be a non-empty subset of E and P (IFS(U)) be
the collection of all intuitionistic fuzzy subsets of U then the pair (F̃ , A) is
called an intuitionistic fuzzy soft set over U, where F̃ is a mapping given by,
F̃ : A → P (IFS(U)). In short, we will write IFSS(U) for intuitionistic fuzzy
soft set over U.

Definition 6. (see [17]) Let (F̃ , A) and (G̃,B) be two intuitionistic fuzzy
soft sets over a common universe U then ”(F̃ , A) AND (G̃,B)”, denoted by
(F̃ , A) ∧̃ (G̃,B) is defined as (F̃ , A) ∧̃ (G̃,B) = (H̃, C), where C = A×B and
H̃(a, b) = F̃ (a) ∩ G̃(b), for all (a, b) ∈ C = A×B.

Definition 7. (see [17]) Let (F̃ , A) and (G̃,B) be two intuitionistic
fuzzy soft sets over a common universe U then ”(F̃ , A) OR (G̃,B)”, denoted
by (F̃ , A) ∨̃ (G̃,B) is defined as (F̃ , A) ∨̃ (G̃,B) = (K̃, C), where C = A× B

and K̃(a, b) = F̃ (a) ∪ G̃(b), for all (a, b) ∈ C = A×B.



96 M. Akram, N. Yaqoob

Definition 8. (see [17]) Let (F̃ , A) and (G̃,B) be two intuitionistic
fuzzy soft sets over a common universe U then their union is an intuitionistic
fuzzy soft set over U denoted by (F̃ , A) ∪̃ (G̃,B) and is defined as (F̃ , A) ∪̃
(G̃,B) = (H̃, C), where C = A ∪B and

H̃(c) =





F̃ (c) if c ∈ A−B

G̃(c) if c ∈ B −A

max{F̃ (c), G̃(c)} if c ∈ A ∩B

for all c ∈ C.

Definition 9. (see [17]) Let (F̃ , A) and (G̃,B) be two intuitionistic fuzzy
soft sets over a common universe U then their intersection is an intuitionistic
fuzzy soft sets over U denoted by (F̃ , A) ∩̃ (G̃,B) and is defined as (F̃ , A) ∩̃
(G̃,B) = (H̃, C), where C = A ∪B and

H̃(c) =





F̃ (c) if c ∈ A−B

G̃(c) if c ∈ B −A

min{F̃ (c), G̃(c)} if c ∈ A ∩B

for all c ∈ C.

Except above definitions of union and intersection of intuitionistic fuzzy
soft sets , we may some times use another definitions of union and intersection
given as follows.

Definition 10. (see [16]) Let (F̃ , A) and (G̃,B) be two intuitionistic
fuzzy soft sets over a common universe U such that A ∩ B 6= φ. The bi-union
of (F̃ , A) and (G̃,B) is defined to be an intuitionistic fuzzy soft set (H̃, C) over
U, where C = A ∩B and H̃(c) = F̃ (c) ∪ G̃(c) for all c ∈ C. This is denoted by
(H̃, C) = (F̃ , A) ⊔̃ (G̃,B).

Definition 11. (see [16]) Let (F̃ , A) and (G̃,B) be two intuitionistic fuzzy
soft sets over a common universe U such that A ∩B 6= φ. The bi-intersection
of (F̃ , A) and (G̃,B) is defined to be an intuitionistic fuzzy soft set (H̃, C) over
U, where C = A ∩B and H̃(c) = F̃ (c) ∩ G̃(c) for all c ∈ C. This is denoted by
(H̃, C) = (F̃ , A) ⊓̃ (G̃,B).

If {(F̃i, Ai) : i ∈ I} be a collection of intuitionistic fuzzy soft sets over a
common universe U such that ∩

i∈I
Ai 6= φ, then, we can write ⊔̃

i∈I
(F̃i, Ai) and

⊓̃
i∈I

(F̃i, Ai).
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3. Intuitionistic Fuzzy Soft Ideals over Ordered Ternary Semigroup

In what follows, let T denotes an ordered ternary semigroup unless otherwise
specified.

