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Rectangular Piezoelectric Plates

An exact three-dimensional solution for the problem of a simply supported rectangular
homogeneous piezoelectric plate is obtained, in the framework of the linear theory
of piezoelectricity. The plate is made of a transversely isotropic material, is earthed
on the lateral boundary, and is subjected to prescribed surface charge and tractions
on the end faces. The limit of this solution as the plate thickness aspect ratio ap-

proaches zero is explicitly carried out. The analytical results obtained may constitute
a reference case when developing or applying two-dimensional plate theories for the
analysis of more complex piezoelectric problems. A numerical investigation in the
case of a square uniformly loaded plate is also performed, in order to evaluate the
influence of the thickness-to-side ratio on the three-dimensional solution of the plate

problem.

1 Introduction

At the beginning of the present century, piezoelectricity was
applied to sonars, to frequency control, to acoustic interferome-
try (Mason, 1981). Presently, applications of piezoelectric ma-
terials are mainly oriented towards detecting deformations and
motions of structures, as well as in active structural control. As
a matter of fact, by bonding or embedding a piezoelectric ele-
ment in a structure, it is possible both to measure strains and
displacements, and to give localized strains through which the
deformation of the structure can be controlled. In this way a
so-called ‘‘smart’’ structure is obtained. An effective sensing
and control of a smart structure can be achieved only through
a careful modelization of the coupled electroelastic behavior of
the structure. The literature on this topic is wide: extensive
references on structural piezoelectric sensing and control can
be found in a book by Tzou (1993).

There is a special interest in the structural problem of piezo-
electric plates, since it arises in modeling flat piezoelectric sen-
sors and actuators. In the analysis of this problem approximate
theories are often adopted: indeed, simplifying a priori hypothe-
ses are.assumed, concerning the direction of the electric field,
and the representation form of the displacement field. As a

consequence, the interest for exact solutions (i.e., solutions ob- -

tained from the full three-dimensional theory) arises, for the
purpose of verifying the accuracy of the results provided by
approximate theories or computations.

In this paper the framework of the linear theory of piezoelec-
tricity is adopted, and an exact three-dimensional solution for
the problem of a simply supported rectangular homogeneous
piezoelectric plate is obtained. The plate is made of a trans-
versely isotropic material, is earthed on the lateral boundary,
and is subjected to prescribed surface charge and tractions on
the end faces. The given loads are represented in double-series
trigonometric form. The expressions of all the mechanical and
electric involved functions are explicitly found.
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The solving technique adopted here is based on the separation
of the independent variables. It was applied to study plates
regarded as three-dimensional bodies by some researchers. In
particular, Vlasov (1957) and Levinson -(1984) studied the
problem of isotropic homogeneous elastic plates; Pan (1991)
considered the problem of transversely isotropic homogeneous
elastic plates; Lee (1967), Srinivas and Rao (1970), Pagano
(1970), and Noor and Scott Burton (1990) studied the problem
of orthotropic or anisotropic composite elastic plates. An appli-
cation of the same technique to the problem of piezoelectric
plates is due to Ray et al. (1992), which considered only the
simplest case of cylindrical bending. In this paper the more
general case of bidirectional bending is studied.

The paper is organized as follows. Section 2 is devoted to
notation. The linear piezoelectric constitutive equations and the
basic equations of the linear theory of piezoelectricty are re-
called in Sections 3 and 4, respectively. The plate problem is
introduced in Section 5 and a separate-variables three-dimen-
sional solution is obtained in Section 6. This solution is then
expanded into a power series of the thickness of the plate, and
the lowest-order term of the expansion is explicitly carried out
(Section 7). As a consequence, the limit of the three-dimen-
sional solution of the plate problem as the plate thickness aspect
ratio approaches zero is obtained, in a closed form. This analyti-
cal result is intended to serve as a reference case when devel-
oping or applying approximate theories for the analysis of more
complex piezoelectric problems. Moreover, it may be useful in
the development of a consistent theory of thin piezoelectric
plates, since it supplies the orders of infinity of the mechanical
and electric quantities as the plate thickness aspect ratio ap-
proaches zero. At authors’ knowledge, an explicit calculation,
for any load condition, of the limit of all the mechanical and
electric quantities as the plate thickness aspect ratio approaches
zero is carried out here for the first time. Levinson (1984) and
Pan (1991) considered only the limit of the deflection of an
elastic plate for one particular load condition.

Finally, a numerical investigation in the case of a square,
uniformly loaded plate is performed in Section 8, in order to
evaluvate the influence of the thickness-to-side ratio on the three-
dimensional solution of the plate problem.

2 Notation

Let & be the three-dimensional Euclidean space, and let T be
the vector space associated to &. Let {¢,, ¢z, ¢;} be an orthonor-
mal basis of T and let ¢; (i = 1 ... 3) denote the components
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of a vector a- € T with respect to this basis. Let O € § be a
fixed origin and let (x,, Xz, x3) denote the coordinates of the
typical point of & in the cartesian frame (O, ¢y, ¢;, ¢3).

Let Lin be the vector space of the second-order tensors on
U, Sym C Lin the subspace of the symmetric tensors, and Orth
C Lin the group of the isometries of 7. The identity of T is
denoted by I; the symmetric part of A € Lin is denoted by sym
A. Lin is endowed with the usual inner product defined by the
trace operator. The symbol ‘*-*’ denotes the scalar product
both between vectors and between tensors. The symbol ‘&’
. denotes the tensor product between vectors, between tensors,
and between a vector and a tensor.

An orthogonal (not orthonormal) basis of Sym is {H;, H,,
Hg, H4, Hs, H6} . where

Hi :=¢ ®ep,

Hy:=c,®c, Hy:=c¢®c,

H,:=symc, ® ¢35, Hs:=syme; ® ¢,

Hs := sym ¢; &) ¢,. (1)
The components A -H; of a tensor A € Sym with respect to
this basis are denoted by A; (i = 1 ... 6).

The symbols “‘V’* and ‘‘div’’ represent the gradient and the
divergence operator, respectively.

