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Simulation Procedure for Divergent Light Halos
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We present a new procedure for the simulation of divergent light halos. The procedure uses rotational
symmetries to make a selected sampling of events that greatly improves the efficiency of the algorithm. We
can typically generate a simulated display in minutes using a personal computer. The theory behind the
procedure also gives a quantitative explanation of the observational fact that a divergent light halo display

depends on the distance between the light source and the observer. © 2002 Optical Society of America

OCIScodes: 010.1290, 010.2940, 010.3920

Introduction

There are very few attempts to make Monte Carlo simulations of divergent light halos *°.
With adivergent light halo it is not as with aparallel light halo, always possible to find alocation
for the scattering crystal such that the scattered ray will hit the eye of the observer. With
divergent light thereis a geometrical constraint that relates the locations of the light source, the
observer, and the scattering crystal. The procedure described below will find, if possible, where
to locate the crystal such that the scattered ray hits the eye of the observer. It will aso take into

account the intensity dependence on the distances involved.
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The procedure

We represent the ray emitted from the source by a vector. The scattered ray is represented
by a second vector. Thefirst geometrical constraint is that the sum of these vectors has a length
that is equal to the distance observer-source which we normalise to 1. By symmetry we are only
allowed to perform rotations of these vectors around two axises: avertical axis and an axis
parallel to the crystal symmetry axis, thetilt axis. (We do not threat here the case of Parry
oriented crystals.) Thisisthe second constraint. We will try to determine these rotations and the

lengths of the vectors such that the scattered ray ends up in the eye of the observer.
Theory

Assume that we have a vertical hexagonal crystal that we tilt in a mathematically positive
direction around the horizontal x axis. Further assume that we have a generated aray with
random direction k, from the source that has been raytraced through the crystal and exits with
direction k,. Both these vectors are unit vectors. The initial and scattered ray can then be
represented mathematically by

n=kt, t>0

1
r,=k,t,, t,>0 @)

where t, and t, are parameters, the parametric distances.

Consider a sphere with unit radius centered at the origin . We imagine two coordinate
systems on the sphere, one "equatorial” (e, 8) and one "ecliptical” (4, ). The”vernal point” of
the two coordinate systems is on the x axis. The tilt will then correspond to the "obliquity” € of

the "ecliptic".
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Fig. 1. The coordinate systems

The vector from the source to a hitpoint on the sphereis
k=kt, +k.t, [k =1 )
The hitpoint has equatorial coordinates (e, 8) given by the relations

k, =cosdcoso
k, =cosésina 2
k,=sind

Assume that the observer sitsin (0,8,). If we rotate the observer around the z axis, his "latitude"
will vary in the interval [, . Bo min ] Where

ﬁO,max = min(5o +£;7Z'_<50 +8))

Bo min = Max(8, —&,m— (& —€)) A3

When we vary t and t,, the hitpoint will trace out a great circle on the sphere. However, because

of the condition \k\z =1, t, and t, are not independent. We have



K =1
K
= (k,t, + Kyt )’

(4)
= K7 + 2k, - kKt t, + Kot
=t7 +2k, - k,tt, +t
which gives
t, =—at, J_r(l—tf(l—az))m, a=k, -k, (5)
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If a>0 weonly have the one solution t, = —at, +(1—tf(1—a2)) _If a<0 wehavefor t, >1

both solutionsin (5). Further we have

1fora=0
tl S [O,t]_,max]v t1,max = 1/(1-3.2)1/2 fora<0 (6)

Inthe t,,t, plane the solution traces out part of atilted ellipse, centered at the origin and passing

through the points (0,1) and (1,0). The ellipse degenerates into a straight line for a=1.
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Fig. 2. The g-t-plane
To get asingle-valued relation between the variables we introduce two new quantities g, and g,
by
o =t-t, q,=t+t, @)

where



2 1-a)”
-1,1] andq, = ——-¢f =— 8
q, € [-1,1] andq, [1+a q11+a] (8

The hitpoint has ecliptic coordinates (1, 8) given by

sin =k, cose—k, sine
cosfBsin A=k, sine+Kk, cose 9
cosfBcosA=Kk,

Using (1) and (5) we have

k=%(kl—k2)ql+%(kl+k2)q2 (10)
The endpoints of the great circle are given by inserting t=(0,1) and t=(t, ,,,0) corresponding
to g =(-1,1) and ¢ =(1,1) respectively. Then (9) and (10) will give usastarting value, By,
and ending value, B, for thelatitude of the great circle. If 8 isamonotonous function of A, we

know that the great circle latitude is confined in the interval [, B.q |- However, if Bisnot

monotonous, there will be an extremal value of 3 given by

g—q[i:o (12)
From (9) we have
sinf =§[(klz +k,,)cose— (kly + kzy)sing]q2
+3[(ks, —k,)cose—(k, —k,, )sine]g, (12)
or using (10)
sinfi=A(C-Da{) " + g (13)

with



A=1[(k,, +k,,)cose—(k,, +k,, )sing]
B=1][(k,, —k,,)cose—(k,, —k,, )sine]
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c-_2_ (14)
1+a
D=1-2
1+a

Then from (11) the extremal value of Bisrealised by

/2

0, =4 ¢
D(1+ AZD/BZ)

(15)

Thereis an extremal value within the allowed part of the great circle if \ﬁl\ <1. ¢, hasthe same
sign as ABD. From (10) we get the extremal value 3= B(d,). Thentheinterval in latitudein
which the hitpoint can vary, will be the largest of the intervals [, Byu | and [B. B |-

We now find the intersection set €2, between the intervals of the latitude of the observer
and the latitudes of the great circle. This can, in the non-monotonous case, result in two digoint
intervals of B. If the intersection is zero, it is not possible to make the hitpoint coincide with the

observer. Finding this intersection and implementing it in program code is a quite tricky task.