Definition 12. An intuitionistic fuzzy soft set (F̃ , A) over an ordered
ternary semigroup T is called an intuitionistic fuzzy soft ternary subsemigroup
over T if

x ≤ y implies µ
F̃ (a)

(x) ≥ µ
F̃ (a)

(y), γ
F̃ (a)

(x) ≤ γ
F̃ (a)

(y)

and µ
F̃ (a)(xzy) ≥ min{µ

F̃ (a)(x), µF̃ (a)(z), µF̃ (a)(y)},

γ
F̃ (a)

(xzy) ≤ max{γ
F̃ (a)

(x), γ
F̃ (a)

(z), γ
F̃ (a)

(y)},

for all x, y, z ∈ T and a ∈ A.

Definition 13. An intuitionistic fuzzy soft set (F̃ , A) over an ordered
ternary semigroup T is called an intuitionistic fuzzy soft left (right, lateral)
ideal over T if

x ≤ y implies µ
F̃ (a)

(x) ≥ µ
F̃ (a)

(y), γ
F̃ (a)

(x) ≤ γ
F̃ (a)

(y)

and µ
F̃ (a)

(xzy) ≥ µ
F̃ (a)

(y)

(
µ
F̃ (a)

(xzy) ≥ µ
F̃ (a)

(x),

µ
F̃ (a)

(xzy) ≥ µ
F̃ (a)

(z)

)

γ
F̃ (a)

(xzy) ≤ γ
F̃ (a)

(y)

(
γ
F̃ (a)

(xzy) ≤ γ
F̃ (a)

(x),

γ
F̃ (a)

(xzy) ≤ γ
F̃ (a)

(z)

)
,

for all x, y, z ∈ T and a ∈ A.

Definition 14. An intuitionistic fuzzy soft set (F̃ , A) over an ordered

ternary semigroup T is called an intuitionistic fuzzy soft ideal over T if it is

an intuitionistic fuzzy soft left, soft right and soft lateral ideal over T .

Alternatively we can define,

Definition 15. An intuitionistic fuzzy soft set (F̃ , A) over an ordered

ternary semigroup T is called an intuitionistic fuzzy soft ideal over T if

x ≤ y implies µ
F̃ (a)

(x) ≥ µ
F̃ (a)

(y), γ
F̃ (a)

(x) ≤ γ
F̃ (a)

(y)

and µ
F̃ (a)

(xzy) ≥ max{µ
F̃ (a)

(x), µ
F̃ (a)

(z), µ
F̃ (a)

(y)}



98 M. Akram, N. Yaqoob

γ
F̃ (a)(xzy) ≤ min{γ

F̃ (a)(x), γF̃ (a)(z), γF̃ (a)(y)},

for all x, y, z ∈ T and a ∈ A.

Definition 16. An intuitionistic fuzzy soft ternary subsemigroup (F̃ , A)
of T is called an intuitionistic fuzzy soft interior ideal over T if

x ≤ y implies µ
F̃ (a)(x) ≥ µ

F̃ (a)(y), γ
F̃ (a)(x) ≤ γ

F̃ (a)(y)

and µ
F̃ (a)(xyzlm) ≥ µ

F̃ (a)(z), γ
F̃ (a)(xyzlm) ≤ γ

F̃ (a)(z),

for all x, y, z, l,m ∈ T and a ∈ A.

Definition 17. An intuitionistic fuzzy soft ternary subsemigroup (F̃ , A)
of T is called an intuitionistic fuzzy soft bi-ideal over T if

x ≤ y implies µ
F̃ (a)(x) ≥ µ

F̃ (a)(y), γ
F̃ (a)(x) ≤ γ

F̃ (a)(y)

and µ
F̃ (a)

(xlzmy) ≥ min{µ
F̃ (a)

(x), µ
F̃ (a)

(z), µ
F̃ (a)

(y)},

γ
F̃ (a)(xlzmy) ≤ max{γ

F̃ (a)(x), γF̃ (a)(z), γF̃ (a)(y)},

for all x, y, z, l,m ∈ T and a ∈ A.

Lemma 1. An intuitionistic fuzzy soft set (F̃ , A) over an ordered ternary

semigroup T is an intuitionistic fuzzy soft ideal over T if and only if F̃ (a)(r,t) is
an ideal of T for all r ∈ (0, 1], t ∈ [1, 0) and a ∈ A.