3 Linear Piezoelectric Constitutive Equations

The framework of the infinitesimal strain theory is adopted.
Let the strain tensor be E € Sym, the stress tensor be T € Sym,
the electric field vector be e € U and the electric displacement
vector be d € V. The enthalpy J( per unit volume of a piezoelec-
tric material (Parton, 1984) can be expressed as a function of
the strain E and of the electric field e:

JH = J(E, e). 2)
The stress T and the electric displacement d are the dual quanti-
ties of E and e, respectively:

aJl

JE "’

A
— . 3

e (3)

By definition, for a linear piezoelectric material the enthalpy
J is a quadratic homogeneous function of E and e: hence, it
takes the form

JUE, e) = 3C[E]*E — L[E]- ¢ — 1¥[e]-e,  (4)

where €° is a fourth-order symmetric tensor (elasticity tensor,
evaluated at constant electric field), €® is a second-order sym-
metric tensor (dielectric tensor, evaluated at constant strain)
and L is a third-order tensor (piezoelectric tensor). As a conse-
quence, the constitutive equations of a linear piezoelectric mate-
rial can be formulated as

T 1 Ch
T2 (1‘:2 ?I
T; s Cis
T, 0 0
T5 = O 0
Ts 0 0
d, 0 0
d, 0 0
| ds ] B Ly Ly
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T(E, e) =C[E] ~ L'[e] (5)
d(E, e) =L[E] + *[e],
where L' denotes the transpose of L, deﬁned by
A-L'[b] = L[A]l‘b, A€ Lin, be T (6)

The tensors ¢¢, L, and ¢* depend, respectively, upon 21, 18,
and 6 material constants (which are called elastic, piezoelectric,
and dielectric constants, respectively). The number of a priori
different material constants is reduced by taking into account
the symmetries of the material. The symmetry group of a piezo-
electric material is defined as (Landau and Lifshitz, 1981):

§:={Q € Orth: QT(E, ¢)Q' .
= T(QEQ', Qe); Qd(E, e) = d(QEQ’, Qe)}. (7)
In this paper, transversely isotropic piezoelectric materials
(class © mm), having the transverse isotropy axis parallel to
¢;, are considered: their symmetry group contains the rotations
around ¢; and the reflections with respect to planes parallel to

¢; (Tkeda, 1990). The representation formulas of €°, L, and €®
for these materials are (Varadan et al., 1987)

[e*= Ccty(H, @ H, + H, ® H))

+ ChL(H, @ H; + H, ® H,) + Ci;(H, ® Hy
+H; @ H + H, ® H; + H; @ H,)

+ C3:H; @ H; + 4CLH, ® Hy + Hs @ Hs) 8)
4 + 4C¢Hs ® Hy
L=Ly(c; ® Hy + ¢ ® Hy) + Lize; @ Hy

+ 2Lis(e; ® Hs + ¢, ® Hy)

keE = el (H, + Hy) + e H;,

where Cg := (C%, — C%)/2 and C§,, C%,, CS3, C53, Cls, Ly,
Lis, Lis, €f, €3 are ten independent material constants.
The representation formulas (8) hold also for hexagonal pi-

* ezoelectric materials belonging to the class Cgy (or 6 mm) with

the sixth-order symmetry axis parallel to ¢; (Kiral and Eringen,
1990). As a consequence, the results obtained here hold also
for the materials of this class.

In the technical literature one finds more frequently Egs. (5)
expressed in matrix notation. The components of E, T, e, d
are arranged in form of vectors, while the material constants
are arranged in a square matrix. When the representation formu-
las (8) hold, it turns out

5 0 0 0 0 0 —Lsy E,
?3 O 0 O 0 0 _L31 E2
Ccs 0 0 0 0 0 — Ly ‘Ey
0 Cu 0 0 0 -Ls O 2E,
0 0 ¢4 0 —-Ls O 0 2E; (9)
0 0 0 Cé O 0 0 2E¢
0 0 Ls O eh 0 0 e
-0 L15 0 0 0 61121 0 €
L33 0 0 0 0 0 6?3 | L €3 i
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Table 1 Elastic, piezoelectric, and dielectric constants of some materials

CdS | P2T-4 | PZT-5H | PZT-8| C-24
C¥y 6Py 90.7 139. 126. 137. 150.
C$4(GPq) 93.8 115. 117. 124. 128.
CFy [GPa) 58.1 77.8 79.5 69.7 36.8
Cts(GPe) 50.9 74.3 84.1 71.6 30.9
Cy1GPa) 15.0 25.6 23.0 31.4 55.2
Ly {c/m?] | —0.245 ~5.2 —6.5 —4.0 1.51
Las [C/m?) 0.440 15.1 23.3 13.8 8.53
Lys [c/m?] | —0.210 12.7 17.0 104 -3.89
Ewrm) | 79.8 6.46 15.0 7.95 | 1.82
€33 [nF/m] 84.3 5.62 13.0 5.15 1.28

The material constants (at room temperature) of some piezo-
electric materials are given in Table 1 (Eringen and Maugin,
1990; Smith, 1992; Toshiba, 1983; Vernitron, 1983): a 6 mm
hexagonal crystal (Cadmium sulphure) and four transversely
isotropic ceramics are considered. The units of the International
System are used: gigaPascal for elastic constants, nanoFarad
per meter for dielectric constants, and Coulomb per square me-
ter for piezoelectric constants.

4 Basic Equations of the Linear Theory of Piezoelec-
tricity
Let a body £ be given, subjected to

(i) volume forces b;

(ii) volume charge p;

(iii) surface forces p on a part 9,Q2 of the boundary 0£2;
(iv) surface charge w on a part 34,2 of 8€);

(v) prescribed displacement s, on 9,82 1= IO\,
(vi) prescribed electric potential ¢ on 9,0 1= QNI

The strain field E corresponding to a displacement field s
from the reference configuration of {2 to a deformed configura-
tion is defined by the equation

E = sym Vs. (10)

In this paper a time-independent (i.e., electrostatic) problem
is considered: hence, the electric field can be derived from a
potential, say ¢:

e=—Vo. (11)

A displacement field s in €2 which equals s, on 3,{2 and an
electric potential field ¢ in 2 which equals ¢ on 9,2 are sought
for, such that the stress field T and the electric displacement
field d, corresponding through Eqgs. (5) to the strain field (10)
and to the electric field (11), verify the balance equations (Mau-
gin, 1988):

divT+b=0 in O
divd—p=0 in Q

EX0)

(12)
8WQ’

Tn =p on
and
{d}n=w on

where n is the outward normal field to Q2 and {d ]} denotes the
jump of d across d€).

It is assumed that outside €2 the electric displacement field
vanishes: e.g., this assumption holds true, if ) is surrounded
by conductors, and is usually acceptable, if §2 is surrounded by
the vacuum (or air). Hence, the equation {d}* n = w becomes

d'n=—-w on dL., (13)

where d is the electric displacement field inside Q.
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As a consequence, the unknowns s and ¢ must satisfy the
field equations

div (¢*[sym Vs]) + div (L'[V¢]) + b =0
in Q, (14)
div (L[sym Vs]) — div (¥ [Vp]) — p =0
and the boundary conditions
Cfsym Vsln + L'[V¢]n = p on 0,02
Llsym Vs]*n — &[V¢]*n = —w on 4., (15)
s =S on &)
b = oo ‘ on 90,

5 The Simply Supported Rectangular Plate Problem

A rectangular plate having in-plane dimensions L, and L, and
thickness H is considered. Let the reference configuration of
the plate be the region

Q= (~LJ/2, L/2) X (—Ly/2, [,/2)

X (—H/2,H/2) C & (16)

The end faces of the plate, orthogonal to the x;-axis at x; =
+H/2, are denoted as upper or lower face, while the other faces
constitute the lateral boundary.

