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The thermal conductivity of a liquid is generally measured under
conditions that suppress bulk flow in the sample. However, in situ
measurement of the thermal conductivity of a flowing liquid would
be useful in various scientific and engineering applications. This
work demonstrates that a thermal wave technique, such as the
three omega method, can effectively measure the thermal conduc-
tivity of flowing liquid if the frequency range is adjusted such that
the thermal boundary layer is sufficiently thinner than the momen-
tum boundary layer. A new dimensionless number was defined to
assess the convection effects, and a criterion for thermal conduc-
tivity measurements was obtained for water flowing in a circular
tube. [DOI: 10.1115/1.4006384]
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1 Introduction

A material’s thermal conductivity is one of its important prop-
erties and is a measure of the ability to transport thermal energy
by diffusion. Because thermal conductivity is defined by Fourier’s
law of heat conduction, the thermal conductivity of a liquid is
generally measured in the absence of bulk flow. However, many
important applications would find utility in an in situ measure-
ment of the thermal conductivity of a flowing liquid sample.
In various thermal sensors, such as hot wire anemometers [1,2],
thermal accelerometers [3,4], pressure and vacuum gauges [5,6],
liquid level sensors [7,8], and oil composition sensors [9], decou-
pling the thermal conductivity information from the convection
effects may increase the sensor sensitivity or enable the extraction
of additional information from the sensor signal. For example,
during thermal sensing of a refrigerant-lubricant mixture’s con-
centration in a refrigeration cycle, the thermal conductivity of the
flowing liquid sample must be accurately measured while the liq-
uid is flowing [9]. In addition to engineering applications, meas-
uring the thermal conductivity of moving fluids would assist
studies of the properties of unstable or chemically reactive
liquids.

The 3x method is an ac (alternating current) thermal technique
used for measuring the thermal conductivity of a sample using
propagation of thermal waves into the sample. It has been widely
used to measure the thermal properties of thin films, bulk solids,
or liquids [10–15]. Because the 3x method involves shallow pene-
tration of a thermal wave, it requires only a small volume of the
sample [14,15]. Furthermore, flow effects can be reduced by
decreasing the thermal penetration depth, i.e., by increasing the
frequency range. In fact, we demonstrated measurement of the
thermal conductivity of various liquids flowing in a microchannel,

although the flow effect was relatively weak and the method
required complicated numerical computation schemes for the
inverse heat transfer problem [15]. In previous work on thermal
liquid level sensing, we found that the ac thermal response was
not significantly affected by the flow induced by magnetic stirring
if the frequency was chosen appropriately [8].

Recently, Wang and Peterson [16] conducted a scaling analysis
of the two-dimensional thermal wave propagation problem on a
flat plate assuming a linear velocity profile (u¼ cy). They identi-
fied a new dimensionless parameter useful for describing the con-
vection term, c/x, which is the ratio between the flow velocity
gradient and the operating frequency. Numerical simulation
results showed that the temperature signal could be used to mea-
sure flow properties near a surface, for example, the wall shear
stress.

For the thermal wave problem with a laminar flow in a circular
tube, a dimensionless number U0/Rx can be considered by assum-
ing a linear velocity profile as in Wang and Peterson’s work [16].
The number can be interpreted as a modified Wang and Peterson
number obtained by substituting c¼U0/R into the Wang and
Peterson number c/x. Accordingly, use of the dimensionless num-
ber for an internal-flow thermal-wave problem can be justified
only when the velocity profile within the thermal penetration
region is linear. The laminar flow in a circular pipe of radius R
has a parabolic velocity profile [u ¼ 2U0 1� r2

�
R2

� �
] and the

thermal-wave penetration �
ffiffiffiffiffiffiffiffiffiffiffi
a=2x

p
can be adjusted not to exceed

0.1R in our problem. In this narrow heat-affected zone
(0.9R< r<R), the velocity profile can be approximated by a lin-
ear profile whose slope is taken at r¼R, i.e., �du=drjr¼R
¼ 4U0=R. The maximum deviation that can be caused by using
the linear profile is less than 5.3%. It is thus reasonable to use the
dimensionless number U0/Rx, neglecting the factor 4, as a param-
eter to assess the convection effect on measuring the thermal con-
ductivity of the flowing liquid. Consequently, this work examined
the effects of liquid flow on the 3x method using numerical calcu-
lations and experiments, and the results were analyzed based on
the dimensionless number U0/Rx, showing that the dimensionless
number can serve as an effective criterion to assess the flow
effect.

