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We propose some relaxed implicit and explicit viscosity approximation methods for hierarchical fixed point problems for a
countable family of nonexpansive mappings in uniformly smooth Banach spaces. These relaxed viscosity approximation methods
are based on the well-known viscosity approximation method and hybrid steepest-descent method. We obtain some strong

convergence theorems under mild conditions.

1. Introduction

Let X be a real Banach space and U the unit sphere of X; that
is, U = {x € X : ||x|| = 1}. Recall that X is said to be smooth
if the limit

lim ||x + ty" — llxIl )
t—0 t

exists for all x, y € Uj; in this case, X is also said to have a
Giteaux differentiable norm. X is said to have a uniformly
Gateaux differentiable norm if for each y € U, the limit
is attained uniformly for x € U. Moreover, it is said to be
uniformly smooth if this limit is attained uniformly for x, y €
U. The norm of X is said to be the Fréchet differential if for
each x € U, this limit is attained uniformly for y € U. In
addition, we define a function p : [0,00) — [0, 00) called
the modulus of smoothness of X as follows:

1
p@ = sup {5 (Jx+yl+|x=p)-1:xy e X

@)
It = 1y = 7}

It is known that X is uniformly smooth if and only if
lim__,, p(r)/T = 0.

Let X be a real Banach space and let J denote the
normalized duality mapping from X to 2% given by

J(x) = {x* €X":(xx")= x| = ||x*||2} , VxeX,
(3)

where X* denotes the dual space of X and (-,-) denotes
the generalized duality pairing. We use Fix(T') to denote the
set of fixed points of the mapping T It is well known that
if X is smooth, then J is single-valued and norm-to-weak™
continuous, whereas if X is a Banach space with a uniformly
Gateaux differentiable norm, then J is single-valued and
norm-to-weak” uniformly continuous on bounded subsets of
X. Further, if X is a uniformly smooth Banach space, then |
is single-valued and norm-to-norm uniformly continuous on
bounded subsets of X. In what follows, we still denote by J the
single-valued normalized duality mapping.

Let C be a nonempty closed convex subset of X. Recall
that a mapping T : C — C is said to be L-Lipschitzian if
there exists a constant L > 0 such that

[Tx-Ty| <L|x-y||, Vx,yeC. (4)
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In particular, if L = 1, then T is said to be nonexpansive; that
is,
[Tx - Ty| < |x-y|, Vx,yeC. (5)

We use the notation — to indicate the weak convergence and
the one — to indicate the strong convergence.

Definition1. Let A: C — X be amapping of C into X. Then
A is said to be

(i) accretive if for each x, y € C, there exists j(x — y) €
J(x — y) such that

(Ax-Ay,j(x-y)) =0, (6)

where J is the normalized duality mapping;

(ii) a-strongly accretive if for each x, y € C, there exists
j(x = y) € J(x — y) such that

(Ax = Ay, j(x-y)) = a|x - y|’, @)

for some « € (0, 1);

(iil) pseudocontractive if for each x, y € C, there exists
j(x =) € J(x — y) such that

(Ax - Ay, j(x - y)) < |x - y|’s (8)

(iv) B-strongly pseudocontractive if for each x,y € C,
there exists j(x — y) € J(x — y) such that

(Ax - Ay, j(x - y)) < Blx - y|’, ©)

for some f € (0,1);

(v) A-strictly pseudocontractive if for each x, y € C, there
exists j(x — y) € J(x — y) such that

(Ax- Ay, j(x-y)) < |x =y - Mx -y - (Ax- Ay)(llz’)
10

for some A € (0,1).

In a real smooth Banach space X we say that an operator
A is strongly positive [1] if there exists a constant y > 0 with
the property

(Ax, ] (x)) = pllxIl%,

lal - bAl = sup [(@I=bA) =TGN
x[|<1
ac[0,1], be[-1,1],

where I is the identity mapping.

Recently, the problem of convergence of implicit iterative
algorithms to a common fixed point for a family of nonexpan-
sive mappings and its extensions to Hilbert spaces or Banach
spaces have been considered by many authors; see [1-9] and
the references therein.
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Yao et al. [10] introduced the following Halpern-type
implicit iterative algorithm,

x, =a,u+ B,x, 1 +y,ITx,, Yn=>1, (12)
and proved a strong convergence theorem under suitable
conditions.

On the other hand, let C be a nonempty closed convex
subset of a real Hilbert space H and let A : C — H
be a nonlinear mapping. The classical variational inequality
problem (VIP) is to find x* € C such that

(Ax",x-x") >0, VxeC. (13)

If we assume that C is the fixed point set of a nonexpansive
mapping T and S is another nonexpansive mapping (not
necessarily with fixed points), the problem (13) becomes the
VIP of finding x* € Fix(T) such that

((I-8)x",x-x")>0, Vx eFix(T), (14)
introduced first by Moudafi and Maingé in [11], which is
called hierarchical fixed point problem.

In particular, whenever Fix(S) # 0, all elements of Fix(S)
are solutions of VIP (14). If S is a p-contraction (i.e., [[Sx —
Syl < pllx — yll for some p € (0,1)), the set of solutions
of VIP (14) is a singleton and it is well known as a viscosity
problem, which was first introduced by Moudafi [12] and then
developed by several authors [13, 14].

Very recently, Cai and Bu [1] investigated a general
hierarchical fixed point problem for a countable family of
continuous pseudocontractions, which covers as a special
case of the problem considered in [10]. For this purpose, they
first established strong convergence of an implicit iterative
scheme for solving a hierarchical fixed point problem for
a continuous pseudocontractive mapping in a uniformly
smooth Banach space.

In this paper, let C be a nonempty closed convex subset
of a uniformly smooth Banach space X such that C + C ¢ C.
Let T : C — C be a nonexpansive mapping with Fix(T) # 0
and let f : C — C be a fixed contractive mapping with
contractive coefficient § € (0,1). Let F : C — C be
a-strongly accretive and A-strictly pseudocontractive with
a+A > landlet A: C — C bea y-strongly positive
linear bounded operator. First of all, we introduce a relaxed
implicit viscosity scheme for solving a hierarchical fixed point
problem for a nonexpansive mapping 1"

xp = (I=6,F)Tx, + 6, [f (x,) -t (Af (x,) - Tx,)], (15)
where lim, ,,0, = 0. It is proven that as t — 0,{x,}

converges strongly to a point z € Fix(T'), which is the unique
solution in Fix(T') to the VIP:

(F-f)z](z-p)) <0,

On the other hand, let {T,} > be a countable family of
nonexpansive mappings from C to itself such that Q =