The intersection region in latitud S will correspond to a certain region,

Q ={d:Bla) e ), (16)
possibly disjoint, in g,. The equation for solving g; asafunction of Bis(12) with solution
/2
q = Bsinf B’sin’ B N A’C —sin’
' A'D+B (A2C+BZ)2 A’D +B?

AR (17)

If there is an extremum latitude within the allowed part of the great circle there will be two
solutions otherwise only one. We have to check the validity of the solutions by inserting them
back in (13).

We now want to select a scattering crystal anywhere in space along the line



r=kt, te[0t ] (18)
and such that g, belongsto the allowed region €2,. However, we have a problem because the
relation between g, and t, isnot single-valued for k; - k, =a<0. If wetrace the possible

corresponding regionsin t, we get something quite complicated. We avoid this problem by

using asingle-valued variable t; such that

v {tl for g, € [-1,Q]

"2t e —t, for g € [Q,1] 19)
where
1 foraz=0
Q= (t ) = (%:I/Z fora<0 (<0)
A"
a< q2
1&a=0
/ a2 t)
1 tl,max >
R

Fig 3. The definition of t
Thiswill "fold out” theregion t, € [1,t, .| and remove the redundancy. The region €, will
now map one-to-one on aregion
Q ={t/;q(t)) e 2} (21)
We generate a uniform random number t”in ©,. Actualy the probability should be

proportional to the square of the distance of the crystal from the origin, the number of crystalsin



a spherical shell being proportonal to the square of this distance, but as the illumination of the
crystal isinversely proportional to the square of the same distance we can combine the two and

generate numbers uniformly which isagreat smplification. t” will correspond to a unique point
q inthe g plane. Thiswill in turn by (9) and (10) correspond to a unigue hitpoint (4, ).

We now find arotation o of the observer around the z axis and arotation A around the
tilt axis such that the hitpoint coincides with the observer. The observer will then have equatorial
coordinates (o, ) and the hitpoint will have ecliptic coordinates (A+ A, 8). The condition is
that these points coincide. Using well-known relations between an equatorial and an ecliptic
system® we have the equations:

sin B =sin g, cose—cosg, sinasine

cosfsin(A+ A)=sin§;sine+cosg, sinacose (22)

cosf3cos(A+ A) =cosé, cosor
We can get sino from the first of these equations whereit is now possible to choose randomly
between with two possible values for the angle, oyand o, = w — ¢ . Inserting the chosen value in
the remaining equations gives a corresponding rotation angle A.

Finally we perform two rotations on Kk, , the direction of the scattered ray, first arotation
A around the tilt axis, then arotation — o around the z axis. The rotated vector will be the
direction of a scattered ray that hits the observer.

Intensity

We have aready taken into account the intensity decrease from the source to crystal path.
We now also want to take into account the intensity decrease because of the crystal-observer
distance. The light coming from the crystal will behave asif it passed a small hole and will thus
exhibit diffraction. If the observer is close to the crystal the light beam will be more or less
within the limits of the pupil of the observer. Far away only part of the beam will enter the eye.

We can make a simple model for this. We assume that the crystal can be approximated by a



circular aperture with diameter d. The intensity integrated over the pupil area at distance D from

the crystal isthen

J,(x) 2

X

loc |

0

27X - dx (23)

where

Xpax = —— = SIN—— (24)
A2 2D

A isthe wave-length of the light and p the pupil diameter. J, (x) isaBessel function of the first

kind®. It turns out that this integrated intensity can be quite well approximated by the simple

AD (25)
[pdT +1
AD

where we have normalised the intensity to 1 when D = 0.

expression

Finally weusethat D=D,t,, where D, isthe (real) distance source-observer and we can

write (25) in terms of the parametric distance as

pd
AD,

pd +t
D,

Given afixed pupil size and wave-length this expression depends on the parameter

(26)

D, /d. It means that the halo display will change as we approach it, precisely what is observed
in the field. If we photograph the halo display with a camera aperture larger than the pupil, this
can by (26) be seento be equivalent of moving physically closer to the halo. Observing a
divergent halo display far from the source will enhance the influence of crystals near the eye, the

display will be more similar to a parallel light halo.



Concluding remarks

It isinteresting that the vector —k,t, will be the parametric location in space of the
scattering crystal relative to the observer. Saving afile with such vectors makes it possible to
reconstruct the halo display in three dimensions using for instance stereo pictures.

In most field situations, the ground will cut off rays coming from crystals that would be
located below ground level. This can easily be implemented by excluding rays with k,t; less
than some fixed value.

For tilts that are exactly zero the program will not be able to find the rotations as they are
then dependent, only their sum can be determined. We can avoid this problem by giving thetilt
avery small non-zero value in this case.

We have implemented the described routine together with araytracing program that can
be run on a personal computer (iMac). Preliminary simulation runs show that the program can
rapidly and efficiently reproduce field observations of divergent halos with good accuracy. Also
the variation of the appearance of the halo display with distanec from the source agrees well with
our model to describe the intensity. We will present these results in a separate publication. The
source codein PASCAL of the computer algorithm is available on the web at
http://www.thep.lu.se/~larsg/
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