The plate is assumed to be made of a transversely isotropic
material, with the transverse-isotropy axis parallel to the x;-
axis.

The volume forces b and the volume charge p are assumed
to vanish. The boundary conditions on €2 are assigned in a
slightly more general way than that specified in the previous
section. Indeed, a so-called ‘‘general boundary value problem,”’
or ‘‘mixed-mixed problem’’ (Gurtin, 1972) is considered here,
in order to model a simply supported plate. In particular, on the
lateral boundary of the plate, the tangential component (I — n
9 n)s, of the displacement and the normal component (n &
n)p of the surface forces are assumed to vanish (see, e.g.,
Pagano, 1970; Srinivas and Rao, 1970; Levinson, 1984; Pan,
1991). In addition, the potential ¢ is assumed to be zero. On
the upper and lower face the surface forces and the surface
charge are given. In formulas, the boundary conditions are as
follows:

(i) on the lateral faces orthogonal to the x; and x,-axis,
respectively:

§2(*HL412, %3, x3) = 0
$3(EL1/2, x5, %3) = 0

- and
¢(iL1/2, .xZ,x:;) = 0
Tl(iL1/2, X2, .X'3) =0

si1(x1, 2 Ly/2, x3) =0
sy(xy, 210,/2, %) =0
O(xy, TLy/2,%3) =0
To(x1, £1,/2, x3) = 0;

(17)
(ii) on the upper and lower face:
Ts(x1, X2, THI2) = 2pT(x, x5)
Ta(xy, X2, £HI2) = £p5 (31, X)
(18)

T3(x1, X2, ®HI2) = £p5(x, X,)
dy(xy, X2, THI2) = Fw*(x1, x2),

where pi, p3,and pj are the components of the surface forces
p*, w™ is the surface charge, and upper (lower) sign applies
to upper (lower) face. Equations (17) and (18) are intended to
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be read twice: one time taking all the upper signs, the other
time taking all the lower signs.

The load acting on the plate is assumed to be symmetric with
respect to the plane containing the x, and x;-axes, and to the
plane containing the x, and xs;-axes. In other words, the func-
tions p7 and w™ are assumed to be even with respect to both
x; and x,; the functions pi are assumed to be odd with respect
to x, and even with respect to x,; the functions p; are assumed
to be even with respect to x; and odd with respect to x,.

With a view toward satisfying the boundary conditions (18),
the functions pi, p5, p5 and w™ are expanded into a double
Fourier series in the rectangle (—L,/2, L;/2) X (=L,/2, L,/
2). As a consequence, it is sufficient to solve the problem of
a plate subjected to surface forces and surface charge on the
upper and lower face of the form

¢

. - . (2ny + Daxg (2n, + Dmx,
T(x1, X2) = pip ., SIN cOs
pi(x1, x2) = pj, Wity L L
+ + (2’1[ + 1)7F.X1 . (2n2 + 1)7TX2
7 (X1, X2) = P34, COS sin
p2 (X1, x2) = p3, iz L L
N . (2n; + D7x, (2ny + 1)mxy
3 (X1, X2) = D3y, COS cos
P35 (X1, X2) = p3, b L L
) 2 2
W (X1, %) = Wit COS (2n; + 1)mx, cos (2ny + 1)mx, ,
L L L,

(19)
where n, and n, are fixed non-negative integers and pf,,l,,,z,
Donny> Pimmy> Wi, are fixed scalars. Indeed, the case of a
general load having the stipulated symmetry can be covered
by superposition (e.g., Timoshenko and Woinowsky-Krieger,
1982). Hence, in what follows it is assumed that p7, p3,
p3, and w™ have the form specified in Egs. (19).

6 A Separate-Variables Three-Dimensional Solution

On account of the present rectangular geometry, it is natural to
search for a three-dimensional solution of the plate problem such
that each of the four unknown functions s, s,, 53 and ¢ is a product
of functions, each depending on one variable only. Indeed, let the
displacement and the potential field have the expressions

s1(x1, X2, x3) = S1(x3) sin q;x; COS G2x;

53(%1, X2, X3) = §2(x3) €Os g1x, Sin g, (20)
53(x1, X2, X3) = S3(Xx3) COS g,x; COS GaXp
_ d(x1, X2, X3) = P(x3) COS g1 X1 COS GoXs,
where
g1 = 2n + D)w/Ly and gy = (2ny + 1)w/Ll,, (21)

and S, S,, 53, @ are functions to be determined, depending on
x5 only.

As a consequence of this choice, the boundary conditions
(17) are trivially satisfied; the field Eqs. (14), using Egs. (8),
become (Tiersten, 1969)

[(~Ctig% — Cleg} + Cud))S) — (Ch + Céo) S,

= (Ch + Ci)q1dSs — (Lay + Lis)q:d® =0

—(C% + Cé)q1g2S) + (—C51q5 — Césqt + C5d®)S,
— (Ct + CL)q2dSs — (Lay + Lis)q2d® = 0
\ (Cis + C5)(q1dS) + q2dSy) + [—Ciu(qt + ¢3) + C5d°1S;
+[—Lis(gt + ¢3) + Lpd*]1® =0
(L, + Lis)(q1dSy + q2dS:) + [—Lis(q + g3) + Ly d?1S;
L +lefi(gl + g3) — 54’12 = 0
(22)

Journal of Applied Mechanics

where d denotes the differential operator with respect to x3;
the boundary conditions (18), taking into account Egs. (19),
become

(€8, 1dS,(=HI2) — q1Sy(=HI2)]
— Lisgi®(*H/2) = +pt, .
Ceu[dS,(£HI2) — guSs(=HI2)]
— Lisga®(+=H/2) = *p3,
(23)
SI@S(£HI2) + gaSp(£HI2)] + CSdSs(£H/2)
+ Lysd®(+H/2) = £p5, .,
LalqiSi (2 HI2) + @28,(+ HI2)] + LydSy(=HI2)
— eHdO(EHI2) = Fwy -

.

Hence, the plate problem is reduced to the boundary value
problem (22)—(23), governed by an ordinary differential lin-
ear system in the unknown functions Sy, S,, Ss, P.

For the sake of simplifying the problem, the following change
of variables is made: '

U:= V[Sl + 1/252, V.= _‘1/281 + V1S2, X3 = x:;/l, (24)
where
I=1Ng:+q%, vi=ql and v, = gl

The quantity /, depending upon L,, L,, n, n, has the meaning
of a characteristic in-plane dimension of the plate. It is a simple
matter to verify that the system (22) is decoupled into the
system

(25)

- .
(—=Chi + C4D*)U — (C%; + C)DS,

- (L31 + Lls)D(P = O
(C% + C5)DU + (—Ci + C%:D?)S,

(26)
+ (=Lis + LyyDH)® =0
(Ls; + Lis)DU + (—Lys + LsD?)Ss
\ + (efi — enDH)® =0,
“and the equation
(—C& + CuD»)V =0, 27)

where D = Id denotes the differential operator with respect
to X3 .