Vp € Fix(T). (16)
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Moy Fix(T;) # 0. We propose a relaxed implicit viscosity iter-
ative algorithm for solving a hierarchical fixed point problem
for a countable family of nonexpansive mappings {T,}:

Yn = ‘xnf (yn) + ﬁnxn + ((1 - /3n)[ - ‘an) (I - enF) Tnyn’

Xps1 = Ouf (yn) + (I - O‘nA) T,Y,, Yn=0,

17)

where {a,}, {8,}, {€,,}, and {0,,} are four sequences in (0, 1). It
is proven that under mild conditions {x,} converges strongly
toapoint z € Q, which is the unique solution in Q to the VIP:

(A-f)zJ(z-p)) <0,

Furthermore, we also propose a relaxed explicit viscosity iter-
ative algorithm for solving another hierarchical fixed point
problem for a countable family of nonexpansive mappings
{T}:

Vp e Q. (18)

X, € C chosen arbitrarily,

Xn+1 = (I - ﬁnF) Tnxn

+ ﬁn [f (xn) -y (Af (xn) - Tnxn)] , Vnz0,

(19)

where {«,} and {f8,} are two sequences in (0, 1). It is proven
that under appropriate assumptions, {x,,} converges strongly
toapointz € Q, which is the unique solution in ) to the VIP:

(F-f)zJ(z-p)) <0,

The above relaxed viscosity algorithms are based on the well-
known viscosity approximation method (see, e.g., [4-6, 9])
and hybrid steepest-descent method (see, e.g., [14-17]). Our
results extend, improve, supplement, and develop the recent
results announced by many authors.

Vp e Q. (20)

2. Preliminaries

We list some lemmas that will be used in the sequel. Lemma 2
can be found in [18]. Lemma 3 is an immediate consequence
of the subdifferential inequality of the function (1/2)]| - 2.

Lemma 2. Let {s,} be a sequence of nonnegative real numbers
satisfying

Sp1 < (1—a,)s, +a,B, +y,, ¥Yn>0, (21)
where {a,},{B,}, and {y,} satisfy the following conditions:

(1) {‘xn} C [0) 1]> ZZZO (xn = 00;
(i) lim sup,, _, ., B, < 0;
(i) y, = 0 (Vn > 0), Y20 Y < ©0.

Then lim sup,,_, s, = 0.

Lemma 3. In a smooth Banach space X, there holds the
following inequality:

I+ v <IxP+2(n T (x+9), VxyeX. (22

Let LIM be a continuous linear functional on 1%
and (ay,a;,...) € I®. We write LIMa, instead of
LIM ((ay, a,...)). LIM is said to be Banach limit if LIM
satisfies [LIM|| = LIM1 = 1 and LIMa,,, = LIMa,, for all
(ag> ay-..) € 1°. 1t is well known that for Banach limit LIM
the following holds:

(i) foralln > 1, a, < ¢, implies that LIM a, < LIMc,;
(ii) LIM a,,, y = LIM a,, for any fixed positive integer N;

(iil) lim inf, _, o4, < LIMa, < lim sup,_, a, for all
(ag>ay,...) € 1.

It is easy to see that there holds the following conclusion.

Lemma 4 (see [19]). Let (ay, ay,...) € I°. IfLIM a, = 0, then
there exists a subsequence {a,, } of {a,} such thata, — 0 as
k — oo.

Recall that a Banach space X is said to satisfy Opial’s
condition, if whenever {x,} is a sequence in X which
converges weakly to x asn — 00, then

lim sup ||x, — x| < lim sup||x, - y|, VyeX,y#x.
n— 00 n—o00
(23)

Lemma 5 (Demiclosedness principle; see [20, Theorem 10.3]).
Let X be a reflexive Banach space satisfying Opial’s condition,
C a nonempty closed convex subset of X, and T : C — Ca
nonexpansive mapping. Then the mapping I — T is demiclosed
on C, where I is the identity mapping that is, if {x,} is a
sequence of C such that x, — x and (I — T)x,, — y, then
I-T)x=y.

The following lemma can be derived by the standard
argument and hence its proof will be omitted.

Lemma 6. Let C be a nonempty closed convex subset of a real
smooth Banach space X and let F : C — X be a mapping.

(i) If F C — X isa-strongly accretive and A-
strictly pseudocontractive with o + A > 1, then I -
F nonexpansive and F is Lipschitz continuous with
constant 1 + 1/A;

(ii)) If F : C — X is a-strongly accretive and A-strictly
pseudocontractive with « + A > 1, then for any fixed
7 € (0,1),I—7F is contractive with coefficient 1 — (1 -

V(1 = a)/A).

3. Relaxed Implicit Viscosity Scheme for
Hierarchical Fixed Point Problem for
a Nonexpansive Mapping

In this section, we introduce our relaxed implicit viscosity
scheme for solving hierarchical fixed point problem for a
nonexpansive mapping and show the strong convergence
theorem. First, we list several useful and helpful lemmas.

Lemma 7 (see [21]). Let X be a Banach space, C a nonempty
closed and convex subset of X, and T : C — C a continuous



and strong pseudocontraction. Then T has a unique fixed point
in C.

Lemma 8 (see [19]). Let {a,} be a sequence of nonnegative real
numbers satisfying the property a,,, < (1 —y,)a, +v,B,, Yn >
0, where {y,}  (0,1) and {,} C R such that (i) ZEZO Y, = 00
and (ii) lim sup,_, B, < 0. Then {a,} converges to zero as
n — oo.

Lemma 9 (see [22]). Let C be a nonempty closed convex subset
of a real Banach space X and T : C — C a continuous
pseudocontractive map. We denote B = (21 — T)™". Then the
following holds.

(i) The map B is a nonexpansive self-mapping on C.

x,—Bx,| =

n—>00||

(ii) If lim,,_, llx, — Tx,| = 0, then lim
0.

Lemma 10 (see [23]). Assume that A is a strongly positive
linear bounded operator on a smooth Banach space X with

coefficienty > 0and 0 < p < IA|I™Y. Then ||I - pPAll <1 - py.
We now state and prove our first result.

