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ABSTRACT. In this paper, we introduce semiopen and semiclosed fuzzy
soft sets in fuzzy soft topological spaces. Various properties of these sets
are studied alongwith some characterizations. Further, we generalize the
structures like interior and closure via semiopen and semiclosed fuzzy soft
sets and study their various properties.
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1. INTRODUCTION

Many Mathematical concepts can be represented by the notion of set theory,
which dichotomize the situation into two conditions: either “yes” or “no”. Till
1965, Mathematicians were concerned only about “well-defined” things, and smartly
avoided any other possibility which are more realistic in nature. For instance the
tall persons in a room, the hot days in a year etc. In the year 1965, Prof. L.A.
Zadeh [?] introduced fuzzy set to accommodate real life situations by giving partial
membership to each element of a situation under consideration.

Keeping in view that fuzzy set theory lacks the parametrization tool, Molodtsov
[?] introduced soft set as another mathematical framework to deal with real life sit-
uations. Then comes another generalization of sets, namely fuzzy soft set, which is
a hybridization of fuzzy sets and soft sets, in which soft set is defined over fuzzy set.
Similar generalization have also spread to topological space. The notion of topolog-
ical space is defined on crisp sets and hence is affected by different generalizations of
crisp sets like fuzzy sets and soft sets. C.L. Chang [?] introduced fuzzy topological
space in 1968 and subsequently Cagman et al. [?] and Shabir et al. [?] introduced
soft topological space independently in 2011. In the same year B. Tanay et al. [?]
introduced fuzzy soft topological spaces and studied neighborhood and interior of
a fuzzy soft set and then used these to characterize fuzzy soft open sets. Recently
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Roy et al. [?] have obtained different conditions for a subfamily of fuzzy soft sets
to be a fuzzy soft basis or fuzzy soft subbasis. Levine [?] introduced the concepts of
semi-open sets and semicontinuous mappings in topological spaces and were applied
in the field of Digital Topology [?]. Azad [?] initiated the study of these sets in fuzzy
setting and in [?], authors carried the study in soft topological spaces.

This paper begins with generalization of open and closed sets in fuzzy soft topolog-
ical spaces as semiopen and semiclosed fuzzy soft sets. Some set theoretic properties
related to these generalized sets are then studied. Further, generalization of the
structures like interior and closure via semiopen and semiclosed fuzzy soft sets are
done and their properties are studied.

It is presumed that the basic concepts like fuzzy sets, soft sets and fuzzy soft
sets etc. are known to the readers. However below are some definitions and results
required in the sequel.

Definition 1.1. [?] Let fg be a fuzzy soft set, FS(fg) be the set of all fuzzy soft
subsets of fg, T be a subfamily of FS(fg) and A,B,C C E. Then 7T is called a
fuzzy soft topology on fg if the following conditions are satisfied

(i) 5E,fE belongs to 7;

(i) ha,kp € 7= hakp € 7;

(iii) {(gco)r | Ne A} C 7= AQA@(,)A cr

Then (fr,T) is called a fuzzy soft topological space. Members of T are called fuzzy
soft open sets and their complements are called fuzzy soft closed sets.

Definition 1.2. [?] Let g¢ be a fuzzy soft set in a fuzzy soft topological space (fg,T).
Then
(i) The fuzzy soft closure of go is a fuzzy soft set defined as
fsclge = ﬁ{hA | g¢ é ha and hy is fuzzy soft closed set};
(ii) The fuzzy soft interior of gc is a fuzzy soft set defined as
fsintge = O{kB | kp é gc and kp is fuzzy soft open set}.
Definition 1.3. [?] A fuzzy soft set ga is said to be a fuzzy soft point, denoted by
g4, if for the element e € A, g(e) # & and g(e) = E),Ve/ € A—{e}.
Definition 1.4. [?] A fuzzy soft point ey, is said to be in a fuzzy soft set ha, denoted
by eg, € ha if for the element e € A, g(e) < h(e).

2. SEMIOPEN AND SEMICLOSED FUZZY SOFT SETS

Generalization of closed and open sets in topological spaces are of recent advances.
Here, we introduce semiopen and semiclosed fuzzy soft sets and study various set
theoretic properties related to these structures. The concepts of closure and interior
are generalized via semiopen and semiclosed fuzzy soft sets.

Definition 2.1. In a fuzzy soft topological space (fg,T), a fuzzy soft set
2
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(1) ga is said to be semiopen fuzzy soft set if 3 an open fuzzy soft set ha such

that ha C ga C cl(ha);
(2) pa is said to be semiclosed fuzzy soft set if 3 a closed fuzzy soft set ka such

that int(ka) c DA c ka;

Example 2.2. Let U = {h',h? h3} and E = {e1,ea,e3}. Consider a fuzzy soft set

fE= {(617 {h(l).27 h(%.Sv h%.S})v (62, {h(%.Sa
h3 1, h3}), (es, {h} -, h3 5, h3 o))} defined on U. Then the subfamily

