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Abstract. We show a partial version of the Courant nodal domain theorem fopthaplacian:
any eigenfunction associated to the second eigenvalue has exactly two nodal domains. A
similar result is also proved for the Eil spectrumi 2000 Académie des sciences/Editions
scientifiques et médicales Elsevier SAS

Une propriété nodale pour le-Laplacien

Résumé. Nous obtenons une extension partielle iliaplacien du théoreme de Courant sur les
domaines nodaux : toute fonction propre associée a la seconde valeur propre admet
exactement deux domaines nodaux. Un résultat analogue est aussi démontré pour le spectre
de Fuik. 0 2000 Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

Soit 11 < pe < 3 < -+ — +oo la suite de toutes les valeurs propres-da sur Hj (), ou Q est un
domaine borné dB”. Le théoréme de Courant [7] affirme que:sést fonction propre associée:a, alors
u admet au plug domaines nodaux.

Ce théoreme a été partiellement étendp-duaplacien par Anane—Tsouli [4]. Soif < Aa < A3 < -+ —
+oo la suite des valeurs propres d&\,, surWé’p(Q) obtenue par la méthode de Ljusternik—Schnirelman
(cf.[10,3],...). Dans le cas linéaire = 2, cette suite\; < Ay < A3 < --- fournit toutes les valeurs propres
et coincide avec la suite précédepte< uo < us < --- (cf. [5]). Le résultat de [4] est le suivant. Soit
A une valeur propre de-A, et supposons que pour un certain\ < \;. Alors le nombre de domaines
nodaux d’'une fonction propre associég ast< k. (Il est aussi démontré dans [4], comme application de
cette propriété nodale, gu’il n’y a pas de valeur propre dans\,[, c’est-a-dire que\s est vraiment la
deuxiéme valeur propre deA,, surWé’p(Q).)

Note présentée par Haim REzIS.
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Notre travail concerne cette seconde valeur progréans le cas linéairg= 2, le théoréme de Courant
implique que le nombre de domaines nodaux d’une fonction propre assosiéeshexactemert. Dans
le cas non linéaire, le résultat précédent de [4] implique que le nombre de domaines nodaux d’une fonct
propre associée &, est & 2 et) <2+ m — 1, ol m est la multiplicité de Ljusternik—Schnirelman de
A2 (Cest-a-dired; < Ao = A3 = -- = Xoym_1 < A21m). Nous démontrons que dans le cas non linéaire
également, le nombre de domaines nodaux d’une fonction propre assogi@steexactemerit.

Plus généralement, nous considérons le spectre dik Bij, du p-Laplacien, qui est défini comme
I'ensemble degca, 3) € R? tels que (2.1) ci-dessous admet une solution non trivial&ne premiere
courbe dang, a été construite dans [6] en utilisant le théoréme du col de la montagne sur une varié
Nous montrons ici que si est une solution non triviale de (2.1) associée a un geint) de cette premiére
courbe, alorg, admet exactement deux domaines nodaux.

La démonstration usuelle du théoréme de Courant utilise la propriété de continuation ahi§ué 8]).

La validité éventuelle de cette derniére propriété poyr-leaplacien est une question largement ouverte
(cf.[1,14,15]). Notre démonstration n’utilise pas de propriété de continuation unique. Elle est basée
la caractérisation variationnelle de la premiere courbe du spectretiledtwitilise de fagon essentielle le
principe du maximum de Hopf pour jeLaplacien ¢f. [16]).

1. Introduction

Let us start by considering the sequepge< 12 < 3 < - - — +oo of all eigenvalues of-A onH (),

2 being a bounded domain iR", where each; is repeated according to its multiplicity. A well-known
theorem of Courant [7] states thatifc H}((2) is an eigenfunction associated;tg, thenu admits at most
k nodal domains.

This theorem was partially extended to fhieaplacian by Anane—Tsouli[4]. Let us denoteby< Ay <
A3 < - — +oo the sequence of eigenvalues-ef, on W,” () obtained by the Ljusternik—Schnirelman
method €f.[10,3],...). In the linear cas@ = 2, this sequence; < Ay < A3 < --- yields all eigenvalues
and coincides with the previous sequenge< ps < us < --- (cf. [5]). The result of [4] is the following.

Let A be an eigenvalue of A, on Wé’p(ﬂ) and suppose that, for sonte A < \x. Then the number of
nodal domains of an eigenfunction associated is < k. (It is also proved in [4], as an application of this
nodal property, that there is no eigenvaluéin, \z[, i.e., that); is really the second eigenvalue efA,
onW,?(Q).)