Theorem 11. Let C be a nonempty closed convex subset of a
uniformly smooth Banach space X such that C+C c C. Let T :
C — C be a nonexpansive mapping with Fix(T) #0 and F :
C — C a-strongly accretive and A-strictly pseudocontractive
witha+ A > 1. Let f: C — C be a fixed contractive mapping
with contractive coefficient 3 € (0,v,),y, = 1-+(1 — «)/A. Let
A : C — C be ay-strongly positive linear bounded operator
withyp < 1. Let {x,} be defined by

x, = (I-6,F)Tx, +0,[f (x,) -t (Af (x,) - Tx,)], (24)

where lim, _,, 0, = 0. Then, ast — 0, {x,} converges strongly
to some fixed point z of T, which is the unique solution in
Fix(T) to the VIP:
(F-f)zJ(z-p)) <0, VpeFix(T). (25
Proof. First, we claim that y, < «. Indeed, it is known
that strongly accretive constant « € (0,1) and strictly

pseudocontractive constant A € (0,1). Moreover, observe
that

Vl-al<le=1-ac< 1ma L <a (26)
A YO

Let us show that the net {x,} is defined well. As a matter
of fact, we define the mapping S, : C — C as follows:
Sx=(I-60,F)Tx+6,[f (x)-t(Af (x)-Tx)], VxeC.

(27)

Since lim, _, 06, 0, we may assume, without loss of
generality, that 6, € (0,1) for all t € (0,¢;), where ¢, =
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min{(y, — f)/2(1 = yf), A" Utilizing Lemmas 6 and 10,
we obtain that for each t € (0, ¢,)

(Sex =83, ] (x = »))
=((I-6,F)Tx—(I1-6,F)Ty,] (x-y))
+6, (I —tA) f (x) = (I —tA) f (y),] (x = y))
+0,t (Tx—Ty, ] (x-y))
<|(1-6,F)Tx (1 -6,F) Ty |x - y|
+0, (1= tA) f (x) = (T = tA) f (9)] | x - ]
+ 0t | Tx = Ty x - y|

<(1-0 (155 NIl

+0, (1= 17) |f ) = F O | = ol + 10 ]x = y|°
< (1=0,30) |x -y +6, (1 = £9) Blx - y|’

+ th”x - y“z
=[1-6,(y - -t (1-7B)] |x - »|*

I ) |
~(1-38.00-8) b1
(28)

It follows that for each t € (0,¢y), S, : C — Cisa
continuous and strongly pseudocontractive mapping with
pseudocontractive coefticient 1 — (1/2)0,(y, — ). Hence, by
Lemma 7 we know that there exists a unique fixed point in C,
denoted by x,, which uniquely solves the fixed point equation:

x, = (I-0,F)Tx, +0, [f (x;) —t (Af (x;) = Tx;)]. (29)

Let us show the uniqueness of the solution of VIP (25).
Suppose both z; € Fix(T) and z, € Fix(T) are solutions to
VIP (25). Then we have

(F-fz](z1-2,)) <0,
((F-f)zy] (2, - 7)) <.

(30)

Adding up the above two inequalities, we obtain

((F=f)z, = (F~f)z,] (2, - 2,)) <0. (31)
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Note that
(F=flzi=(F-f)z] (21 - 2,))
= (Fz, - Fz,,] (2, — z,))
~(f (@)= f(2),] (21 - 2)) (32)

> af|z; - 22”2 = Bllz1 - Zz”2

=(a-B)|zi - 2| 0.
Taking into account «— 3 > 0, we have z; = z,, and hence the
uniqueness is proved. We use Z to denote the unique solution
of VIP (25).
Next, we prove that {x, : t € (0,¢,)} is bounded. Indeed,
we note that 0 < 6, < 1,Vt € (0,¢,). Take a fixed p €

Fix(T) arbitrarily. Utilizing Lemma 10 we deduce that for all
t € (0,¢)

I - o’
= ((I-6,F)Tx, +6,[f (x,) - t (Af (x,) - Tx,)]
=pJ (%= p))

={((I-6,F)Tx,— (I -6,F)Tp,] (x, - p))
+6, ((I~tA) f (x,) ~ (I~ tA) f (p).] (x, — p))
+0,t (Tx, = p, ] (x; = p)) = 0: ((F = f) p, ] (x; = p))
+0,t (- Af) p. T (x: = p))

< |(1-6,F)Tx, - (1-6,F)Tp| |x, - p|
+6, (T = tA) f (x,) - (T = £A) f (p)]| % - 2l
+0,t | Tx, = p| | = pll + 6. [ (F = £) pll | - Pl

+0,£(1 - Af) pll | - Pl

<(1-a(1-y5%)) it - ol b -

+0, (1 - t?) ”f (xt) -f (P)” "xt - P"
+0,t | Tx, = p|lx, = p|| + 6, |(F = f) pll | - |

+0,t (1 - Af) pll |1x: - pll
< (1=6,y,) [, - P”2 +6, (1 -17) Bl|x, - P||2

+ Ot x, — P||2 +0,[|(F - f) pl |Ix: - 2l
+0,t[[(1 = Af) pll 1< - pl

5
=[1-6,(yo- B-t(1=7A)] |, - pII
+0,[(F = £) pll e = pll + 0, [(1 = Af) pll |x. — p
Yo — B —
< [1—9¢<Yo—ﬁ—m(1—)/ﬁ)>]
x|l = pl* + 6, I(F = £) pll |1x. - pl
+60,t[(1 - Af) pll % - 2l
= (136,00 =B)) I - 21 + 6,1 = 1) pl -
+6,t (1 - Af) pl |x - pll.
(33)
which immediately yields
bec=pll = 5 (I =) 2l + 00~ A7) pl)
< 2 (IF =l #1417 [0 - A1) pl).
(34)

Thus {x, : t € (0,¢,)} is bounded.

Assume that {t,} ¢ (0,¢)) andt, — Oasn — oo. Set
0, =6, and x, == x, , and define y : C — Rby pu(x) =
LIM||x,, — x|*,Vx € C, where LIM is a Banach limit on I*°.
Let

K= {x € C: u(x)=minLIM|x, - y||2} . (35)
yeC

We see easily that K is a nonempty closed convex subset of
X. Note that ||x, — Tx, | = 0,llf(x,) —t,(Af(x,) - Tx,) -
FTx,| — 0asn — 0o.In terms of Lemma 9, we know that
the mapping B = 2I - T)™' : C — C is nonexpansive and
Fix(T) = Fix(B) and lim,, _, . llx,, — Bx,,|l = 0, where I denotes
the identity operator. It follows that

4 (Bx) = LIM||x,, - Bx||> = LIM|[Bx,, - B’
(36)
< LIM||xn - x”2 =p(x),

which implies that B(K) ¢ K; that is, K is invariant under B.
Since a uniformly smooth Banach space has the fixed point
property for nonexpansive mapping, B has a fixed point, say
z € K. Since z is also a minimizer of y over C, we have that,
fort € (0,¢,) and x € C,

0< u(z+t(x—-Fz))—pu(z)

B t

x,—z+t(Fz -0’ = |x, - 2|
t

=LIM "

(37)
=LIM(((x,-2J (x, -z +t(Fz-x)))

+t(Fz-x,] (x, -z +t(Fz - x)))

~ = 2l) 7).