T = {q)EafE7 {(617 {h0‘2ﬂ h8.4>h31})}7

{(ela{ho 1,h0 57h0 5})s (627{’1(1).7,]1%,]18.7}) (eSa{ho 67 %1ahg.1})}
{(ex, {hO.Q’h0.67hOA4}) (627{}1(1).17]1%41’/18.9}) (637{h045ah0.5ah8.1})}
{(6 {h(%v h(2).8’ h85})7 (627 {h(%.S’ h%’ h%l})v (637 {h(1).4’ h%.Bv hg})}

{(e1, {h(l)zahg.s,h%b})v(627{h0 87h0 17h69}) (63,{h(1).5,h3_3,h8_1})}
{(ex, {ho 1,h0 87h0 5})7(627{% S»hO»ho 7})s (637{hé.67h%.37h8.1})}
{(el,{hoz,h05,h05}),(e {ho 7,h h07}) e3a{h06?h0 1ah0 D}
{(ex, {ho Qaho 87h0 5})s (€2, {ho s ho 1) (63,{h0 4,h03,h D}
{(61,{h02,h06,h05}),(6 {ho.who.laho.g}) (637{h0.67h0.5vh0.1})}}

is a fuzzy soft topology on fr and (fg,T) is a fuzzy soft topological space.
Here g5 = {(617 {hg)‘lﬁ hg.47 hg.S})v (627 {h(1J.17 h%a h8.7})7 (637 {h(lJ.Sa h(2).17 h%l})} is a
semiopen fuzzy soft set.

Remark 2.3. Every open (closed) fuzzy soft set is a semiopen (semiclosed) fuzzy
soft set but not conversely.

Remark 2.4. &5 and fg are always semiclosed and semiopen.
Remark 2.5. FEvery clopen set is both semiclosed and semiopen.

From now onwards, we shall denote the family of all semiopen fuzzy soft sets
(semiclosed fuzzy soft sets) of a fuzzy soft topological space (fg,7) by SOFSS(fr)
(SCFSS(fE))-

Theorem 2.6. Arbitrary union of semiopen fuzzy soft sets is a semiopen fuzzy soft
set.

Proof. Let {(ga)x | A € A} be a collection of semiopen fuzzy soft sets of a fuzzy
soft topological space (fg,7). Then 3 an open fuzzy soft sets (hA)A such that

(ha)a C (ga)x c cl((ha)y) for each A; hence U(hA) c U(gA) C cl(U(hA) ) and
(J(ha)ax is open fuzzy soft set. So U(gA)A is a semiopen fuzzy soft set. O

Remark 2.7. Arbitrary intersection of semiclosed fuzzy soft sets is a semiclosed
fuzzy soft set.

Theorem 2.8. If a semiopen fuzzy soft set g4 is such that ga é ka é cl(ga), then
ka is also semiopen.

3
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Proof As ga is semiopen fuzzy soft set 3 an open fuzzy soft set h4 such that
ha C ga C cl(ha); then by hypothe51s ha C ka and cl(ga) C c(ha) = ka C
cl(ga) C cl(ha)ie., ha ChaC cl(ha), hence k4 is a semiopen fuzzy soft set. O

Remark 2.9. [t is not true that the intersection (union) of any two semiopen (semi-
closed) fuzzy soft sets need not be a semiopen (semiclosed) fuzzy soft set. Even the
intersection (union) of a semiopen (semiclosed) fuzzy soft set with a fuzzy soft open
(closed) set may fail to be a semiopen (semiclosed) fuzzy soft set. It should be noted
that in general topological space the intersection of a semiopen set with an open set
is a semiopen set [?] but it doesn’t hold in fuzzy setting [?]. Further it should be
noted that the closure of a fuzzy open set, is a fuzzy semiopen set and the interior
of a fuzzy closed set is a fuzzy semiclosed set.

Theorem 2.10. If a semiclosed fuzzy soft set m 4 is such that int(m4) é ka é may,
then k4 is also semiclosed.

Following two theorems characterize semiopen and semiclosed fuzzy soft sets.

Theorem 2.11. A fuzzy soft set g4 € SOFSS(fg) & for every fuzzy soft point
€ga € 94,3 a fuzzy soft set ha € SOFSS(fg) such that ey, € ha C ga.

Proof. Take ha = ga, this shows that the condition is necessary.

For sufficiency, we have g4 = | (eg,) é U ha C ga. O
€g 4 %gA €ga ggA
Theorem 2.12. If g4 is any fuzzy soft set in a fuzzy soft topological space (fg,T)
then following are equivalent:
(i) ga is semiclosed fuzzy soft set;
(ii) int(cl(ga)) C ga;
fidi) cl(int(g5)) D g5
(iv) g% is semiopen fuzzy soft set;
Proof. (i) = (i1) If ga_ is semlclosed fuzzy soft set, then 3 closed fuzzy soft set
ha such that int(ha) C ga C ha. By the property of closure g4 C cl(ga) and
cl(ga) C cl(ha), so int(ha) C ga C cl(ga) C cl(ha) = ha. By the property of
interior we then have int(cl(gA)) - int(hA) Cga;
(i) = (idi)int(cl(ga)) C ga = g5 C (int(cl(ga)))" = cl(int(g})) 2 g5.
(7ii) = (iv) ha = int(g9) is an open fuzzy soft set such that int(¢%) C ¢5%
cl(int(9%)), hence g5 is semiopen.
) =