We are interested in this paper in this second eigenvajuln the linear casg = 2, the Couranttheorem
implies that the number of nodal domains of an eigenfunction associatad i® exactly2. While in
the nonlinear case, the above result of [4] implies that the number of nodal domains of an eigenfuncti
associated to is (> 2 and)< 2 + m — 1, wherem is the Ljusternik—Schnirelman multiplicity of, (i.e.,
M<Ad=Ag=---= )\2+m71 < )\2+m)-

It is our purpose in this paper to prove that in the nonlinear case too, the number of nodal domains
an eigenfunction associated Xg is exactly2. In fact we prove a more general result, which concerns the
first curve of the Faik spectrum of-A,, on W ”(Q2). We show that any nontrivial solution of the &l
equation ¢f. (2.1) below) associated to a poifat, 5) in that first curve admits exactly two nodal domains.
In the linear case = 2, this latter property was obtained in [8].

Our result is stated in detail in Section 2 and proved in Section 3. Some special care must be taker
the proof. Indeed, the usual argument which leads to the Courant theorem uses the unique continua
property €f. [7,13]). This property is also used in [8]. On the other hand the unique continuation propert
is still largely an open question in the case of thkeaplacian éee[1,14,15]). Our proof does not use any
unigque continuation property. It is based on a recent mountain-pass characterization of théifirstiFue
(cf.[6]). Another crucial ingredient is the Hopf maximum principle for fieaplacian €f. [16]). We also
use some ideas from [17].
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2. Statement

The F&ik spectrum of the-Laplacian onW,?(Q) is defined as the sét,, of those(«, 3) € R? such
that
{ —Ayu=aut)P~t - B )P~ inQ,
u=0 onos,

has a nontrivial solutiom. Here1 < p < oo, Ayu = div(|Vu[P~2Vu), u* := max(+u,0), andQ is a
bounded domain ilR"Y. The usual spectrum efA, on Wé’p(ﬂ) corresponds tec = 3 in (2.1).

The first eigenvalue\; is of special importance. It is defined as the minimum [gfiVu|? on the
manifold S := {u € WyP() : Jo lulP = 1}. Here are some of its properties which will be of interest
for us (f.[3,12]): \; is > 0, simple, and admits an eigenfunctipn € W”(Q2) N C1(Q), with ¢y () > 0
in Qand [, ¢! = 1; moreover, any eigenfunction associated to an eigenvalue differentXfoohanges
sign. This latter property immediately extends to any nontrivial solution of (2.1) fuitly) ¢ (A x R) U
(R x A1). One also deduces directly from the definitiom\afthaty:, is contained in{(«, 3) € R?; o and
B> A1}. Of course the lineg; x R andR x A; are included ir%,.

Afirst curve inX,, was constructed in [6] in the following manner. Fi% 0 and consider the functional

sy= [ 1= [ ()

onW,?(Q) as well as its restrictiod, to the manifoldS. Denote by(s) the mountain-pass value:

(2.1)

= inf To(u), 2.2
c(s) inf max J (u) (2.2)

whereT represents the set of all continuous pathi& S going fromy; to —¢;. (Here and below, the
topology onS is that induced by (£2).) Itis proved in [6] that: (i)(s) > A1, (ii) (s + c(s), c(s)) € 2y,
(ii) (s+c(s),c(s)) is the first (nontrivial) point ok, on the parallel to the diagonal passing throqgil).
Letting s vary in R™ and taking into consideration the symmetric points with respect to the diagonal, we
get in this way a first curve iix,, which we denote bg. Various properties of are investigated in [6]:
regularity, monotonicity, asymptotic behaviour.

We recall that a nodal domain for a functiane C(2) is a maximal open connected subset of the set
{x e Q: u(x)#0}. Note here that any solutiome W,”(Q2) of (2.1) belongs td.>*(Q) N C}(Q). This
follows by combining thd.> estimates of [3] with the local regularity results of [9].

THEOREM 2.1. —Letu be a nontrivial solution of2.1)with («, 3) € C. Thenu admits exactly two nodal
domains.

COROLLARY 2.2.-An eigenfunction associated 3@ admits exactly two nodal domains.

3. Proof of Theorem 2.1

Let u be a nontrivial solution of (2.1) witlicr, 3) € C. Replacingu by —u if necessary, we can assume
a > (. So, writings = o — 3, we have(w, 8) = (s + ¢(s), ¢(s)) with ¢(s) defined in (2.2).

As observed at the beginning of Sectioni2Znust change sign and consequently admits at least a positive
nodal domairf2; and a negative nodal domdily. Let us assume by contradiction the existence of a third
nodal domairf); with, say,u > 0 in Q3 (the argument would be similarif < 0 in §23).

CLAIM 3.1.-There exists), C 2, open connected witfl, 2 (25, such that) is disjoint of 2, or
of Q3.
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Let us admit this claim for a moment and show how to derive a contradiction. The argument here is par
adapted from the proofs of Theorem 3.1 and Lemma 5.3 of [6] and we will only sketch it. We will assum
below that the claim is verified with, disjoint of 2, (the argument would be similar in the other case).