Since X is uniformly smooth, we conclude that the duality
mapping J is norm-to-norm uniformly continuous on any
bounded subset of X. Letting ¢t — 0, we find that the two
limits above can be interchanged and obtain

LIM (x - Fz,] (x,-z)) <0, VxeC. (38)

On the other hand, we have

=(I-6,F)Tx,-(I1-6,F)Tz
+ en [(I - tnA) f (xn) - (I - tnA) f (Z) +t, (Txn - Z)]

+60,(f-F)z+06,t,(I - Af)z.
(39)

It follows that
I, - 2|

={((I-6,F)Tx,—(I-6,F)Tz] (x, - z))

+0, [{(1=£,4) (f (x,) - f (2)) ] (x, - 2))
1, (Tx, ~ 2.] (x, ~ 2))]

+6, ((f - F)zJ (x, - 2))
+0,t, (1= Af) 2. (x, - 2))

< (1= 0,%) | Tx, = Tz ||x, - 2]
+0, [(1 =P | f (x) = £ @] %, — 2]

+1, [ Tx, = 2| |x, - 2]

+0,((f-F)zJ (x,-2))
+6,t, (1= Af) 2] ||, - 2|

< (1-6,30) |x, - 2|’
+0, [(1=1,9) Bllx, — 2l* + o], - 2]
+0,((f-F)zJ (x,-2))
+0,t, | (1 = Af) 2] | x, - 2|

=[1-6, (po - B—t, (1 =FB)] |, — 2
+0,((f-F)z] (x,-2))
+0,t, (1= Af) 2] ||x, - 2|

<[i-0.(n-p- 5255 0-50) b1
+0,((f-F)zJ (x,-2))
+6,t, (1= Af) 2] ||, - 2|
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= (1-36.00-B)) b~ 2I°

+60,((f - F) 2] (x,-2))

+ entn "(I - Af) Z" "xn - Z” :
(40)

Therefore,
I, - 2|
2
Yo~ B
< (((f = F)z.] (x, = 2)) +1t, (I - Af) 2| |, - 2])).
(41)

<

Combining (38) and (41), we get

2
LIM|x, - z|* < LIM((f -F)zJ (x,-2)) <0,
(42)
which leads to LIM||x,, —z|*> = 0. Hence there exists a

subsequence which is still denoted as {x,,} such that x, — z
asn — 00.
Next, we prove that z solves VIP (25). Since

Xy = (I - etF) Tx, + 6, [f (xt) -t (Af (xt) - Txt)] , (43)
we can deduce that
x,—Tx, =6, (f (x;) = FTx,) + 0,t (Tx, — Af (x,)). (44)

Since T is nonexpansive, I — T is accretive. So, from the
accretivity of I — T, it follows that, for any fixed p € Fix(T),

0 <{(I-T)x,~I-T)p.J(x, - p))
= (I -T)x] (x, - p))
=0, (f (x,) - FTx,. ] (x, - p))
+0,t (Tx, — Af (x,),] (%, - p)) (45)
=0,((f - F)x.] (x, - p))
+6, (Fx, - FTx,, ] (%, - p))

+0,t (Tx, = Af (x,),T (x, - p)).
This implies that
((F=f) ] (= p))

<(Fx, = FTx,, ] (x, = p))+t (Tx, — Af (x,).] (x, = p)) -
(46)
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Now replacing t with ¢, letting n — 00, and noticing the
boundedness of {Tx, — Af(x, )} and the fact that Fx, -
FIx, — Fz-FTz=0 for z € Fix(T), we have that

(F-f)zJ(z-p)) <0, VpeFix(T). (47)
That is, z € Fix(T) is a solution of VIP (25). Then z = Z. In
summary, we infer that each cluster point of {x,,} is equal to z
ast, — 0. This completes the proof. O

4. Relaxed Viscosity Algorithms
for Hierarchical Fixed Point
Problems for a Countable Family of
Nonexpansive Mappings

In this section, we propose relaxed implicit and explicit
viscosity algorithms for solving hierarchical fixed point prob-
lems for a countable family of nonexpansive mappings and
show strong convergence theorems. For this purpose, we will
use the following lemmas in the sequel.

Lemma 12 (see [24]). Let C be a nonempty closed convex
subset of a Banach space X. Let T}, T,,... be a sequence of
mappings of C into itself. Suppose that ¥ o>, sup{||T,,;x—T,x| :
x € C} < 00. Then, for each y € C,{T,y} converges strongly
to some point of C. Moreover, let T be a mapping of C into
itself defined by Ty = lim,_, T,y, for all y € C. Then
lim, , . sup{llTx - T,x| : x € C} = 0.

Lemma 13 (see [1, Lemma 2.6]). Let C be a nonempty closed
convex subset of a real Banach space X which has uniformly
Gateaux differentiable norm. Let T : C — C be a continuous
pseudocontractive mapping with Fix(T)# 0 and let f : C —
C be a fixed Lipschitzian strongly pseudocontractive mapping
with pseudocontractive coefficient 3 € (0, 1) and Lipschitzian
constant L > 0. Let A : C — C be a y-strongly positive linear
bounded operator with coefficient y > 0. Assume that C £ C C
C and that {x,} converges strongly to z € Fix(T) ast — 0,
where x, is defined by x, = tf(x,) + (I — tA)Tx,. Suppose that
{x,} ¢ Cis bounded and that lim,,_, |x, — Tx,|l = 0. Then
limsup, _, ((f = A)z,J(x,, — 2)) <0.

Theorem 14. Let C be a nonempty closed convex subset of a
uniformly smooth Banach space X such that C + C ¢ C. Let
{T;}X, be a countable family of nonexpansive mappings from C
to itself such that Q = (.2, Fix (T;)#0. Let F: C — C be a-
strongly accretive and A-strictly pseudocontractive with a+ A >
1, and let f : C — C be a fixed contractive mapping with
contractive coefficient § € (0,1). Let A : C — C be ay-
strongly positive linear bounded operator withy € (5,1 + f3).
For arbitrarily given x, € C, let the sequence {x,} be generated
iteratively by

Yo = 0 f (¥a) + Buxs
+ ((1 - ﬁn) I- (XnA) (I - enF) Tnyn’ (48)

xn+1 = O-nf (yn) + (I - OnA) Tnyn’ Vi’l 2 0’

where {a,},{B,},{€,}, and {0,} are four sequences in (0, 1)
satisfying the following conditions:

(i) hmnaoo(xn = limnﬁooﬁn =0

(i) lim,, _, o (e,/«,) = 0,lim sup, _, (0, /ax,) < 00, and

z:ﬁo(an/(‘xn + ﬁn)) = 0.