Proof. The proof is straightforward.

Theorem 1. Let (F̃ , A) and (G̃,B) be two intuitionistic fuzzy soft ternary
subsemigroups (resp. left ideals, right ideals, lateral ideals, ideals) over an
ordered ternary semigroup T then (F̃ , A) ∧̃ (G̃,B) and (F̃ , A) ⊓̃ (G̃,B) are also
intuitionistic fuzzy soft ternary subsemigroups (resp. left ideals, right ideals,
lateral ideals, ideals) over T.

Proof. Let (F̃ , A) and (G̃,B) be two intuitionistic fuzzy soft left ideals over
an ordered ternary semigroup T, then as defined (F̃ , A) ∧̃ (G̃,B) = (H̃, C),
where C = A × B and H̃(a, b) = F̃ (a) ∩ G̃(b), for all (a, b) ∈ C = A × B.

As (F̃ , A) and (G̃,B) are intuitionistic fuzzy soft left ideals over T then for
(a, b) ∈ C = A×B and x, y ∈ T such that x ≤ y, then

µ
F̃ (a)

(x) ≥ µ
F̃ (a)

(y), γ
F̃ (a)

(x) ≤ γ
F̃ (a)

(y)
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and µ
G̃(b)(x) ≥ µ

G̃(b)(y), γG̃(b)(x) ≤ γ
G̃(b)(y),

implies that

µ
F̃ (a)∩G̃(b)

(x) ≥ µ
F̃ (a)∩G̃(b)

(y) and γ
F̃ (a)∩G̃(b)

(x) ≤ γ
F̃ (a)∩G̃(b)

(y).

Thus µ
H̃(a,b)(x) ≥ µ

H̃(a,b)(y) and γ
H̃(a,b)(x) ≤ γ

H̃(a,b)(y).

Also for all x, y, z ∈ T and (a, b) ∈ C = A×B.

µ
H̃(a,b)(xzy) = (µ

F̃ (a) ∩ µ
G̃(b))(xzy) = min{µ

F̃ (a)(xzy), µG̃(b)(xzy)}

≥ min{µ
F̃ (a)

(y), µ
G̃(b)

(y)} = (µ
F̃ (a)

∩ µ
G̃(b)

)(y)

= µ
H̃(a,b)(y).

And

γ
H̃(a,b)

(xzy) = (γ
F̃ (a)

∪ γ
G̃(b)

)(xzy) = max{γ
F̃ (a)

(xzy), γ
G̃(b)

(xzy)}

≤ max{µ
F̃ (a)(y), µG̃(b)(y)} = (µ

F̃ (a) ∪ µ
G̃(b))(y)

= γ
H̃(a,b)

(y).

Hence, (F̃ , A)∧̃(G̃,B) is an intuitionistic fuzzy soft left ideal over T. The other
cases can be proved in a similar way.

Theorem 2. Let (F̃ , A) and (G̃,B) be two intuitionistic fuzzy soft bi-
ideals (interior ideals) over an ordered ternary semigroup T then (F̃ , A)∧̃(G̃,B)
and (F̃ , A)⊓̃(G̃,B) are also intuitionistic fuzzy soft bi-ideals (interior ideals)
over T.

Proof. Let (F̃ , A) and (G̃,B) be two intuitionistic fuzzy soft bi-ideals over
T, then they are also intuitionistic fuzzy soft ternary subsemigroups, so by The-
orem 1, (F̃ , A)∧̃(G̃,B) is also an intuitionistic fuzzy soft ternary subsemigroup.
Since, (F̃ , A)∧̃(G̃,B) = (H̃, C), where C = A× B and H̃(a, b) = F̃ (a) ∩ G̃(b).
Let x, y ∈ T such that x ≤ y then

µ
F̃ (a)

(x) ≥ µ
F̃ (a)

(y), γ
F̃ (a)

(x) ≤ γ
F̃ (a)

(y)

and µ
G̃(b)(x) ≥ µ

G̃(b)(y), γG̃(b)(x) ≤ γ
G̃(b)(y),

implies that

µ
F̃ (a)∩G̃(b)

(x) ≥ µ
F̃ (a)∩G̃(b)

(y) and γ
F̃ (a)∩G̃(b)

(x) ≤ γ
F̃ (a)∩G̃(b)

(y).
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Thus µ
H̃(a,b)(x) ≥ µ

H̃(a,b)(y) and γ
H̃(a,b)(x) ≤ γ

H̃(a,b)(y).