It is worth noting that the coefficients of Egs. (26) and (27)
depend only upon the material constants and are independent
of g, and ¢,: hence, the general solution of Egs. (26) and (27)
can be found once for a given material, and then used for a
rectangular plate made of that material, independently of the
dimensions or the load.

The characteristic equation of the system (26), in the un-
known A, is

—Cii + CuN?  —(Ch + Ciy)A
det —CSs + C5\2

_L15 + L33)\2

(Ciy + Ca)r
(L3 + Lis)A

E Ey2
€11 — €33A

—(La1 + Lis)\
=0,

(28)

.where ‘‘det’’ denotes the determinant. In a more explicit form,

Eq. (28) can be written as

—agh® + a\* ~ a\* + ap = 0, (29)
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where

(a5 = Co4(Chely + LE),
ay = CiuChiely + (Cip)’ehs + CHiChel + L5 Ch
+ 2L5sLisC — 2(Cts + Cia)(Ly + Lus)Lss
+ (Lo + Li5)’C% — (Chs + Cha)%e5s,

@ = C5HC8 el + (Chy)%el) + CLChely + LEC 0
+ 2L LysCS — 2(C%s + Cha)(Lay + Lis)Lys
+ (Lyy + Ly5)2C4 — (C5 + CL)2%el,
ap = CH(Chel + L),

\
For the sake of simplicity, it is assumed that Eq. (29) has six
distinct roots:

)\11 _>\15 A27 —)\-23 7\3a _7\-3'

If [U(X3), S3(X3), ®(X;5)] is a solution of the system (26),
then [ ~U(—X3), S3(—X3), ®(—X3)] is a solution, too. Hence,
the general solution of the system (26) can be given the form

UXs) = U(X3) + U(X3)

S3(X3) = S5(X3) + S5(X3) 31
D(X;) = D7(X3) + P*(Xs),
where
r 3
Us(X3) = 2 A;a; cosh (N X;)
i=1
3
S3X3) =, A;B; sinh (\; X3)
i=1
3
®°(X;) = 2, Ay, sinh (A X3)
\ i=1
4 3
U°(X3) = 2, Bioy; sinh (\; X3)
i=1
3
and 5(X3) = 2 Bif; cosh (M X3)

i=1

3
®“(X3) = Y. Biy; cosh (A X3).

\ i=1

The superscripts “*”* and *“°”’ denote even and odd functions of
X,, respectively; A;, B; are arbitrary dimensionless (complex)
constants. The vector (e;, B;, y:) spans the null space of the
matrix at the left-hand side of Eq. (28) when A is given the
value \;, for i = 1 ... 3 (of course, this vector is defined up
to a scalar multiple). In other words, the constants «;, 8;, v,
satisfy the following equations, where i = 1 ... 3 is unsummed:

(—C%1 + Cal) e — (C3: + C3ONG;
— (Lyy + Lis)\y: =0
(C5s + CidNay + (—C + CN)B;
+ (=Lis + LssN})y; = 0

((Ls1 + Lis)hioy + (= Lis + LsA?) B0 + (el — €M)y = 0.
(33)

(32)

Equation (27) has the general selution

V(X;) = Vi(X;) + V(X;), (34)
where
V¢(X;) = Al cosh (\sX3) and
Vo(X;) = B,l sinh (MX3), (35)

Ny = VCé/Cly, A4, By are arbitrary dimensionless constants,
and 1 has the physical dimension of a length.

For the piezoelectric materials considered in Table 1, the
values of the constants \;, «;, §;, and vy; are given in Table 2,
in the units of the International System (j denotes the imaginary
unit).

The boundary conditions (23), according to the change of
variables (24), are decoupled into

(i) a system of three equations involving U¢, S35, ®“:

CLDU*(hl2) — C4S5(h/2) — Lis®°(h/2) = Ip°®
B UC(hI2) + C53DS4(hi2) + LysD®°(R/2) = Ip§
LsyU*(hI2) + L33 DS3(h/2) — e5%D®(h/2) = —lw?;
(36)
(ii) a system of three equations involving U°, S5, ®°:
CuDU(h12) — C4485(hi2) — Lis®(h/2) = Ip° -
BU(AI2) + C5HDS5(W/2) + Ly DP*(R/2) = Ip3
LaU°(hI2) + LsDSS(hI2) — eRD®(h/2) = —lw

(37)

(iii) one equation involving V*:
CLDVe(h/2) = g% (38)

(iv) one equation involving V’:
CLDVe(hi2) = Ig°, (39)

where the plate thickness aspect ratio (i.e., the ratio between
the thickness H and the characteristic in-plane dimension / of
the plate) is introduced:

h:= H/l (40)
and the following positions are made:
e 1 - 1 _
P = i(P T,nl,nz + pl,nl,nz) p(l) = f(P ?‘,Plp"z - pl,nl,nz)
e 1 - 1 —
P2 = E(p;,nl,nz + p2,nl,n;) pg = i(p;.nl,nz - p2,nl,n-_,)
e 1 - 1 —
D3 = E(p;:nl,nz + p3,nl,nz) Pg = i(p;,nl,nz - p3,nl,112)
1 - 1 —
w® = i(w:,,nz + wnl,nz) w’ = E(w:l,?lz - wul,nz)
pé=+vipi + wps p° = Fvipi + vaps
g° = —vopl + vips ¢° = —vppt + vips. (41)

In a more explicit form, Eqgs. (36) and (37) can be respectively
rewritten as

Mu

A;t; sinh (NA/2) = Ipe

Mm

A;r; cosh (NARI2) = Ips
i

Mm

A;z; cosh (A1) = —lw?

1

\
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Table 2 The material constanis A, &, B;, and y;

Y Byt; cosh (NAI2) = Ip°,

i=1

3
2. Bir; sinh (\R/2) = Ip§

and (42)
i=1
3
3. Biz; sinh (NA/2) = —lw®,
{i=t
where
t; = Chaoyhy — CLufi — Lisy,
rp = Cha; + C58:N + Lyyih
7z = Laa; + Lufih — €hviN
(i=1...3, unsummed). (43)

Hence, they allow to determine the constants A;, A,, A; and
B, B,, B;, respectively. Analogously, Eqs. (38) and (39) can
be, respectively, rewritten as

CisAshy sinh (\R/2) = Ig°  and

$4Bihs cosh (\A/2) = Ig°, (44)

and allow to determine the constants A, and B,, respectively.