(v

cl(ha) = hG is a closed fuzzy soft set such that gu C h$ and ¢4 C c(ha) =

M

N

(1) As g4 is semiopen 3 an open fuzzy soft set h4 such that hA C 9%

int(h%) é ga, hence g4 is semiclosed fuzzy soft set. O

Definition 2.13. Let (fg,T) be a fuzzy soft topological space and ga be a fuzzy soft
set over U.
4
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(1) The fuzzy soft semi closure of ga is a fuzzy soft set fssclga = ({sa | ga é
sa and sp € SCFSS(fr)};
(2) The fuzzy soft semi interior of ga is a fuzzy soft set fssintga = J{sa | sa E

ga and sy € SOFSS(fg)}.

fssclga is the smallest semiclosed fuzzy soft set containing g4 and fssintga is
the largest semiopen fuzzy soft set contained in g4.

Theorem 2.14. Let (fg,T) be a fuzzy soft topological space and ga and ka be two
fuzzy soft sets over U, then

(1) ga € SCFSS(fg) < ga = fssclga;
(2) ga € SOFSS(fg) < ga = fssintga;

(8) (fssclga)® = fssint(9%);

(4) (fssintga)® = fsscl(g3);

(5) ga § ka = fssintga é fssintky;

(6) ga é ka = fssclga é fssclka;

(7) fssclE)E = %E and fssclfg = fE;

(8) fssint(%E = <E>E and fssintfg = fg;

(9) fsscl(ga U ka) = fssclga U fssclka;
(10) fssint(ga N ka) = fssintga N fssintka;
(11) fsscl(ga HkA) C fssclga afssclkA;
(12) fssint(ga Uka) C fssintga U fssintka;
(13) fsscl(fssclga) = fssclga;
(14) fssint(fssintga) = fssintga.

Proof. Let ga and k4 be two fuzzy soft sets over U.

(1) Let ga be a semiclosed fuzzy soft set. Then it is the smallest semiclosed set
containing itself and hence

ga = fssclga.
On the other hand, let g4 = fssclga and fssclga € SCFSS(fg) = ga €
SCFSS(fg).
(2) Similar to (7).
(3)
(fssclga)® = (m{sA | ga C saandsy € SCFSS(fe)})°

= U{si‘ | ga C saandsa € SCFSS(fr)}

(J{sa | 54 C ghandsSy € SOFSS(fx)}
= fssint(¢%).

(4) Similar to (i%).
(5) Follows from definiton.
(6) Follows from definition.
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(7) Since ®r and fg are semiclosed fuzzy soft sets so fsscl®gp = P and
[ssclfe = fe.
(8) Since ®r and fg are semiopen fuzzy soft sets so fssint®p = Pp and

fssintfg = fg.
(9) We have g4 C gaUka and ka & galka. Then by (vi), fssclga ¢ fsscl(galJka)
and fssclk c fsscl(gAOk;A) = fssclkAOfssclgA c fsscl(gAOk;A).
Now, fssclga, fssclka € SCFSS(fg) = fssclgAOfssclk;A € SCFSS(fE).
Then g4 c fssclga and k4 c fssclk 4 imply gALNJk'A c fschgAOfssclkA.i.e.,
fssclgAOfssclkA is a semiclosed set containing gAOkA. But fsscl(gAOkA)
is the smallest semiclosed fuzzy soft set containing g AOI{: 4. Hence fsscl(ga ij A) c

fssclgAOfssclkA. So, fsscl(ga U ka) = fssclga U fssclka.
(10) Similar to (ix).

(11) We have ga(ka c ga and ga(ka c ka
= fsscl(gaka) C fssclga and fsscl(gaka) C fssclka

= fsscl(gaka) c fssclga\fssclka.
(12) Similar to (xi).
(13) Since fssclga € SCSS(U) so by (i), fsscl(fssclga) = fssclga.
(14) Since fssintga € SOSS(U) so by (i1), fssint(fssintga) = fssintga.

O

Remark 2.15. If g4 is semiopen fuzzy soft (semiclosed fuzzy soft) set, then int(ga),
fssint(ga) (fsscl(ga) and cl(ga)) are semiopen fuzzy soft (semiclosed fuzzy soft) set.

3. CONCLUSION

In this work, we have initiated the generalization of closed and open sets in a
fuzzy soft topological space as semiopen and semiclosed fuzzy soft sets. We have
also discussed some characterizations of these sets. Further the topological structures
namely interior and closure are also generalized and several interesting properties are
studied. Several remarks are stated which give comparison between the properties
of these sets in three different domains, namely general topology, fuzzy topology
and fuzzy soft topology. Surely the discussions in this paper will help researchers
to enhance and promote the study on fuzzy soft topology for its applications in
practical life.
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