Also for x, y, z, l,m ∈ T and (a, b) ∈ C = A×B, we have

µ
H̃(a,b)(xlzmy) = (µ

F̃ (a) ∩ µ
G̃(b))(xlzmy)

= min{µ
F̃ (a)

(xlzmy), µ
G̃(b)

(xlzmy)}

≥ min

{
max{µ

F̃ (a)(x), µF̃ (a)(z), µF̃ (a)(y)},

max{µ
G̃(b)

(x), µ
G̃(b)

(z), µ
G̃(b)

(y)}

}

= max

{
min{µ

F̃ (a)
(x), µ

G̃(b)
(x)},min{µ

F̃ (a)
(z), µ

G̃(b)
(z)},

min{µ
F̃ (a)

(y), µ
G̃(b)

(y)}

}

= max{(µ
F̃ (a)

∩ µ
G̃(b)

)(x)), (µ
F̃ (a)

∩ µ
G̃(b)

)(z)}, (µ
F̃ (a)

∩ µ
G̃(b)

)(y))}

= max{µ
H̃(a,b)(x), µH̃(a,b)(z), µH̃(a,b)(y)},

and

γ
H̃(a,b)

(xlzmy) = (γ
F̃ (a)

∪ γ
G̃(b)

)(xlzmy)

= max{γ
F̃ (a)(xlzmy), γ

G̃(b)(xlzmy)}

≤ max

{
min{γ

F̃ (a)(x), γF̃ (a)(z), γF̃ (a)(y)},

min{γ
G̃(b)(x), γG̃(b)(z), γG̃(b)(y)}

}

= min

{
max{γ

F̃ (a)(x), γG̃(b)(x)},max{γ
F̃ (a)(z), γG̃(b)(z)},

max{γ
F̃ (a)(y), γG̃(b)(y)}

}

= min{(γ
F̃ (a) ∪ γ

G̃(b))(x)), (γF̃ (a) ∪ γ
G̃(b))(z)), (γF̃ (a) ∪ γ

G̃(b))(y))}

= min{γ
H̃(a,b)

(x), γ
H̃(a,b)

(z), γ
H̃(a,b)

(y)}.

Hence (F̃ , A)∧̃(G̃,B) is an intuitionistic fuzzy soft bi-ideal over T. The other
cases can be proved in a similar way.

Theorem 3. Let (F̃ , A) and (G̃,B) be two intuitionistic fuzzy soft ternary
subsemigroups (resp. left ideals, right ideals, lateral ideals, ideals, bi-ideals,
interior ideals) over an ordered ternary semigroup T then (F̃ , A)∨̃(G̃,B) and
(F̃ , A)⊔̃(G̃,B) are also intuitionistic fuzzy soft ternary subsemigroups (resp.
left ideals, right ideals, lateral ideals, ideals, bi-ideals, interior ideals) over T.

Proof. The proof is straightforward.

Theorem 4. Let (F̃ , A) and (G̃,B) be two intuitionistic fuzzy soft ternary
subsemigroups (resp. left ideals, right ideals, lateral ideals, ideals) over an
ordered ternary semigroup T then (F̃ , A)∩̃(G̃,B) and (F̃ , A)∪̃(G̃,B) are also
intuitionistic fuzzy soft ternary subsemigroups (resp. left ideals, right ideals,
lateral ideals, ideals) over T.
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Proof. Let (F̃ , A) and (G̃,B) be two intuitionistic fuzzy soft left ideals
over an ordered ternary semigroup T then (F̃ , A)∩̃(G̃,B) = (H̃, C), where
C = A ∪B and

H̃(c) =





F̃ (c) if c ∈ A−B

G̃(c) if c ∈ B −A

min{F̃ (c), G̃(c)} if c ∈ A ∩B

, for all c ∈ C.