The first part of the argument consists in showing the existence of a fum:&icwé’p(ﬂ) which changes

sign and satisfies
/Q|vv+‘p//g(v+)p<a and /Q|Vv*|p//ﬂ(v*)p<ﬁ. (3.1)

To do so we first observe that (Q1) = e and A1 (2) < A1 (2) = 3, where); (O) denotes the first
eigenvalue of-A, on Wé’p((’)). This follows from the fact that we deal with nodal domains and from the
monotonicity dependence af (O) with respect ta0. We then decrease a little sit, and increase a little
bit 2, S0 as to get two new open sets{inQ, and{2;, with empty intersection and such that(€2,) < 3
and A, (€21) < a. This construction involves the continuous dependenck; 60) with respect toO as
well as the monotonicity dependence again. The desired function(3.1) is then obtained by putting
v =11 — vy, Wherev; (resp.) is the extension by zero outsi€l (resp.,) of the positive eigenfunction

associated td (€21 (resp.\1 (Q22)).
In the second part of the argument, we use this funatilmconstruct a path € I" such that

max Js(u) < 3. (3.2)
uey
Sinceg = ¢(s), this yields a contradiction with (2.2).
To construct this path, we start frony||v||, and go tov™/||v*|, by convex combination o#, i.e.,
through the path

tv+ (1 —t)ot
[to+ (1= t)otl,’

te10,1].

We then go on by convex combination 6nfrom vt /||v* ||, to v~ /|Jv~||,. Using (3.1), one verifies that
the levels ofJ, along these two paths remain/3; moreover, the level at~/||v~||,, is < # — s. One then
uses Lemma 3.6 from [6] which says that any component of a set of the{forrs : J(u) < r} contains
a critical point of J,. This allows us to go on from~ /|[v~ ||, to ¢1 or —p1 (which are the only critical
points of.J, at levels< (8 — s) by staying at levels< 3 — s. Let us callv this last path and assume that it is,
say,¢1 which is reached in this way (the argument would be similar in the other case). One then conside
the path—» which goes from-¢ to —v~ /|jv~||,. Finally by convex combination ofi, one returns from
—v~ /|[v~ ||, to the starting point/||v||,. It is easily seen that the path ¢hfrom ¢; to —¢; constructed
in this way satisfies (3.2).

It remains to give the:

Proof of claim3.1 —We distinguish two cases: @22 N2 notincluded i, NE2, (i) 022N C 921N
Q. In case (i), taker € 9Q2 N Q with = ¢ 0. Thus, for some > 0, B(z,e) C Q andB(z,e) Ny = .
The set, = O, U B(z,¢) is then disjoint of¢2; and yields the conclusion of the claim. Let us now deal
with case (ii). The function, on Q5 is C!, < 0 and satisfies there-A,u < 0 in the weak sense. Let
z € 002 N with z satisfying the interior ball condition with respect®. (It is easily verified that for any
open set), the set of such points RO is dense iMO.) Sinceu is C! in a neighbourhood of, one deduces
from the Hopf maximum principle in [16] thalu/dn(z) > 0, wheren is the exterior normal direction to
the interior ball atz. So at least one partial derivative ofat z is nonzero. Assume for instance that it
is Ju/0x . Let us now consider th€* mapping® : Q@ — RY : (z1,...,2x) — (y1,...,yn) defined by
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yi=wx; —z; fori=1,....N — 1, yy =u(x1,...,2zy). By the inverse mapping theorem, there is an open
neighbourhood’ of ~ which is diffeomorphic througi® to V := {y € RV : |y| < £} for some= > 0. Since
u(®!(y)) = yn, we have thatt = 00on®~(V°),u>00n®~!(V+) andu <0 on®~*(V ™), whereV°
(resp.VH, V=) :i={yeV:yn =0 (resp.>0, < 0)}. MoreoverU = d~1(VO)ud-L(VH)ud-1 (V).
Now z € 9Q; N Q (because we are in case (iiJ), (V) is open connected arfd; is a positive nodal
domain. This implie$2; > ®~1(V+). Similarly, 2, D> ®~1(V ~). Consequently; ¢ 923. The conclusion

of the claim can then be derived by arguing as in case (i) to getfagséisjoint of Q3.

Remark3.2. — The claim above can not be deduced from purely topological arguments. Indeed the
exist disjoint bounded open connected $efs2, and(23 in R? with 9Q; = 9Qy = 923 (cf. [11]).

Remark3.3. — The proof above is based on the mountain-pass formula (2.2). The usual Ljusternil
Schnirelman characterization af however suffices if one is only interested in deriving Corollary 2.2.
Indeed, the intersection witH of the vector space generated oy andv~ (wherew is as in (3.1) with
a = [ = \p) yields a set of genus on which Jy is < \s.

Remark3.4. — The present approach can be adapted to deal with a linear second order operatol
divergence form with Holder continuous coefficients. Unique continuation may fail in this situation. The
nodal domain property derived in this way for such operators is however already kotj2]).
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