Assume that Y > sup,.pl T, x = T,x| < co for any bounded
subset D of C, let T be a mapping of C into itself defined by
Tx =lim,_, T ,x for all x € C, and suppose that Fix(T) =
Moy FIX(T}). Then, {x,} converges strongly to a point z of Q
such that z is a unique solution in Q to the VIP:

(f-A)z](p-2))<0, VpeQ. (49)
Proof. By condition (i), we may assume, without loss of

generality, that o, < (1 — f,)[| A", Since A is a y-strongly
positive linear bounded operator on C, from (11) we have

Al = sup {|[{Au, ] ()| : u € C, lul = 1}. (50)
Observe that

<((1 - ﬁn) I- (an) u,J (u)> =1- ﬁn -y <Aua](u)>
21-4,—a,lAl (51)
> 0.

It follows that
I(1-B)1-a,Af
=sup{{(1-B,)I-a,A)u,] () :ueC,|ul| =1}

=sup{l - B, —a,(Au, ] () :u € C,|ul = 1}

<I- ﬁn - (Xn?'
(52)

Next, we show that {y,} is well defined. For each n > 0,
define a mapping S,, : C — Cby

Snx = “nf (x) + ﬁnxn + ((1 - ﬁn) I- “nA) (I - enF) Tnx’

Vx € C.
(53)

For every x, y € C, we have

(Sux =Sy, ] (x = y))
=a, (f ()= f ()] (x-y))
+ (1= B) I -, A)
x((I -, F)T,x = (I-€,F)T,y),] (x - y))



<a,Blx =yl +(1-B,-7)

x (I - €,F) T, x = (I - €,F) T,y| | x - ¥
<a,flx -y’

+ (1= By =, 7) (1= euy0) [Tx = Toy| | - |
< Bl = yI* + (1= B, - a9) x5’

=[1-By -, G-B)|x-
(54)

where y, = 1 — /(1 —«)/A. Therefore, S, is a continuous
strong pseudocontraction for each n > 0. By Lemma 7, we
see that there exists a unique fixed point y, for eachn > 0
such that

Yn = (an (yn) + ﬁnxn + ((I - ﬁn) I- (XnA) (I - enF) Tnyn'
(55)

That is, the sequence {y,} is well defined. Next, we prove that
{x,} is bounded. Take a fixed p € Q arbitrarily. Taking into
accountlim,, _, . (e,/a,) = 0, we may assume that there exists

a constant 7 € (0, 1) such that ¢, < 7, for all n > 0. Then we
have

Ly = oI
= o, (f (vu) = Ap: T (3 = P))
+ B (x0 = 2] (9 = P))
+{(((1=B)I -, 4) (I - €,F) Ty, ~ (I - €,F) p),
J(ya=p))
—&, (1= B) T~ 0, A) Fp, ] (y, = p))
<o, (f (7)) = £ (p)>T (ya = P))
+a, (f (p) = Ap. ] (¥ = P))
+ Bullxn = 2l 1y - 2l
+(1- B~ o) (I - €,F) Ty, - (I - &,F) p|
x|y = pll + €0 (1= By =~ a,7) | Fpll |3 - Pl
< a,Bly, - pl + o (f (p) = AT (7= P))
+ Bullxn = 2l 1y - 2l
+ (1= By = a7) (1= ey0) [Ty = £l 1 - £

+€n(1 _/jn_anV) "Fp” “yn_p"
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< &, Bly, = pI” + (1 = By = a9) |y - I

+o, (f(p) = Ap. T (¥~ P))

+ Bullxn = 2y = pll + e |l 13 - £l
= (1=B. =%, 7= B) Iy £l

+ Bullxn = 2l 1y = 2l

+a, £ (p) = Apll [y - pll + e [ Fol Iy -
<(1-B,= %, F-P) Iya - pl’

+ By % = pll 1y - £l

+ (o, +€,) (1 (p) = Apl + |1Fp]) [~ P
<(1-B.=%,F=P) Iyu—pl’

+ Bullxn = 2l 1y = 2l

+a, (L+7) (| f (p) — Apll + [Epl) [y - 2l

(56)
which implies that
By
— S " —_
b=l 5o b=l
Xy (? B ﬁ) (57)

"Bra(-p)

@+ (I (p) - Ap| + |Fpl)
y-B '

Therefore, we have

%1 = 2l

=|onf (72 + (I = 0,4) T3, - p|

= llow (f () = £ () + (I - 0,A) T,
-(I-0,A)T,p+0,(f(p) - Ap)|

<o, [lf (7)) = £ (p)]

+ (I = 0,A) (T3 = Tup)| + 0, | f (p) - Ap|
<0, |y, - ol + (0= 0.9) |y, - Pl + 0, | f (p) - Ap|
=(1-0,7~B) lya—pl +0.1f (p) - Apl
<(1-0,(y-p))

g e LR b ey

@+ ) (f (p) - Ap] + |Ep])
Y-8
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+0, ||f(p) _Ap”
<(1-0,(y-p))

o e, - pf, L7 (7)Aol + £l
{1, Do |

+0, ”f(p) _AP”
=(1-0,(y-p))

s max |, - pf, LU (P) = Ap] + [l
{1, o= |
I () - Apl

V=B

< max [, - g, CEPL0 ()= 40l + [l
- {un ol Do ,

o, (¥~ B)

Lf (p) - Ap] }
Y-8

< max {"xn -7l a+o (s (g)—_fjAp” + |Fpl) } '

By induction, we get

< =l

< max {"xo —p" , d+7) ("f(p) —Ap" + ”FP") } ,

y-B

Vn > 0.

Therefore, {x,} is bounded and so are the sequences
{y,}, {T,,,.}. We observe that

13 = Toyall= lotu (f () = AT3) + By (x4 = T3)
—€,((1-B,) I -a,A)FT,y,|

< 0 | £ () = AT, 2l + B % = Tl
+6, (1= B,) I - a,A) FT,,|

< 0, | f () = AT, 2l + B % = Tl

+ €, (1= By~ a,7) [FT, 0|

< 0, | £ () = AT, 2l + B % = Tl

+ €, ||FTnyn||,

which go together with condition (i) and €, < 7a,,Vn > 0,

implying that
nll,n‘olo "yn - Tnyn" =0.
On the other hand, we have

1 =Tyl < lym -

Utilizing Lemma 12, we immediately derive

lim |y, = Ty,| =

n— 00

Tnyn" + "Tnyn - Tyn“ :

(61)

(62)

(63)

Let x, = tf(x,) + (I — tA)Tx,. Utilizing [1, Lemma 2.5] and
Lemma 13, we conclude that {x,} converges strongly to z €

Fix(T) = (i, Fix(T;) = Q and

lim sup {(f - A)z.] (3, ~2)) < 0.