Let c ∈ C and x, y, z ∈ T, then we have,

(i) if c ∈ A−B, implies H̃(c) = F̃ (c). Let x, y ∈ T such that x ≤ y then

µ
H̃(c)(x) = (µ

F̃ (c))(x) ≥ (µ
F̃ (c))(y) = µ

H̃(c)(y)

and γ
H̃(c)

(x) = (γ
F̃ (c)

)(x) ≤ (γ
F̃ (c)

)(y) = γ
H̃(c)

(x).

Also for x, y, z ∈ T, we have µ
H̃(c)(xzy) = µ

F̃ (c)(xzy) ≥ µ
F̃ (c)(y) = µ

H̃(c)(y).

And γ
H̃(c)

(xzy) = γ
F̃ (c)

(xzy) ≤ γ
F̃ (c)

(x) = γ
H̃(c)

(y).

(ii) if c ∈ B −A, implies H̃(c) = G̃(c). Let x, y ∈ T such that x ≤ y then

µ
H̃(c)

(x) = (µ
G̃(c)

)(x) ≥ (µ
G̃(c)

)(y) = µ
H̃(c)

(y)

and γ
H̃(c)(x) = (γ

G̃(c))(x) ≤ (γ
G̃(c))(y) = γ

H̃(c)(y).

Also for x, y, z ∈ T, we have µ
H̃(c)(xzy) = µ

G̃(c)(xzy) ≥ µ
G̃(c)(y) = µ

H̃(c)(y).

And γ
H̃(c)(xzy) = γ

G̃(c)(xzy) ≤ γ
G̃(c)(y) = γ

H̃(c)(y).

(iii) if c ∈ A ∩B, then H̃(c) = min{F̃ (c), G̃(c)} = F̃ (c) ∩ G̃(c.

We can easily verify that for x, y ∈ T such that x ≤ y implies that

µ
H̃(c)(x) ≥ µ

H̃(c)(y) and γ
H̃(c)(x) ≤ γ

H̃(c)(y).

Also for x, y, z ∈ T, we have µ
H̃(c)(xzy) ≥ µ

H̃(c)(y) and γ
H̃(c)(xzy) ≤ γ

H̃(c)(y).

Hence this shows that (F̃ , A)∩̃(G̃,B) is an ntuitionistic fuzzy soft left ideal
overT. The other cases can be proved in a similar way.

Theorem 5. Let (F̃ , A) and (G̃,B) be two intuitionistic fuzzy soft bi-
ideals (interior ideals) over an ordered ternary semigroup T, then (F̃ , A) ∩̃
(G̃,B) and (F̃ , A) ∪̃ (G̃,B) are also intuitionistic fuzzy soft bi-ideals (interior
ideals) over T.

Proof. The proof is straightforward.
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Theorem 6. Let ∆(T,E) be the collection of all intuitionistic fuzzy soft
left (resp. right, lateral, bi, interior) ideals over an ordered ternary semigroup
T. Then (∆(T,E), ∪̃, ⊓̃) is a complete distributive lattice under the relation ⊆̃.

Proof. Let (F̃ , A) and (G̃,B) be two intuitionistic fuzzy soft left ideals over
an ordered ternary semigroup T, that is (F̃ , A), (G̃,B) ∈ ∆(T,E), then by The-
orem 1 and Theorem 4, (F̃ , A)⊓̃(G̃,B) and (F̃ , A)∪̃(G̃,B) and are intuitionis-
tic fuzzy soft left ideals over T , implies that (F̃ , A)∪̃(G̃,B), (F̃ , A)⊓̃(G̃,B) ∈
∆(T,E). Obviously, we can say that (F̃ , A)∪̃(G̃,B) is the least upper bound
and (F̃ , A)⊓̃(G̃,B) is the greatest lower bound of the collection {(F̃ , A), (G̃,B)}.
Hence for any arbitrary collection of ∆(T,E), there exist a least upper bound
and a greatest lower bound, which implies that ∆(T,E) is a complete lattice.
Also for (F̃ , A), (G̃,B) and (H̃, C) ∈ ∆(T,E), we have

(F̃ , A)⊓̃(G̃,B)∪̃(H̃, C) = (Ĩ , A ∩ (B ∪C)) and

((F̃ , A)⊓̃(G̃,B)) ∪̃ ((F̃ , A)⊓̃(H̃, C)) = (J̃ , (A ∩B) ∪ (A ∩C))

= (J̃ , A ∩ (B ∪ C)).