2 Numerical Calculations

Solutions to transient heat transfer problems with periodic
boundary conditions can be obtained by variation of parameters or
by superposition [17,18]. A complete solution to the problems can
be divided into a periodic, sustained solution and a transient solu-
tion. As the transient response decays as time increases, only the
sustained part can be considered after a critical time, as in this
work. In this case, the complex combination method can be
employed to obtain the sustained solution. To apply the complex
combination method, the governing equation and boundary condi-
tion must be linear and homogenous except for the nonhomogene-
ous periodic boundary condition [17,18].

In the present work, a line heater was placed on the bottom of
the tube and heated periodically to generate thermal waves that
propagated into a liquid flowing in a circular tube (Fig. 1). In the
absence of internal heat generation or viscous dissipation, the
energy equation under constant thermal properties can be
expressed by

ar2T ¼ @T

@t
þ~v � rT (1)

Equation (1) is homogenous, but the convection term, the sec-
ond term on the right hand side, is nonlinear. However, if we
assume a simple laminar velocity profile in which the velocity
components are functions of position only as

u ¼ 2U0 1� r2

R2

� �
¼ 2U0 1� x2 þ y2

R2

� �
(2)
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the velocity field becomes decoupled from Eq. (1). Accordingly,
Eq. (1) becomes linear and homogeneous.

Application of an alternating current (ac) of frequency x to a
heater generates Joule heating at a frequency of 2x. The heat flux
boundary condition has both a constant heating part and a periodic
heating part. The constant heat flux causes only a steady tempera-
ture increase (a dc offset) in the temperature field once the peri-
odic condition is reached. The sinusoidal heat flux generates the
temperature oscillation which is employed in the 3x method.
Because the 3x method uses the frequency dependence of temper-
ature oscillations, the dc offset by the constant heat stimulus is not
needed to find the thermal properties of a sample. Changes in ther-
mal properties by the steady temperature increase could affect the
temperature oscillations, but the effect was negligible under the
low-power heating condition of the 3x method. Thus, the effect
of the constant heat source is ignored in the theory on the 3x
method [10–13]. Also, it is noted that the complex combination
method can be used when the periodic boundary condition is sinu-
soidal, proportional to a sine or cosine function [17,18]. For sim-
plicity, therefore, the boundary condition is assumed as

�~n � ð�krTÞjheater surface ¼ q0 cosð2xtÞ (3)

Consequently, the complex combination method can be applied
with the above-mentioned assumptions. A complex exponential
solution is assumed for the temperature as

T ¼ ~T expði2xtÞ (4)

Substituting Eq. (4) into Eq. (1) gives

ar2 ~T ¼ i2x ~T þ~v � r ~T (5)

Adding the periodic condition which is out of phase by p/2 with
the original one to Eq. (3) gives

�~n � ð�kr ~TÞ
��
heater surface

¼ q0 (6)

The solution to the new differential equation (Eq. (5)) and
boundary condition (Eq. (6)) is the temperature response to the pe-
riodical heating in the sustained part of the complete solution.

Three-dimensional numerical calculations based on the finite
element method were conducted to reveal the effects of convec-
tion on the temperature of the heater. Computational domains
were divided into polycarbonate, liquid, and glass domains
(Fig. 2). Three different-sized liquid domains whose diameters
D¼ 2.2, 5, and 10 mm were used. The sizes of the other domains
(A, B) were selected to be large enough to surround the liquid do-
main. The partial differential equation (Eq. (5)) was used as the
governing equation. Liquid flow in the liquid domain was
assumed to be decoupled with the governing equation and to have
a parabolic velocity profile for the fully developed laminar regime
as Eq. (2) because most of our experimental results were obtained
in the laminar regime and the turbulent regime is not our major
concern. Reynolds number, ReD, based on U0 was chosen not to
exceed 2100, and heating frequencies of 1, 10, and 100 Hz were
used. The thermal mass of the thin-film heater in the 3x method
was neglected. Instead, a heat flux boundary condition with a
size of 1 mm� 20 lm was set at the position of the heater. Equa-
tion (6) was applied as the heat flux boundary condition (q0¼ 100
kW/m2) and the temperatures at all boundaries except the heat
flux boundary were set to zero. To figure out the influence of vari-
ation of thermal properties, water and ethanol were chosen as
flowing liquids in the liquid domain. Thermal analysis for water

Fig. 1 Schematic diagram illustrating the thermal wave problem in a circular tube

Fig. 2 Computational domains for numerical simulation
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and ethanol would cover most of the thermal property range of
typical liquids (Table 1). It was assumed that the thermal proper-
ties were constant and no thermal resistances at the interfaces
existed. The temperature response to periodical heating decays so
rapidly that the heat transport phenomenon occurs near the heat
flux boundary, only. Thus, a nonuniform tetrahedral mesh was
structured with elements closely packed near the heat flux bound-
ary. Solving Eqs. (5) and (6) by the numerical calculation gave
the complex temperature field containing the real and imaginary
parts (the amplitude and phase information) of the temperature os-
cillation produced by periodical heating. To obtain the tempera-
ture of the heater, the average temperature oscillation of the heat
flux boundary was calculated.