The functions V, U, S3, ® are determined by Egs. (31) and
(34); these functions turn out to be real, in spite of the fact
that, in general, A;, B; are complex constants. Then, the dis-
placement field is obtained by Eqgs. (20) and (24):

st = (iU — v,V) sin qix; cos g x;
82 = (U + v1V) cos g%, sin ¢,%, (45)
§3 = 53 COS g1 X, COS g2X;
¢ = P cos g1 x; cOS Gy xz;
the strain field is obtained by Eq. (10):

’

E,
E,
E3
2E,
2E;
(2Es

vi/l(r U — v,V) cos q,x; cOs g,

v/ l(vU + v V) cos g x; €OS gox;,

I

1/IDS; cos g, COS gaX;
1/l[v,(DU — S3) + v DV] cos gyx; sin gox;
1/1[v(DU — S3) — v,DV] sin g,x; COS g2x;
1I[—2v1,U + (v3 — v3)V] sin gx; sin gaxy;

| - ¢6)

il

Journal of Applied Mechanics

CdS PZT-4 PZT-5H PZT-8 C-24
A 1.665 + ;0. 1.069 + 70.200 1.029 4+ 50416 1.044 + j0.242 1.032 + 50.127
o [m] | —0.913 4+ j0. 0.254 — j0.418 0.632 — j0.248 0.594 — j0.183 0.441 — j0.516 |.
Biiml | 0.409 450, | —0.080 + j0.459 | —0.329 + j0.464 | ~0.439 4 j0.350 | —0.300 -+ j0.630
7 v) | 0.008470. | ~0.659+ 70.330 | ~0.327 + j0.330 | —0.407 + j0.364 | 0.114 + j0.199
Az 0.591 + 50. 1.069 — 40.200 1.029 — 50.415 1.044 — 50.242 1.032 — j0.127
@y [m] 0415+ 70. | 0.254 4 70418 0.632+ 50.248 0.594 + 70.183 0.441 4 j0.516
Balm] | —0.910 +70. | —0.080 — j0.469 | —0.329 — j0.464 | —0.439 — 50.350 | —0.300 — 50.630
Y2 V] 0.009 + ;0. | —0.659 — j0.330 } —0.327 — j0.330 | —0.407 — j0.364 0.114 — j0.199
As 0.973 4 0. | 1204 4 j0. 1.053 + 0. 1.196 + 0. 1.065 + j0.
ag [m] 0.047 + 0. | —0.696 + j0. —0.090 4+ 350. ~-0.018 + 50. -0.024 + jO.
s m) | —0.050 + j0. 0.617 + 50. 0.176 + 50. —0.048 + 50. —0.040 + 0.
vatvl | 0.998 +50. | —0.366 + 50. —0.980 + 70. 0.999 + 50. 0.999 -+ 50.
Ag 1.042 + 50. 1.093 4 50. 1.006 + 50. 1.035 + 50. 1.013 4 50.
- the electric field is obtained by Eq. (11):

e, = v,/1® sin g, x; cos gax;
e, = 1/l cos g, x, sin gz x; (47)
e; = —1/ID® cos g x; cos g%z}
the stress field is obtained by Eqgs. (5) and (8):
(T = 1/1[Q — 20,C&(v,U + 1,V)] cos q,x, cos gox;
T, = 1/I[Q — 2v,Cgs( U — 1,V)] COS g1x) COS gaXr
Ts = R/l cos q1x; COS g2%>
Ty = 1/1(v,W + 11 Cy4DV) cos q,x; 8in gax,
Ts = 1/1(v,W — v,CuDV) sin g,x; €OS g2x;
Te = C&/I[—2v0,U + (v% — vHV] sin gy x; sin g3

(43)

and the electric displacement field is obtained by Eqs. (5) and
(8), too,

d, = 1/1(v,Y — L5, DV) sin g;x; cOS gz

d, = 1/1(v,Y + Lisv DV) cos qx; sin ¢ox,  (49)
ds = ZI1 cos g;x, COS gaXs,
where the following positions have been made:
(Q = CHU + C3:DS; + Ly DP
R = CHU + C5DS; + LyyDP
W = CDU — C48; — Lis® (50)
Y = LisDU — Li58; + €1 ®
\Z = LU + L33 DS; — 5, DD,
Needless to say that if
Wi = Wiy Py = Panyys
Plagny = ~Plnwgs Pimm = ~D2mmy (51)

then w® = 0, p3 = 0, p°* = 0, ¢° = 0: hence the constants A;

_ turn out to be zero and V¢ = 0, U = 0, §§ =0, &° = 0. As
a consequence, 3, ¢, Eq, Es, €1, e, Ty, Ts, dy and d, are even
functions of the x; variable, while s,, s,, E,, E,, Es, Es, e5, T,
T,, Ty, T¢ and d, are odd functions of the x; variable: this
amounts to say that the plate has a bending behavior. Con-
versely, if

+ o, + — T
wnl,nz - wll],llz? p},nl,nz - p3,nl,nz,

(52)

+ — + —
pl,nlb,nz - pl,nl.nzy p2,n|,nz - pZ,n],1127
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Table 3 Auxiliary material constants

2dS | PZT-4 | PZT-0H | PZT-8 C-24
C [GPa) 63.1 120. 96.2 117. 143.
G [GPa) 59.7 153. 102. 163. 161
K [GPa} 1.80 —7.66 9.49 | 4.33 | 0.236
Fc/m?) 0.458 25.1 36.3 204 | 0.622
M [¢/m?] | 0.529 36.3 {. 46.5 29.9 10.9
Nic/m2 | —1.34 34.6 34.8 18.4 9.43
1 S| 0543 | 0.388 ) 0456 | 0.378 | 0.222
o 0.967 0.924 | . 0.814 0.870 | 0.821
n 1.00 0.793 0.767 0.841 0.9&

then w® =0, p§ = 0, p° = 0, ¢° = 0. Hence, the constants B;
turn out to be zero and the previously stated evenness and
oddness properties exchange: in this case, the plate exhibits a
membrane behavior.

7 The Limit of the Three-Dimensional Solution as
the Plate Thickness Aspect Ratio Approaches Zero

In this section the limit of the three-dimensional solution
(45) —(49) as the plate thickness aspect ratio & approaches zero
is explicitly carried out, by performing the expansion into a
power series of & of the involved mechanical and electric quanti-
ties, and retaining only the lowest-order terms. The result ob-
tained is denoted as thin-plate limit of the three-dimensional
solution.

In order to preserve, in the limit, the dependence upon the
variable in the thickness direction, the rescaled variable

X5 x3

gi=2=2

T, (53)

is introduced ({ = 0 on the middle plane of the plate, and { =
+4 on the upper or lower face).

Needless to say that, in spite of the fact that the mechanical
and electric quantities are related by Egs. (10), (11), and (12),
the lowest-order terms of their expansions into a power series
of h needn’t be related by those equations.