Easily, we can show that for any z ∈ A ∩ (B ∪ C), Ĩ(z) = J̃(z), which implies
that

(F̃ , A)⊓̃(G̃,B)∪̃(H̃, C) = ((F̃ , A)⊓̃(G̃,B)) ∪̃ ((F̃ , A)⊓̃(H̃, C)).

Hence ∆(T,E) is a complete distributive lattice. The other cases can be proved
in a similar way.

Theorem 7. Let∆(T,E) be the collection of all intuitionistic fuzzy soft bi-
ideals (interior ideals) over an ordered ternary semigroup T. Then (∆(T,E), ⊔̃, ∩̃)
is a complete distributive lattice under the relation ⊆̃.

Proof. The proof is straightforward.

Now, consider a specific family of parameters say, D ⊆ E. We denote the
set of intuitionistic fuzzy soft ideals over an ordered ternary semigroup T with
parameter set D as ∆D(T ), where ∆D(T ) = {(F̃ , A) ∈ ∆(T,E) | F̃ : D →
P (IFS(T )}.

Lemma 2. Let (F̃ , A) and (G̃,B) ∈ ∆D(T ), then (F̃ , A)∪̃(G̃,B) ∈ ∆D(T )
and (F̃ , A)⊓̃(G̃,B) ∈ ∆D(T ).

Proof. The proof is straightforward.
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Lemma 3. Let (F̃ , A) and (G̃,B) ∈ ∆D(T ),then (F̃ , A)∩̃(G̃,B) ∈ ∆D(T )
and (F̃ , A)⊔̃(G̃,B) ∈ ∆D(T ).

Proof. The proof is straightforward.

Definition 18. Let (F̃ , A), (G̃,B) and (H̃, C) be three intuitionistic fuzzy
soft sets over an ternary semigroup T. Then their product is defined as (F̃ , A)◦
(G̃,B) ◦ (H̃, C) = (F̃ ◦ G̃ ◦ H̃, Z), where Z = A ∪B ∪ C,

µ(F̃◦G̃◦H̃)(z)(t)

=





µ
F̃ (z)(t) if z ∈ A− (B ∪ C)

µ
G̃(z)(t) if z ∈ B − (C ∪A)

µ
H̃(z)(t) if z ∈ C − (A ∪B)

sup
t=αβδ

min{µ
F̃ (z)

(α), µ
G̃(z)

(β), µ
H̃(z)

(δ)} if z ∈ A ∩B ∩C

and

γ(F̃◦G̃◦H̃)(z)(t)

=





γ
F̃ (z)

(t) if z ∈ A− (B ∪ C)

γ
G̃(z)

(t) if z ∈ B − (C ∪A)

γ
H̃(c)

(t) if z ∈ C − (A ∪B)

inf
t=αβδ

max{γ
F̃ (z)

(α), γ
G̃(z)

(β), γ
H̃(z)

(δ)} if z ∈ A ∩B ∩C

for all z ∈ Z.

Theorem 8. Let (F̃ , A), (G̃,B) and (H̃, C) be three intuitionistic fuzzy
soft ideals (resp. left ideals, right ideals, lateral ideals, interior ideals, bi-ideals)
over an ordered ternary semigroup T, then their product (F̃ , A)◦(G̃,B)◦(H̃, C)
is also an intuitionistic fuzzy soft ideal (resp. left ideal, right ideal, lateral ideal,
interior ideal, bi-ideal) over T.