(64)

Finally, we show that x, — zasn — ©0. We observe that

17— =l

=y <f (yn) - Az, ] (yn - Z)> + Bn <xn -z] (yn - Z)>

+ <((l - ﬁn) I- ‘an) (Tnyn - Z) v (yn - Z)>
- €, ((1-B,) I - «,A)FT,y,,] (y, - 2))

= (1 - :Bn - “n?) “yn - Z"2 + :8n ”xn - Z" "yn - Z“

+ o, (f () = £ @), ] (= 2))

+ a, (f (2) - Az, (y, - 2))

+ & (1= B) I -, A) FT,p,[ |, - 2|
<(1-B,= ) Iyu—2l’

+ Bl =2 13 = 2l + @uBly - 2l

+ o, (f (2) = Az, ] (3, - 2))

+ € (1 - ﬁn - ‘xn?) "FTnyn" "yn - Z”
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2 B 2
S(l_ﬁ _“ ”yn_Z" "xn_Z" +7"yn_zn

+ a,Blyn - 2|+, (f (&) - Az ] (3, - 2))

T € "FTnyn" "yn - Z"
~(1-B e, -2l + £

- 2l

+ o, <f (Z) - AZJ(}’n - Z)> t€, ”FTnyn“ “yn - Z” >

(65)
which implies that
Iy -2l
< L X, — 2
_ﬁn+2(xn(7_ﬁ)” " Z"
20,
+B—:3;—67——3<f(@ Az, ] (y, —2))
2¢,
+ m NETpll 13 - =
_ (1_ Z(Xn(?—ﬁ) )”x —Z||2+ 20‘71 (?_ﬁ)
ﬁn+2(xn(?_ﬁ) ! ﬁn+2(xn(?_ﬁ)
y ((f(Z)—AzJ(yn—Z» L6
?_ /3 (4
Itnl by o)
y-B

(66)

Furthermore, utilizing Lemma 3 from the last relation we
have

i

= o, (f () - f (@) +
- (I - UnA) TnZ +0, (f (Z) -F (Z))||2
< o (f (5a) - £ (2))

+(I-0,A)T,y, - (I-0,A)T,z2|’

(I - GnA) Tnyn

+ 20’n <f (Z) - Az, ] (xn+1 - Z)>
< [Gnﬁ "yn - Z" + (1 - O-n?) "Tnyn - Tnzll]z

+ 20, (2) = Ael 5,01 - ]

Abstract and Applied Analysis
< [0,B]7 — 2l + (1 = 0,7) |3~ 2T
+20, | (@) - Az |0 - 2]

=(1-0,(y-p))

+20,|f (@) - Az] 1 ~ 2]

=2l

<y =2l +20, | f 2) - Az |1 2]

__20G-B) N\ L
S<1 />’n+2an(?—ﬁ)>"" “

+ Z(XH (’7_:8)
(ﬁn + 20, (? - /3))

(Y0t o2

y-P
+€_n . "FTnyn" "yn ~ Z" )
Xy ?_ﬁ

+20,|[f (2) - Az] 1 - 2]

(. 20, (- B) x — 2P+ 2a, (- B)
'(1 /3n+2an(v—/s)>"" “

ﬁn + Z(Xn ()_/_ ﬁ)

« { <f (Z) - AZ,]()/" B Z)> + e_n . "FTnyn" "yn - Z"
?_ﬁ &, ?_ﬂ
+:Bn+2an(?_ﬁ) U_
y-B «
JCEVE S
(67)
‘We note that
2a,, (Y ﬁ) zan(?_ﬁ) _ (= Xn
Bovoa, B e 0 Pop ©

Therefore, condition (ii) leads to Y e (2ex, (Y= )/ (B, +2¢t, (Y-
B))) = co. In addition, sinceer, — 0,5, — 0,(¢,/«,) — O,
andlim sup, _, (0,/a,) < 0o, we get the following from (64)

i Sup{(f (@) -42.] (3, =2)) . & [FTuyal 32—
n— 00 ?_ﬁ ‘xn y_ﬁ
ﬁn+2an(?_ﬁ).a_
Ty a

V@ - F@ s } <0
(69)

Applying Lemma 2, we have x, — zasn — o0. This
completes the proof. O
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Remark 15 Puta, = 0, = l/nand B, = ¢, = 1/n’.
Then {a,}, {,}, {€,,}, and { L} satisfy conditions (i) and (ii)
of Theorem 14. But we note that o, /3, =n — oo.

Remark 16. In the iterative scheme of Theorem 14, the first
iterative step y, = «,f(y,) + B.x, + (1 = )] — o, A)I -
€,F)T,y, is a predictor step and the second iterative step
Xy = 0,f(v,) + I - 0,A)T,y, is a corrector step. Hence
our iteration process is the predictor-corrector method.

Remark 17. Theorem 14 extends and improves Theorem 3.1 of
[10] to a great extent in the following aspects:

(i) u is replaced by a fixed contractive mapping;

(ii) one continuous pseudocontractive mapping (includ-
ing nonexpansive mapping) is replaced by a countable
family of nonexpansive mappings;

(iii) condition«, /B, — 0isweakenedtotheonew, — 0
and 3, — Oasn — o0;

(iv) we add a strongly positive linear bounded operator A
and a strongly accretive and strictly pseudocontrac-
tive mapping F in our iterative algorithm.

Theorem 18. Let C be a nonempty closed convex subset of
a uniformly smooth Banach space X which has the weakly
sequentially continuous duality mapping J. Assume that C +
C c C. Let {T;}{5, be a countable family of nonexpansive
mappings from C to itself such that Q = (7, Fix(T;) #0.
Let F : C — C be a-strongly accretive and A-strictly
pseudocontractive with « + A > 1, and let f : C — C be
a fixed contractive mapping with contractive coefficient 3 €
0,90 =1 - V(A -a)/A. Let A : C — C be ay-strongly
positive linear bounded operator with y[3 < 1. For arbitrarily
given x, € C, let the sequence {x,} be generated iteratively by

Xn+1

= (I - ﬁnF) Tnxn + ﬁn [f (xn) &, (Af (xn) - Tnxn)] >

Vn=>0,
(70)

where {«,} and {f,} are two sequences in (0, 1) satisfying the
following conditions:

(i) lim,, _, &, =1lim, _, B, =0and Y2, B, = 00;
(ii) Zfﬁl |/3n - ﬁn—ll <ooor hmn—»ooﬁn—l/ﬁn =1L