3 Experiment

When the thermal conductivity of the liquid sample is measured
using the 3x method [8,9,12–15], flow of the liquid should be
suppressed because a pure conduction problem is assumed. The
flow effect on the 3x method has been considered in the previous
works [8,14,15]. The natural convection effect was neglected by
setting the Rayleigh number to be smaller than the onset of natural
convection (Ra¼ 106–109) [14]. The weak forced internal flow of
various liquids in a microchannel did not affect the sensor signal
significantly [15]. In an application of the 3x method as a liquid
level sensor [8], it was qualitatively shown that the forced external
flow effect of magnetic stirring could be reduced by increasing the
heating frequency, which reduced the thermal penetration depth.
However, it was difficult to analyze and quantify the rotating flow

field produced by the magnetic stirring. In the present work, to
assess the flow effect quantitatively and measure the thermal con-
ductivity of the flowing liquid, the sensor based on the 3x method
was applied to the inner wall of circular tubes in which water
flowed.

The 3x method needs a thin-film heater patterned on a substrate
(Fig. 3). A 200 nm thick Au film and a 20 nm thick Cr film were
deposited on a glass substrate and patterned by the lift-off process.
The width and length of the heater were 20 lm and 1 mm, respec-
tively. The single metallic strip acts as both a heater and a sensor
by the following procedure. A sinusoidal current of angular fre-
quency x is supplied to the line heater, causing a temperature
fluctuation at 2x, which is related to the thermal properties of the
substrate and the fluid contacting the heater, and to the heater ge-
ometry. The oscillating temperature perturbs the heater resistance
at 2x, and consequently induces an oscillating voltage signal at
3x [8–15].

Average temperature fluctuation T̂ of the heater for various con-
figurations of the heater and its surroundings in the 3x method
has been analytically obtained from a pure conduction problem
using the Fourier transform method [10,14]. If the thermal pene-
tration depth �

ffiffiffiffiffiffiffiffiffiffiffi
a=2x

p
is much larger than the half-width of the

heater (10 lm), the solution can be expressed in a simple asymp-
totic form. Using the simple form, the thermal conductivity of the
liquid sample is obtained from the slope of the curve relating ln x
to T̂real [10,14]

ks þ kl ¼ �
P

2lp
d ln x

dT̂real

(7)

The typical experimental setup for the 3x method was
employed to obtain the 3x voltage signal (Fig. 3). The data acqui-
sition setup consisted of a potentiometer, two differential ampli-
fiers, and a lock-in amplifier. The ac current of angular frequency
x was supplied from an internal source of the lock-in amplifier to
the heater. The amplitude P of the heater power was 3.25 MW.
The 3x component of the signal was approximately 10�3 times
the x component, so the x component was eliminated by adjust-
ing the gain of a differential amplifier to achieve a good signal-to-
noise ratio. The 3x signal was measured by the third-harmonic
detection mode of the lock-in amplifier. The real and imaginary
parts (amplitude and phase information) of the 3x voltage signal

Table 1 Thermal properties used for the numerical
calculations

Thermal conductivitya

(W�m–1�K–1)
Volumetric heat capacitya

(J�m–3�K–1)

Water 0.607 4.17 � 106

Ethanol 0.169 1.93 � 106

Polycarbonate (tube) 0.201 1.40 � 106

Glass 1.10 2.6 � 106

aData from Ref. [19].

Fig. 3 Experimental setup
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were collected repeatedly while varying the modulation frequency
from 1.5 to 3263 Hz (19 data points). The voltage signal was con-
verted to the corresponding temperature oscillation signal as

T̂ ¼ 2V̂

ckI
(8)

The fabricated line heaters were calibrated by measuring the re-
sistance change at temperature 25–35 �C in a water bath to obtain
c for Eq. (8). Depending on the sensor, c varied slightly from
0.00256 to 0.00269 K–1.