Proof. Let (F̃ , A), (G̃,B) and (H̃, C) be three intuitionistic fuzzy soft ideals
over an ordered ternary semigroup T. Let c ∈ Z and x, y, z ∈ T, then we have

(i) if c ∈ A− (B ∪ C) and x, y ∈ T, such that x ≤ y, then

µ(F̃◦G̃◦H̃)(c)(x) = µ(F̃ )(c)(x) ≤ µ(F̃ )(c)(y) = µ(F̃◦G̃◦H̃)(c)(y),

and

γ
(F̃◦G̃◦H̃)(c)

(x) = γ
(F̃ )(c)

(x) ≥ γ
(F̃ )(c)

(y) = γ
(F̃◦G̃◦H̃)(c)

(y).
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Also for all x, y, z ∈ T,

µ
(F̃◦G̃◦H̃)(c)

(xyz)

= µ(F̃ )(c)(xyz) ≥ max{µ(F̃ )(c)(x), µ(F̃ )(c)(y), µ(F̃ )(c)(z)}

= max{µ(F̃◦G̃◦H̃)(c)(x), µ(F̃◦G̃◦H̃)(c)(y), µ(F̃ ◦G̃◦H̃)(c)(z)}.

Also

γ(F̃◦G̃◦H̃)(c)(xyz)

= γ
(F̃ )(c)

(xyz) ≤ min{γ
(F̃ )(c)

(x), γ
(F̃ )(c)

(y), γ
(F̃ )(c)

(z)}

= min{γ(F̃◦G̃◦H̃)(c)(x), γ(F̃ ◦G̃◦H̃)(c)(y), γ(F̃ ◦G̃◦H̃)(c)(z)}.

(ii) If c ∈ B − (C ∪A), then the proof is similar to (i).
(iii) If c ∈ C − (A ∪B), then the proof is similar to (i).
(iv) If c ∈ A ∩B ∩ C, and x, y ∈ T with x ≤ y then

µ
(F̃◦G̃◦H̃)(c)

(x) ≤ µ
(F̃◦G̃◦H̃)(c)

(y) and γ
(F̃◦G̃◦H̃)(c)

(x) ≥ γ
(F̃◦G̃◦H̃)(c)

(y).

Also for all x, y, z ∈ T, we have

µ(F̃◦G̃◦H̃)(c)(x) = sup
x=αβδ

{
min{µ

F̃ (z)(α), µG̃(z)(β), µH̃(z)(δ)}
}

≤ sup
xyz=αβδyz

{
min{µ

F̃ (z)
(α), µ

G̃(z)
(β), µ

H̃(z)
(δyz)}

}

≤ sup
xyz=uvw

{
min{µ

F̃ (z)(u), µG̃(z)(v), µH̃(z)(w)}
}

= µ(F̃◦G̃◦H̃)(c)(xyz)

⇒ µ
(F̃◦G̃◦H̃)(c)

(x) ≤ µ
(F̃◦G̃◦H̃)(c)

(xyz). Similarly, we can show that,

µ
(F̃◦G̃◦H̃)(c)

(y) ≤ µ
(F̃◦G̃◦H̃)(c)

(xyz) and µ
(F̃◦G̃◦H̃)(c)

(z) ≤ µ
(F̃◦G̃◦H̃)(c)

(xyz).

Which implies that,

µ(F̃◦G̃◦H̃)(c)(xyz) ≥ max{µ(F̃◦G̃◦H̃)(c)(x), µ(F̃◦G̃◦H̃)(c)(y), µ(F̃ ◦G̃◦H̃)(c)(z)}.

Also, it is easy to verify that,

γ(F̃◦G̃◦H̃)(c)(xyz) ≥ min{γ(F̃◦G̃◦H̃)(c)(x), γ(F̃ ◦G̃◦H̃)(c)(y), γ(F̃ ◦G̃◦H̃)(c)(z)}.

Hence, (F̃ , A) ◦ (G̃,B) ◦ (H̃, C) is an intuitionistic fuzzy soft ideal over T. The
other cases can be proved in a similar way.
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Theorem 9. Let T be an ordered ternary semigroup with identity e and
Ω(S,E) be the collection of all intuitionistic fuzzy soft ideals over T with the
property that (F̃ , A) ∈ Ω(S,E) if and only if µ

F̃ (z)(e) = 1 and γ
F̃ (z)(e) = 0

then (Ω(S,E), ◦, ⊓̃) is a complete lattice under ⊆̃.