Assume that Y > sup, T, x — T, x| < co for any bounded
subset D of C, let T be a mapping of C into itself defined by
Tx = lim,_, T,x for all x € C, and suppose that Fix(T) =
(oo Fix(T;). Then, {x,} converges strongly to a point z of Q
such that z is a unique solution in Q to the VIP:

(F-f)zJ(z-p)) <0,

Proof. First, since A is a y-strongly positive linear bounded
operator on C, from (11) we have

1Al = sup {I{Au, J (u))]

Vp e Q. (71)

cueClul=1. (72

1

Let us show that {x,} is bounded. Indeed, since
lim a, = 0, without loss of generality, we may assume

that 0 < &, < min{(y, — f)/2(1 - yp), A"}, Vi > 0. Take
Vn > 0, and

p € Q. Then it follows that p = T, p,
Xyp1 —P = (I ﬂnF) Tnxn - (I - ﬂnF) Tnp
+ :Bn [(I - ‘an) f (xn) - (I - “nA) f (P)
Ty, (Tnxn - P)]

+ﬁn(f_F)p+:Bn“n(I_Af)p'

(73)
Hence we deduce the following 0 < o, < min{(y, — £)/2(1 —
7). A"} that
%1 = 2l
= (1 - B.F) Tpx, = (I = B,F) T, p
+ B [(I -, A) £ (x,) = (I -, A) f (p)
+at, (T,x, = p)]
+ B, (f = F) p+ Buet, (I - Af) p|
< ||(I = B.F) Tpx, = (1= B F) T,p|
+ B[l = e Al f (x) = £ ()] + e [ T = p]

+ Bul(f = F) pl + B,
< (1= Byo) |, - Pl

%, (T - Af) p|

+ By [(1 =, 7) B %, = pll + e, %, = ]
+ Bull(f = F) pll + Bucs (T = Af)

=[1-B,(vo = B-a, (1=7B))] |, - pl
+ Bull(f = F) pll + et (T = Af)

IN

-0 52 E 0250 [ 1ol
+ B lCF = F) ol + B, T A1)
<(1-38:00-B) %, - ol

+ B (ICf = F) pll + (1 - AF) pl))
= (1-38.00-8)) b - 2

L oo o 2UG = F) ol + (- Af) pl)
zﬁn(YO ﬁ) ))()_ﬂ

2(|(f - F) p| + (1 - Af)P||)}
Yo— B .

< max {"xn - p” ,
(74)
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By induction

< = £l

200 -nollt-A) A}

Smax{"xo—p", -

This implies that {x,} is bounded and so are {T,x,}, {f(x,)}
and {FT,x,,}.
Now we claim that

dm [ =, = 0. (76)
Indeed, first of all, (70) can be rewritten as follows:
Yo = (1= ) £ (%,) + 0T,
X1 = (I = BoF) T,%, + By

Observe that

(77)
Vn > 0.

”yn - ynflu
= “(I - anA) f (xn) + anTnxn

~(T= 0,1 A) f (1) = @y T X |
= Nty (T, = Tpr )
+ (0 = ) (T X1 = AS (%1))
+(I-a,4) f (x,) = (T - &,4) f (x,-)

< 06, | T, = Ty,
18— [Ty s ~ AF G
1= e, Al Nf (60 = f Cem)

< oy (| T = Tokpa |+ [ Tans = Toa )
+ Jot, = | [Ty = A (3,4)]]
+ (1= a,y) By = %,

< &ty ([P = %o | + [ Tones = TocrXca])
+ |ty = 0| [T 0 = AS (3,01)]
+ (1= 0,) Bllx, = x|

= (B—a, (PB 1)) [x, — x|
+ Joty = 0y [ [ Tm120 = AS (3,1

T, ||Tnxn—l - Tn—lxn—lu >
(78)

Abstract and Applied Analysis

and hence

1 = ]

= (I = B.E) T,x, + By
~(I= Byt F) Ty Xt = Bt Yt |

<[By (5= Yus) + (Ba = Buet) (ot = FT1%,4)
+(I = BuF) Tx, = (I = B,F) T,y %, |

< Ballyn = Yucrl +1Ba = Buca [ 171 = FTuy x|

+ (1= Buvo) [ Tux
< Bullyn = Yuoall +1Bs = Bucal 17a-1 = FTucr|

+ (1 - ﬁnYO) ("Tn'xn - Tnxn—1|| + “Tn'xn—l - Tn—l'xn—lu)

- Tn—lxn—l “

< Bullyn = Yuoall +1Bs = Buca | 1741 = FTucy|
+ (1= Bavo) (12 = -t | + [ TXnr = T ea])
< B [(B =0, (7B = 1)) ||y = Xt | + et — 0t
X | T 20 = Af (0]
+ 0, [T, 1 = Ty, ]
1B = Bucal 191 = L1 |
+ (1= Bavo) (%0 = Xpea | + [ Ts = Truaa]))
< B [(B =0y (P8 = 1)) [l = || + vy — 0y | M
w1 = Tua Xt [] + 1By = B | M
(1= ) (%= 5yal 1T = Toa )
=[1-B, (v~ B— e, (1=YB)] [lx = 1|
+ M (B, |ty = | + |B = Bat])
+ (Baoty + (1= Bayo)) [Ty = T X

[1—ﬁn(yo—/3—2(yf—j?/;)(1—7ﬁ))]
X ||x = X || + M (B, ety = oty | + By = Bucr])

+2||T,x

+a, ”Tnx

IN

n-1" Tn—lxn—l ”

= [1- 38,00 B)] I, ~ .0
+M (ﬁn |‘Xn - “n—ll + |Bn - ﬁn—l')

+2 "Tnxn—l - Tn—lxn—ln >
(79)
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where sup, o {IT,x, — Af(x)l + lly, - FT,x,I} < M for
some M > 0 (it is easy to see that {y,} is bounded due to the
boundedness of {x,}). Utilizing Lemma 2, we conclude that
llx,.1 — x,l = Oasn — oo from conditions (i)-(ii) and the
property imposed on {T, }.

Next let us show that

Jim %, = Tx,|| = o. (80)
Indeed, from (76), (77), and 3, — 0, it follows that
"xn - Tnxn” < ||xn - xn+1|| + "xn+1 - Tn'xn“

= Hxn - xn+1|| + B, ||yn - FTnxn" — 0 asn— oo.