Among the acquired temperature signals over 1.5–3263 Hz, the
upper bound of the frequency range for the slope method (Eq. (7))
was set to 12.7 Hz, as the thermal penetration depth into water
is about 30lm at that frequency. The lowest frequency limit was
1.5 Hz, selected to avoid severe flow effects. The signals acquired
over f¼ 1.5–12.7 Hz were used to measure the thermal
conductivity.

An experimental setup for internal flow in three circular tubes
was developed to analyze the effects of flow on thermal conductiv-
ity measurements using the 3x method (Fig. 3). The circular tubes
were made of polycarbonate and had three combinations of the
length, L, and inner diameter, D, as listed in Table 2. The lengths of
the tubes were selected such that the flow was fully developed at
the position of the sensor. The length, L, was chosen to be larger
than the entrance lengths, Le, for laminar and turbulent flows [20]

Le

D
¼ 0:06ReD for laminar flow ReD < 2100ð Þ (9)

Le

D
¼ 4:4ðReDÞ1=6

for turbulent flow ReD > 4000ð Þ (10)

A slit was cut in the circular tubes within which the line heater
was installed so that it was exposed to the internal flow. A peri-
staltic pump was used to force water flow from a reservoir into the
tube. It delivered flow rates from 0.9 to 565 ml/min during meas-
urements. The motor speed of the peristaltic pump, controlled by
a rotary encoded switch, was adjusted from 1 to 600 rpm. Mass
flow rate was measured using an electronic scale and a timer. The
increased mass for 10 s of flow was measured five times per mea-
surement with a maximum random error 2% about the mean. The
mass flow rate was converted to a volumetric flow rate with the
density of water (997 kg/m3 at 25 �C). The mean velocity, U0, was
calculated by dividing the flow rate by cross-sectional area of
tubes. The mean velocities, U0, were found to fall in the ranges
4.11 mm/s–2.47 m/s (11 data points) for D¼ 2.2 mm, 1.94 mm/
s–1.16 m/s (12 data points) for D¼ 3.2 mm, and 1.13 mm/s–0.68
m/s (12 data points) for D¼ 4.2 mm. The maximum Reynolds
numbers were 4852 at D¼ 2.2 mm, 3314 at D¼ 3.2 mm, and
2550 at D¼ 4.2 mm. The temperature signals were measured
under the above-described flow conditions and the thermal con-
ductivity of the flowing water was obtained using Eq. (7). All the
measurements were conducted after waiting more than an hour for
the water temperature to stabilize at 25 �C in a water bath.

The uncertainty of the experiment was analyzed using the
method suggested by Beckwith et al. [21]. Precision uncertainty
can be revealed with repeat-sampled data using statistical
methods. The sensor was tested using several reference liquids
(deionized water, ethanol, and ethylene glycol) in the absence of
flow. Each sample was measured ten times. The experimental data
were assumed to have the Gaussian distribution and precision

errors of T̂ and k were obtained as 0.2% and 0.5%, respectively, at
a 95% confidence interval. During measurements for flowing
water, the precision errors of T̂ and k slightly increased to 0.6%
and 0.9%, respectively. Known bias uncertainties were based on
calibration accuracy of each equipment or experience [21]. Thus,
the bias error was not affected by the flow condition. The bias
uncertainties of each measured parameter are shown in Table 3,
along with the equipment used to measure each parameter. Based
on Eqs. (7) and (8), the temperature signal and thermal conductiv-
ity were expressed as functional forms

T̂ ¼ f ðk; V̂; I; cÞ (11)

k ¼ f ðk2; I2; c; V̂; ln x; lÞ (12)

As T̂ and k are multiplicative functions of the parameters, the
fractional bias uncertainties can be combined in an rms sense with
weighting factors as

WT̂ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Wk

2 þWV̂
2 þWI

2 þWc
2

q
(13)

Wk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2WkÞ2 þ ð2WIÞ2 þWc

2 þWV̂
2 þWln x

2 þWl
2

q
(14)

WT̂ and Wk were estimated to be 1.0% and 1.2%. A total uncertainty
was estimated by taking the root-mean-square value of the bias and
the precision uncertainties. When the liquid samples were still, the
total uncertainty of T̂ and k was 1.0% and 1.3%, respectively. In the
presence of the water flow, the increased precision error slightly
increased the total uncertainty, compared with that for the still
liquids. Consequently, during measurements for flowing water, the
total uncertainty of T̂ and k was 1.2% and 1.5%, respectively.