The calculations are based on the expansion into a power
series of & of the solutions of Egs. (42) and (44). The constants
N, oy, B;, v: are irrational functions of the material constants
introduced in Eqgs. (8). However, by taking into account the
fact that, for i = 1 ... 3, \; solves Eq. (29) and «;, 8;, v;
satisfy Egs. (33), it is possible to prevent the constants A;, a;,
Bi, v: by appearing explicitly in the thin-plate limit. Some
auxiliary material constants are used instead, depending ratio-
nally on the ones introduced in Eq: (8):

_ €5(C5)” + 2L5 Ly3Ch; — L5 Ch

C:= C§
" Cieds + Li;
L2
€ .= Elﬁ lS
Cla
Gim e CHCH = (CW? [ InCh = Coly
CSe33 + L S3€33 + L3
M= ¢ LCy — Cislyy o LisC — CuF
CSehy + L s
k.= MC NG Chel + Luly
' M . Csieh + L
CSely + 13 LisF
0::%—}33—3——31- pri=1—- 2= (54)
Che33 + L3y eC

For the piezoelectric materials considered in Table 1, the values
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of these constants are given in Table 3, in the units of the
International System.

Only one at a time of the eight quantities p3, p°, w*, ¢°,
p3, p¢, w’, q¢ is assumed to be different from zero: hence,
eight different cases are considered. Any load condition can be
covered By superposition of these eight basic cases. The results
obtained if either one of the quantities p3, p°, w*, ¢° is different
from zero are reported in Table 4 (in this case, the plate has a
bending behavior). The results obtained if either one of the
quantities p3, p°¢, w’, g° is different from zero are reported in
Table 5 (in this case, the plate has a membrane behavior).

For a square plate of edge L, = L, = A and thickness H,
some useful formulas can be easily carried out by the results
given in Tables 4 and 5. The limits, as the plate thickness
aspect ratio approaches zero, of some mechanical and electric
quantities of primary interest in technical applications are found.
These results should be recovered by applying any consistent
theory of thin piezoelectric plates.

Let f(x,, x,) := cos (mx,/A) cos (wx,/A). In Table 6 there
are reported the deflection w,,, the electric potential ®m, and
the bending moment M, at the center of the plate:

W 1= 83(A72, A2, 0)
P, 1= ¢p(A/2, A2, HI2)

o

H/2
My, = f x3T1 (A2, A2, x3)dx; (55)
H/2

when the plate is subjected only to a normal sinusoidal load of
largest intensity po (p3 = pof(x1, x,)/2), or to a normal uni-
form load of intensity py (p3 = po/2), or to a sinusoidal surface
charge of largest density wo (w*™ = wof(x;, x2)/2), or to a
uniform surface charge of density wy (w™ = we/2). In these
cases the plate has a bending behavior. The following position
has been made:

&= Cgl/C. (56)

It is pointed out that the results obtained for w, when a
sinusoidal or uniform load py is applied, formally coincide with
the results about an elastic (i.e., nonpiezoelectric) plate given
by Lekhnitskii (1968), if the quantity H>C/12 is replaced by
H?/12[C% — (C%3)%/C%]. The latter quantity is the bending
stiffness of an elastic plate. Noting that, if no piezoelectric
coupling exists, the expression for C given in Egs. (54) reduces
just to C%, — (C%3)?/C%, it is natural to call the quantity H>C/
12 “‘bending stiffness’’ of a piezoelectric plate.

In Table 7 there are reported the variation of the thickness
‘AH,,, the difference of electric potential A®,,, and the mem-
brane force Ny, at the center of the plate:

AH, = s35(A/2, Al2, HI2) — s5(A/2, Al2, —H/2)
AD, = $(A/2, A/2, H/2) — ¢p(A/2, Al2, —H/2)

HI2
N i= f T\(A12, A12, x3)dx; (57)
~HI2

when the plate is subjected on the upper and lower face only
to a normal sinusoidal load of largest intensity p, (pi; =
*pof(x1, x2)), or to a normal uniform load of intensity po
(p5y = % py), or to a sinusoidal surface charge of largest density
wy (W™ = *wof(x1, %)), or to a uniform surface charge of
density wy (w™ = *wy). In these cases the plate has a membrane
behavior. It is emphasized that both the sinusoidal and the uni-
form distribution produce the same results.

The results provided by the zeroth-order theory of Maugin
and Attou (1990), based on the scaling theory of Ciarlet and
Destuynder (1979) do not agree with the thin-plate limit ob-
tained here. Indeed, the deflection of a plate according to the
zeroth order theory of Maugin and Attou is governed by an
equation (Eq. (7.10) in Maugin and Attou, 1990) which doesn’t
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Table 4 Thin-plate limit of the three-dimensional soiution. Bending behavior.

€

B

vy P’ w q
Y i e 20w ¢ 0
53 e S el 0
i) :l,fﬁc%[~%—%+cé‘2] ~tp° (rc -1 Z—fL“[i- 0
DS; ElEs el 0
Do %% iflﬁu‘scc 20 ¢ 0
DU — S | o= +uscr-p] | Fetwe-d) e 0
Q s ERE=rk
R en5(3-10%) B agry | MRt ME sy |0
w Sfp‘(l—‘lcz) £po(u¢?~1) _/;G‘i)“ A;[(I‘u 24¢2+80¢4) 0
Y AN (g2t e Socz-4) e 0
Z ey N (c-a¢t) B2 N (e _agd) —2tw¢ 0
1% 0 0 0 e
DV 0 0 0 &
44

Table 5 Thin-plate limit of the three-dimensional solution. Membrane behavior.

@

1]

3 ol W q
U —ﬂ’pg% "‘chp—c fw“c—Fc—. 0
Sy g 56 ~2ep* F¢ —t'/.,u"%c 0
i) mpg%c —2(’1}“%( mw%c 0
D® g =2t E wfg 0
DU - Ss e et e & 0
Q 2 o 4 MMy 2—”,’— Shitur M M" ME@ee-4y | 0
R g Mot _qp2y | BWOME G gepiecty |0
w IO MM sy | s W MIE (o) 0
Y hpg ~—’.—( ' wﬁﬂ.c /Lﬂwﬂgg 0
Z MRy | Gy ~tw 0
1% 0 0 0 e

DV 0 0 0 ¢

44
Table 6 Some formulas for a square thin plate. Bending behavior.

sinusoidal py uniform py | sinusoidal wy uniform wy

3AY py 4.7485 A py —A? wyN | —0.727T1A% wyN

Hm THH3 C ™Hs O ortH eC 2 H  eC

' A? N 0.7271A? ])()N A? wy 0.7271 A% wo

2m2H eC m2H  eC 272H ¢ w:H ¢

My, Alpo(1 =€) | 0.7271A%py(1 — €) —H?wyF¢ —H W F¢
2m? w2 12 € 12 €
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Table 7 Some formulas for a square thin plate. Membrane behavior.

sinusoidal pp | uniform pg | sinusoidal wy | uniform wy
o o wyM woM
AHW H_ H—— —H*"— —_
c C eC a eC
poM poM wyG wG
A®,, - H -
H eC eC ¢ " e
of F
Nlm H;U(J,Uf H'[’u.“f _HWU€ _H(J'_)(_“éE
€ €
: . |

take into account any piezoelectric coupling. In particular, the
deflection given by this theory depends only upon the elastic
constants and not upon the piezoelectric and dielectric constants,
contradicting the results given in Tables 4 and 6.