(81)
That is,
Jim ||x, - T,x, [ = (82)
Also, it is clear that
0 = x| < [, = T + | T, = Tox| . (83)

By Lemma 12, we conclude from (82) and (83) that (80) holds.
Letx, = (I-0,F)Tx,+0,[ f (x,) —t(Af(x,) — Tx,)]. According
to Theorem 11, we know that {x,} converges strongly to z €
Fix(T) = (5, Fix(T;) = Q, which is the unique solution in Q
to the VIP:

((F-f)z,J(z-p)) <0, VpeQ. (84)

Further, let us show that
lim sup ((f - F)z,J (x,-2)) <0. (85)
Indeed, take a subsequence {x,, } of {x,} such that

liirlsolip (f-F)z](x,—2))
(86)
i (P57 (5 -2).

i— 00

Without loss of generality, we may assume that x, — X.
Utilizing Lemma 5 we obtain from (80) that X ¢ le(T)
Hence from (84) and (86) we get

limsup ((f - F)z,] (x, ~2)) = ((f - F) 2] (¥~ 2)) < 0.
(87)

As required, let us show that x, — zasn — oo.

As a matter of fact, we observe that

e

= ”(I - ﬁnF) Tnxn - (I - ﬁnF) Tnz

IN

<

<

IN

IN

+ ﬁn [(I - anA) f (‘xn) - (I - (XnA) f (2)

13

o, (Tnxn - Z)] + ﬁn (f - F) Z+ﬁn(xn (I - Af) Z"2
< F)T,x,-(I-B,F)T,z

+ﬂn [(I - “nA) (f (xn) - f (Z)) T o, (Tnxn -
2))

+ 2B, ((f = F) 2 (%41 =

+ zﬁnan <(I - Af) z,] (xnﬂ -

+:Bn (”I - ‘an" "f (xn) -
+ Zﬁn <(f - F) Z’](xnﬂ -
+ 2B, (T = Af) 2] %1

{(1 - ﬁnVO) “Tnxn - TnZ"

+ﬁn [(1 - ‘xn?) ﬁ ”xn - Z" T, "Tnxn - Z“]}2
-2))
7|

+ zﬁn <(f - F) z,] (xn+1

+ 2ﬁnocn "(I - Af) Z" "xn+1 -

{(1 = Bavo) Ixn = 2l

+/3n [(1 - (xn?) ﬁ ”xn - Z" T oy, ”xn - Z"]}2
2))
7|

+2B,((f = F) 2 (%01 —

+2Buet, (1 = Af) 2] i1 -
[1 - /311 (YO - ﬁ & (1 - )7/5))]2“’% - Z"2
z))

-7

+ 2B, ((f = F) 2] (41 —

+ 2B, (1= Af) 2] |11

[1- B, (o - B, (1=7B)] |x, - 2|
2))
z|

+ Zﬁn <(f _F) Z’](xnﬂ -

+ 2P0, (1 = Af) 2| 1 -

-B
-t (o8- s
+2ﬁn <(f_F)Z’](xn+1 -

+ zﬁn‘xn "(I - Af) Z" "xn+1 -

f@|+a,|Tx,

2))

-7

z))
["(I - ﬂnF) Tnxn - (I - ﬁnF)T

|

I

~2|)f

(1-56) I - <F

z))
7|
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= [1= 38, 00-B)] I -2l
+26,((F = F) 2] (01— 2))
+ 26,0, (1~ Af) 2l |11~ ]

= (1 - A“n) "xn - ZHZ + WV

(88)

where y,, = (1/2)f,(y, — f) and

Vn

4 P o (-

2)) + o, (I = Af) 2] %01 — 2])
Yo— B '
(89)

It can be easily seen from (85) and conditions (i) and (ii) that

(o)
5 b= o
n=0

lim supv, < 0. (90)
n— 00

In terms of Lemma 8, we infer that x, — zasn — oco. [

Finally, we provide an example to illustrate Theorem 18.

Example 19. Let X = R? with inner product {:,-) and norm
| - || which are defined by

Va2 + b?, (91)

(x,y) =ac+bd, x|l =

for all x,y € R? with x = (a,b) and y = (cd). Let

= {(a,a) : a € R}. Clearly, C is a nonempty closed
convex subset of a uniformly smooth Banach space X = R*
such that C + C ¢ C. Let {T,}>’, be a countable family
of nonexpansive mappings from C to itself such that Q =
N2, Fix(T,) # 0, for instance, putting T,, = (1-1/2"")T with
T = {3232} Then |T| = 1and |T,|| = 1-1/2"",vn > 0.
It is clear that T, and T are nonexpansive mappings with
Q= ﬂ;’io Fix(T,) = {0} # 0, and {T,} satisfies the assumption
in Theorem18. Let F : C — C be «-strongly accretive
and A-strictly pseudocontractive with « + A > 1, and f :
C — C be a fixed contractive mapping with contractive
coeflicient B € (0,¥,),y, = 1 — V(1 —«a)/A, for instance,
putting S = {fﬁ ;’i }, F = (1/2)S,and f = {Zﬁg gﬁg }’ we
know that |F|l = (1/2)ISI = 1/2,|Ifll = 1/5 and that F is a
(1/2)-strongly accretive and (8/9)-strictly pseudocontractive
mapping and f is a (1/5)-contraction with (1/5) € (0, y,)
and y, = 1/4.Let A : C — C be a y-strongly positive
linear bounded operator with y < 1; for instance, putting
A = (7/6)S, we know that A is a (7/6)-strongly positive linear
bounded operator with 8 = (7/6) x (1/5) < 1. In this case,
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from iterative scheme (70) in Theorem 18, we obtain that for
any given x, € C,

x =(I- Tyx,)]

oF) Toxo + Bo [ f (x0) = g (Af (o) -
(-8 )

o8 [b-a(Z Lo (1- )
[ 38) (- ) 2
(G () wee

It can be readily seen that

X1 = [(1‘%/3")(1_2"_1“>+éﬁ" (93)

7 1
—anﬁn<%—<l—ﬁ)>]xn, Vn > 0.

We claim that x,, converges to the unique point 0 in Q if &, =
(6/23)B, and ¥, B, = co. Indeed, observe that

bl =[(1-38) (1- )
(55~ (1= 5)) | Il

<[(1-38) 3R - b (55 1) bl

(92)

1
+g/3n -

23
I- Eﬁn %“nﬁn) ||xn||

23 6

= BB I

1= 26, + 26, x|

(
=(1-2p.+

<(1-5

(

158 ol

(94)

= (1- 558 I <T] (1

Thus, we conclude from Y2 B, = oo that x,, converges to the

unique point 0 in Q. It is clear that z = 0 is a unique solution

in Q for the following variational inequality problem (VIP):
(f-F)zJ(p-

z)) <0, VpeQ. (95)
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