The 3x method was a powerful ac thermal technique to detect a
weak thermal signal because the sensor signals at a specific heat-
ing frequency were selectively acquired by the lock-in amplifier.
The short thermal penetration depth of periodical heating had the
advantage of avoiding the flow effect. Additionally, the simple
structure consisting of a single line heater on a substrate was
proper for installation in the circular tube.

4 Results and Discussion

Figure 4 showed typical numerical results describing the effects
of flow on the real part of the temperature oscillation. In the fig-
ure, cross-sectional views of the three-dimensional temperature
distribution were observed at f¼ 1 Hz as the velocity of water
changed. Because the thermal penetration depth in water was sub-
stantially smaller than the tube diameter, about 150 lm at 1 Hz,
the thermal wave was confined to the vicinity of the wall. Once
U0/Rx was increased from 0 (Fig. 4(a)) to 80 (Fig. 4(b)), the tem-
perature distribution was found to be disturbed by the flow. The
complex temperature fluctuation ~T at the heater surface (the heat
flux boundary) was averaged to acquire T̂. The real part of the
average temperature, T̂real, of the heater decreased from 1.396 to
1.275 K (9.1% decrease) due to convection effects.

Table 2 Dimensions of the circular tubes

Model D (mm) L (mm)

#1 2.2 300
#2 3.2 440
#3 4.2 550

Table 3 Experimental bias uncertainties

Parameter Bias uncertainty, W Measuring equipment

k 60.05% Agilent/34401A digital multimeter
I 60.2% Stanford research systems/SR810

DSP lock-in amplifier
c 61.0% Agilent/34401A digital multimeter,

K-type thermocouple
V̂ 60.2% Stanford research systems/SR810

DSP lock-in amplifier
ln x 60.003% Stanford research systems/SR810

DSP lock-in amplifier
l 60.5% Olympus/BH2-UMA microscope
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Computational results (210 data combinations of U0, R, and x
for water and ethanol) and experimental results (665 data combi-
nations of U0, R, and x for water) were plotted to reveal a correla-
tion between the dimensionless number U0/Rx and the sensor
signal (real and imaginary parts of the temperature oscillations)
(Fig. 5). The real and imaginary parts of the average temperature
of the heater (T̂real and T̂imag) were normalized by the correspond-
ing values (T̂real0 and T̂imag0) obtained without the flow effect
(U0¼ 0) at the same D and x. The ranges of T̂real0 and T̂imag0 were
0.14–2.14 K and 0.14–0.50 K, respectively, depending on the
heating frequency. In the laminar flow regime, the experimental
results for water agreed reasonably well with the numerical
results. For example, the effects of flow on the real part of the
temperature signal were smaller than 1.5% for U0/Rx< 5 in both
the experimental results and the numerical results. In the case of
the imaginary part, the flow effects were smaller than 1.5% for
U0/Rx< 1 in the experimental results and U0/Rx< 2 in the nu-
merical results. Most experimental data approached unity, i.e., the
theoretical prediction, as U0/Rx decreased. However, in the case
of D¼ 3.2 mm, T̂real

�
T̂real0 showed a relatively large bias from

1 even at low U0/Rx. We believe that the uncertainty in the mea-
surement of the normalization factor T̂real0 in the high-frequency
region (>1 kHz) caused the bias. This is due to the weak thermal
response. The real part of the signal, which was used for meas-
uring k, was less sensitive to the flow than the imaginary part. The

imaginary part started to be affected by the convection effect at a
lower U0/Rx than the real part. Also, the imaginary part was atte-
nuated by the convection much more strongly, decaying to almost
zero.

Regardless of the flow regime, the flow effect started to appear
at the similar value of U0/Rx (Fig. 5). Also, the sensor signals in
the transitional or turbulent flow regime decreased more than
those in the laminar flow regime, after U0/Rx exceeded the criti-
cal value. The numerical results for ethanol showed a quite similar
trend with those of water, but the temperature change by the flow
effect was less severe. It is believed to be due to the small thermal
conductivity and heat capacity of ethanol compared to those of
water. Also, the experimental data showed that changing U0, x, or
R at a fixed U0/Rx value did not affect the results significantly as
long as the flow regime did not change. Although the proposed
dimensionless number could not explain the magnitude difference
of the temperature change by variation of the flow regime and
thermal property of the liquid, U0/Rx was found to be a good cri-
terion to indicate the emergence of the flow effect.