A different theory of thin piezoelectric plates was proposed
by Tzou (1993). He assumes, as a blanket hypothesis, that the
only nonvanishing component of the electric field is e; (cf.
Section 3.2.2 in Tzou, 1993). The thin-plate limit of the three-
dimensional solution obtained in this paper, reported in Tables
4 and 5, shows that the ratio between the in-plane components
ey, e, and the transverse component e; of the electric field is of
the order #, unless w® * 0, when this ratio is of the order 27",
Hence, noting that 2 is a small quantity for a thin plate, the
hypothesis of Tzou turns out to be oversimplifying, at least in
the latter case.

A first-order shear deformation theory of piezoelectric plates
was proposed by Mindlin (1972). It is based upon the assump-
tions that the in-plane displacement components s, and s, and
the potential ¢ are linearly variable with respect to x;, while

0.50
Thin-plate limit
T H/A=1/10
_________ H/A=1/5
e _HA=125
0.00 —
. st
0.50 e T
~1.00 -0.50 0.00 0.50 1.00

Fig. 1(a) Dimensionless side in-plane displacement s}

0.50

——oe—H/A=125

»

T T T

050 ~f——r— T Ty
0.00 1.00 2.00 3.00 4.00

Fig. 1(c) Dimensionless central potential ¢"

the out-of-plane displacement component s; is constant with
respect to x;. But, the assumption concerning ¢ is not com-
pletely satisfactory, since from Table 4 it turns out that even in
the case of a thin plate the potential ¢ has a quadratic law of
variation with respect to x;, when p5 # 0 or p? '+ 0.

Therefore, the interest for a more satisfactory theory of piezo-
electric plates arises. The results reported in Tables 4 and 5
suggest which ones of the mechanical and electric quantities
may be neglected in the formulation of a consistent thin-plate
theory: hence, they may represent a useful guide to develop
such a theory. :

8 A Numerical Investigation

A numerical investigation in the case of a square plate of
edge L, = L, = A and thickness H is performed, in order to
evaluate the influence of the thickness-to-side ratio on the three-
dimensional solution of the plate problem. Customarily, in the
literature the load is applied according to a sinusoidal law (Pa-
gano, 1970; Srinivas and Rao, 1970; Ray et al., 1992). Here
a uniform distribution is adopted, more frequent in technical
applications. Really, the load is distributed according to the
function:

N N,

i 2 16 _1 "I+"2
s s 16 (-1

w2 (2n + 1)(2m, + 1)

ny=0 ny=

(2”1 + 1)7I'xl (2”2 + 1)7(')(:2
S cos

A A » (58)

X co

which converges uniformly to the constant function 1 in com-
pact subsets of the open square 1—A/2, A/2[X] — A/2, A/2]

Thin-plate limit |:
I IS H/A=1/10
_________ H/A=1/5

— s HA=125

T
1
|
1
|
|
I
]
1
|
1
1
|
0.00 —| b
|
i
1
!
|
!
[
|
!
|
1
|
I

| LA AL AL B AR B S

0.00 1.00 2.00 3.00

~0.50 ——T——T1—7

Fig. 1(b) Dimensionless central deflection s5

0.50

]
7
O L e

-1.00 -0.50 0.00 0.50 1.00

Fig. 1(d) Dimensionless central in-plane stress T

Fig. 1 Displacements, potential, and stress induced by g,

636 / Vol. 63, SEPTEMBER 1996

Transactions of the ASME

Downloaded From: htips://appliedmechanics.asmedigitalcollection.asme.org on 06/28/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



Thin-plate limit
i T H/A=1/10

0.50 T e e T T
0.00 0.50 1.00 150 2.00 2.50

Fig. 2(a) Dimensionless side in-plane displacement s7

0.50
Thin-plate limit
i R H/A=1/10
_________ H/A=1/5
g HIA = 1/2.5
0.00 —
4 o
050 (€T
-1.00 -0.50 0.00 0.50 1.00

Fig. 2(c) Dimensionless central potential ¢™

Thin-plate limit
H/A = 1/10
H/A=1/5

e _HA=125

m

53
0,50~
-1.00 -0.50 0.00 0.50 1.00

Fig. 2(b) Dimensionless central deflection s¥’

0.50 _ C /

Thin-plate limit
i T H/A=1/10
......... H/A=1/5

e HA=125

1 e
\ ]
-0.50

T T T T T T

0.00 0.50 1.00 1.50

Fig. 2(d) Dimensionless central in-plane stress T7

Fig. 2 Displacements, potential, and siress induced by w,

as N;, N, = +. In the calculations it has been taken N; = N,
= 100.

The results obtained are presented under the form of dia-
grams. The dimensionless variable ( is reported on the ordinates
axis. A dimensionless mechanical or electric quantity is reported
on the abscissae axis. Four different lines are plotted in each
diagram: three of them correspond to the values H/A = 1/2.5,
1/5, 1/10 of the thickness-to-side ratio of the plate; the fourth
one represents the thin-plate limit. The material of the plate is
the ceramic PZT-5H, presented in Table 1. "

In Fig. 1 the case of a plate subjected to a uniform normal
load of intensity po (po/2 both on the upper and on the lower
face: p3 = p3 = po/2) is considered. In this case the plate has
a bending behavior. The following dimensionless functions are
plotted:

b __ m’HC A
(a) si(E):= A% s1<2 , 0, HC)
b _ w'HC
(b) 50 = T (0, 0, HO)
(@ ¢ = 2LEE HEC e 90,0, HO)
7r2H2
(d) Ti(0):= m T,(0, 0, HC).

In Fig. 2 the case of a plate subjected to a uniform surface
charge of density wp on the upper face and of density —w, on
the lower face (w* = wy, w™ = —w,) is considered. In this

Journal of Applied Mechanics

case the plate has a membrane behavior. The following dimen-
sionless functions are plotted:

m __2weC é
(@) sT(E):= AFwn 51(2 , 0, HC)
(b) s5(L):= ~ HMor 53(0, 0, HE)
(c) &™) := ——¢(0 0, HY)
(d) TV Q) :=- F T,(0, 0, H).

It turns out that when the thickness-to-side ratio of the plate
is less than or equal to 1/5, the thin-plate limit provides results
which agree with the exact ones within an error of 20 percent,
for the evaluation of displacements, electric potential, and in-
plane stress components; moreover, when that ratio is less than
or equal to 1/10, the maximum error reduces to 10 percent.