Proof. Let (F̃ , A), (G̃,B) and (H̃, C) ∈ Ω(S,E) then µ
F̃ (z)

(e) = µ
G̃(z)

(e) =

µ
H̃(z)

(e) = 1 and γ
F̃ (z)

(e) = γ
G̃(z)

(e) = γ
G̃(z)

(e) = 0. As (F̃ , A), (G̃,B) and

(H̃, C) are intuitionistic fuzzy soft ideals over T then so is

(F̃ , A)⊓̃(G̃,B)⊓̃(H̃, C)

and

(F̃ , A) ◦ (G̃,B) ◦ (H̃, C).

As µ(F̃∩G̃∩G̃)(z)(e) = 1 and γ(F̃∩G̃∩G̃)(z)(e) = 0. Also µ(F̃◦G̃◦G̃)(z)(e) = 1 and

γ(F̃◦G̃◦G̃)(z)(e) = 0. Which implies that (F̃ , A)⊓̃(G̃,B)⊓̃(H̃, C) and (F̃ , A) ◦

(G̃,B) ◦ (H̃, C) ∈ Ω(S,E). Note that (F̃ , A)⊓̃(G̃,B)⊓̃(H̃, C) is the greatest
lower bound of the class {(F̃ , A), (G̃,B), (H̃, C)}. Now for least upper bound,
let z ∈ A ∪B ∪C and x ∈ T then, we have

(i) If z ∈ A − (B ∪ C), then by definition, µ
(F̃◦G̃◦G̃)(z)

(x) = µ
(F̃ )(z)

(x) and

γ(F̃◦G̃◦G̃)(z)(x) = γ(F̃ )(z)(x).

(ii) If z ∈ B−(A∪C), then µ(F̃◦G̃◦G̃)(z)(x) = µ(G̃)(z)(x) and γ(F̃◦G̃◦G̃)(z)(x) =

γ
(G̃)(z)

(x).

(iii) If z ∈ C−(A∪B),then µ(F̃◦G̃◦G̃)(z)(x) = µ(H̃)(z)(x) and γ(F̃◦G̃◦G̃)(z)(x) =

γ
(H̃)(z)

(x).

(iv) If z ∈ A ∩B ∩ C, then

µ(F̃◦G̃◦H̃)(c)(x) = sup
x=xee

min{µ
F̃ (z)(x), µG̃(z)(e), µH̃(z)(e)}

≥ min{µ
F̃ (z)

(x), µ
G̃(z)

(e), µ
H̃(z)

(e)}

= µ
F̃ (z)(x), since µ

G̃(z)(e) = µ
H̃(z)(e) = 1

and

γ(F̃◦G̃◦H̃)(c)(x) = inf
x=xee

max{γ
F̃ (z)(x), γG̃(z)(e), γH̃(z)(e)}

≤ max{γ
F̃ (z)(x), γG̃(z)(e), γH̃(z)(e)}

= γ
F̃ (z)

(x), since γ
G̃(z)

(e) = γ
H̃(z)

(e) = 0.
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Which implies that (F̃ , A)⊆̃(F̃ , A)◦(G̃,B)◦(H̃, C). Similarly, we can show that
(G̃,B)⊆̃(F̃ , A) ◦ (G̃,B) ◦ (H̃, C) and (H̃, C)⊆̃(F̃ , A) ◦ (G̃,B) ◦ (H̃, C), implies
that (F̃ , A) ◦ (G̃,B) ◦ (H̃, C) is an upper bound of {(F̃ , A), (G̃,B), (H̃, C)}.
Now, let (K̃,D) ∈ Ω(S,E) such that (F̃ , A) ⊆ (K̃,D), (G̃,B) ⊆ (K̃,D) and
(H̃, C) ⊆ (K̃,D). Then (F̃ , A) ◦ (G̃,B) ◦ (H̃, C) ⊆ (K̃,D) ◦ (K̃,D) ◦ (K̃,D) ⊆
(K̃,D). Hence (F̃ , A) ◦ (G̃,B) ◦ (H̃, C) is a least upper bound of the class
{(F̃ , A), (G̃,B), (H̃, C)}. Since {(F̃ , A), (G̃,B), (H̃, C)} is an orbitrary subclass
of Ω(S,E). Hence (Ω(S,E), ◦, ⊓̃) is a complete lattice.
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