The experimental results showed that at U0/Rx� 5, the real
part of the signal began to deviate from the static value and then
decrease dramatically due to convection. Because the real part of
the signals acquired over the frequency range of 1.5–12.7 Hz was
used for measuring k and the flow effect at 1.5 Hz was strongest,
the less severe criterion U0/Rx< 5 at 1.5 Hz may be used to avoid
flow effects. Using the real part of the temperature signal, the ther-
mal conductivity of water flowing in the circular tubes was meas-
ured by increasing the mean velocity. The measured thermal
conductivity was displayed with respect to the value of U0/Rx at
1.5 Hz (Fig. 6). The apparent thermal conductivities were normal-
ized by the static value (k0¼ 0.607 W/m�K at 25 �C). When U0/
Rx< 5, the measured thermal conductivities agreed well with the

Fig. 4 Numerical results of the real part of the temperature
oscillation: D¼2.2 mm, heating frequency¼1 Hz, and mean
velocity U0 of water¼ (a) 0 and (b) 0.55 m/s

Fig. 5 Correlation between the dimensionless number
describing the convection effects and the sensor signals
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reference value measured without flow effects. The deviations
were within 62.3%. The thermal conductivity could be measured
without a severe flow effect in the laminar regime. Although the
flow effect was negligible even in the transitional or turbulent re-
gime when U0/Rx< 5 (Fig. 5), over the fixed frequency range
(1.5–12.7 Hz ) for the slope method (Eq. (7)), the condition
U0/Rx< 5 was not satisfied. Thus, the measured thermal conduc-
tivity in the transitional or turbulent regime severely deviated
from the static value (Fig. 6).

Although the present work demonstrated successful measure-
ment of the thermal conductivity of flowing water, the technique
can be applied to other liquids if the flow condition and the heat-
ing frequency are properly adjusted. More specifically, the flow
should be laminar and satisfy the conditions that U0/Rx is small
enough to neglect the flow effect and the velocity profile within
the thermal penetration region is approximately linear. It is noted
that the critical value of U0/Rx to neglect the flow effect would
be similar to what was found in this work (�5) for other liquids
because U0/Rx is a universal parameter that determines the
relative importance of the flow effect. Also, making the thermal
penetration shallow by increasing x to make the velocity profile
approximately linear in the thermal boundary layer would not be
difficult for many liquids whose transport properties are not sub-
stantially different from those of water.

5 Conclusions

The thermal conductivity of water flowing in a circular tube
was successfully measured using the 3x method, demonstrating
the potential of the technique to measure the thermal conductivity
of flowing liquid samples. When U0/Rx< 5, it was demonstrated
experimentally that k of the flowing water could be measured
using the real part of the thermal signal. The uncertainty of meas-
uring k under the water flow condition was 1.5%. Deviations in k
of flowing water with respect to the value of still water did not
exceed 6 2.3%.
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Nomenclature
c ¼ velocity gradient, s–1

f ¼ heating frequency, Hz
i ¼ imaginary unit
k ¼ thermal conductivity, W�m–1�K–1

k0 ¼ thermal conductivity (no flow conditions), W�m–1�K–1

l ¼ length of the heater, m
~n ¼ normal vector

q0 ¼ amplitude of the heat flux oscillation, W�m–2

r ¼ radial coordinate, m
t ¼ time, s
u ¼ z-component of the velocity, m�s–1

~v ¼ velocity vector, m�s–1

x ¼ x coordinate, m
y ¼ y coordinate, m
z ¼ axial coordinate, m
A ¼ width of polycarbonate domain, m
B ¼ height of polycarbonate domain, m
D ¼ diameter of the circular tube, m
I ¼ amplitude of input current oscillation, A
L ¼ length of the circular tube, m
P ¼ heating power, W
R ¼ radius of the circular tube, m

Ra ¼ Rayleigh number
ReD ¼ Reynolds number

T ¼ temperature, K
~T ¼ complex temperature oscillation, K
T̂ ¼ average temperature oscillation at the heater

U0 ¼ mean velocity of the flowing liquid, m�s–1

V̂ ¼ output 3x voltage signal, V
W ¼ fractional bias uncertainty, %

Greek Letters
a ¼ thermal diffusivity, m2/s
c ¼ temperature coefficient of resistance, K–1

k ¼ resistance of the heater, X
x ¼ angular heating frequency (¼ 2pf), Hz

Subscripts
e ¼ entrance length

imag ¼ imaginary part
imag0 ¼ imaginary part (no flow condition)

l ¼ liquid
real ¼ real part

real0 ¼ real part (no flow condition)
s ¼ substrate
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