9 Conclusions

In this paper an exact three-dimensional solution for the prob-
lem of a simply supported transversely isotropic rectangular
homogeneous piezoelectric plate is obtained in the framework
of the linear theory of piezoelectricity.

The limit of this solution as the plate thickness aspect ratio
approaches zero (thin-plate limit) is explicitly carried out. It
represents a result to be agreed by a satisfactory theory of thin
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piezoelectric plates. This target doesn’t seem to be reached by
existing theories. The results obtained in the present paper may
represent a useful guide to develop a consistent theory of thin
- piezoelectric plates.

A numerical investigation in the case of a square plate is also
performed in order to evaluate the influence of the thickness-to-
side ratio on the three-dimensional solution of the plate problem.
Electric and mechanical uniformly distributed loads are applied
on the plate. This corresponds to a very frequent case in techni-
cal applications. It turns out that, when the thickness-to-side
ratio of the plate is less than or equal to 1/5 (1/10), the thin-
plate limit provides results which agree with the exact ones
within an error of 20 percent (10 percent), for the evaluation
of displacements, electric potential and in-plane stress compo-
nents.

Acknowledgments

The authors express their gratitude to Prof. Elio Sacco for
valuable comments on this paper.

The financial supports of the Italian National Research Coun-
cil (CNR), of the Italian Ministry of University and Research
(MURST) and of the Italian Space Agency (ASI) are gratefully
acknowledged.

References

Ciarlet, P. G., and Destuynder, P., 1979, A justification of the two-dimensional
linear plate model,”’ J. Mécanique, Vol. 18, pp. 315-344.

Gurtin, M. E., 1972, “‘The Linear Theory of Elasticity,”” Handbuch der Physik,
S. Fliigge, ed., Band VIa/2, Springer-Verlag, Berlin, pp. 129-131.

Eringen, A. C., and Maugin, G. A., 1990, FElectrodynamics of Continua,
Springer-Verlag, New York, pp. 239-257.

Ikeda, T., 1990, Fundamentals of piezoelectricity, Oxford University Press,
Oxford, UK., pp. 32-36.

Kiral, E., and Eringen, A. C., 1990, Constitutive Equations of Nonlinear Elec-
tromagnetic-Elastic Crystals, Springer-Verlag, Berlin, pp. 24-37,

Lekhnitskii, S. G., 1968, Anisotropic plates, (translated from the 2nd Russian
ed. by S. W. Tsai and T. Cheron), Gordon and Breach, New York, pp. 318-392,

Levinson, M., 1985, ““The simply supported rectangular plate: An exact, three
dimensional, linear elasticity solution,”” Journal of Elasticity, Vol. 15, pp. 283—
291,

638 / Vol. 63, SEPTEMBER 1996

Landau, L. D., and Lifshitz, E. M., 1981, Electrodynamics of Continuous Media,
Course of Theoretical Physics, Vol. 8, Pergamon Press, Oxford, UK., pp. 58—
79.

Lee, Y. C., 1967, ““Three-Dimensional Solution for Simply-Supported Thick
Rectangular Plates,”” Nuclear Engineering and Design, Vol. 6, pp. 155-162.

Mason, W. P., 1981, ‘‘Piezoelectricity, its History and Applications,”” J. Acoust.
Soc. America, Vol. 70, pp. 1561-1566.

Maugin, G. A., 1988, Continuum Mechanics of Electromagnetic Solids, North-
Holland, Amsterdam, pp. 215-264.

Maugin, G. A., and Attou, D., 1990, *‘An asymptotic theory of thin piezoelectric
plates,”” Q. JI. Mech. Appl. Math., Vol. 43, pp. 347-362.

Mindlin, R. D., 1972, “High frequency vibrations of piezoelectric crystal
plates,”’ Int. J. Solids Structures, Vol. 8, pp. 895-906.

Noor, A. K., and Scott Burton, W., 1990, ‘‘Three-Dimensional Solutions for
Antisymmetrically Laminated Anisotropic Plates,”” ASME JOURNAL OF APPLIED
MECHANICS, Vol. 57, pp. 182-188.

Pagano, N. J., 1970, “*Exact Solutions for Rectangular Bidirectional Composites
and Sandwich Plates,”” J. Composite Materials, Vol. 4, pp. 20-34.

Pan, E., 1991, ““An exact solution for transversely isotropic, simply supported
and layered rectangular plates,”” Journal of Elasticity, Vol. 25, pp. 101-116.

Parton, V. Z., 1984, ‘“Modeles et Solutions Efféctives en Eléctromagneto-
é8lasticité,”” Proceedings IUTAM-IUPAP Symposium, G. A. Maugin, ed., Elsevier
Science Publishers B. V., Amsterdam, pp. 47-56.

Ray, M. C,, Rao, K.'M., and Samanta, B., 1992, ‘‘Exact Analysis of Coupled
Electroelastic Behaviour of a Piezoelectric Plate under Cylindrical Bending,”
Computers & Structures, Vol, 45, pp. 667-677,

Smith, W. A., 1992, ““The Key Design Principle for Piezoelectric Ceramic/
Polymer Composites,”” Proceedings Recent Advances in Adaptive and Sensory
Materials and their Applications, C. A. Rogers and R. C. Rogers, eds., Technomic
Publishing Company, Lancaster, PA pp. 825-~838.

Srinivas, S., and Rao, A. K., 1970, ‘‘Bending, vibration and buckling of simply
supported thick orthotropic rectangular plates and laminates,”’ Int. J. Solids Struc-
tures, Vol. 6, pp. 1463-1481.

Tiersten, H. F., 1969, Linear Piezoelectric Plate Vibrations, Plenum Press,
New York, p. 58.

Timoshenko, S. P., and Woinowsky-Krieger, S., 1982, Theory of plates and
shells, 231d printing, Int. Student Ed., McGraw-Hill, New York, pp. 105-125.

Toshiba, 1983, Piezoceramics, Toshiba Ceramics Company Ltd, Tokyo, Japan,
pp. 1-15.

Tzou, H. S., 1993, Piezoelectric Shells, Kluwer Academic Publishers, Dor-
drecht, pp. 13-71.

Varadan, V. V., Jeng, J.-H., and Varadan, V. K., 1987, ‘Form Invariant Consti-
tutive Relations for Transversely Isotropic Piezoelectric Materials,”” J. Acoust.
Soc. Am., Vol. 82, pp. 337-341.

Vernitron, 1983, “‘Five Modern Piezoelectric ceramics,”” Bulletin of Morgan
Matroc Ltd, Vernitron Piezoelectric Division, Bedford, OH, pp. 1-27.

Vlasov, B. F., 1957, <‘On One Case of Bending of Rectangular Thick Plates,”
Vestik Moskovskogo Universitieta, (in Russian), No. 2, pp. 25-34.

Transactions of the ASME

Downloaded From: https://appliedmechanics.asmedigitalcollection.asme.org on 06/28/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use





