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An Exact Three-Dimensional 
Solution for Simply Supported 
Rectangular Piezoelectric Plates 
An exact three-dimensional solution for the problem of a simply supported rectangular 
homogeneous piezoelectric plate is obtained, in the framework of the linear theory 
of piezoelectricity. The plate is made of a transversely isotropic material, is earthed 
on the lateral boundary, and is subjected to prescribed surface charge and tractions 
on the end faces. The limit of this solution as the plate thickness aspect ratio ap
proaches zero is explicitly carried out. The analytical results obtained may constitute 
a reference case when developing or applying two-dimensional plate theories for the 
analysis of more complex piezoelectric problems. A numerical investigation in the 
case of a square uniformly loaded plate is also performed, in order to evaluate the 
influence of the thickness-to-side ratio on the three-dimensional solution of the plate 
problem. 

1 Introduction 
At the beginning of the present century, piezoelectricity was 

applied to sonars, to frequency control, to acoustic interferome-
try (Mason, 1981). Presently, applications of piezoelectric ma
terials are mainly oriented towards detecting deformations and 
motions of structures, as well as in active structural control. As 
a matter of fact, by bonding or embedding a piezoelectric ele
ment in a structure, it is possible both to measure strains and 
displacements, and to give localized strains through which the 
deformation of the structure can be controlled. In this way a 
so-called "smart" structure is obtained. An effective sensing 
and control of a smart structure can be achieved only through 
a careful modelization of the coupled electroelastic behavior of 
the structure. The literature on this topic is wide: extensive 
references on structural piezoelectric sensing and control can 
be found in a book by Tzou (1993). 

There is a special interest in the structural problem of piezo
electric plates, since it arises in modeling flat piezoelectric sen
sors and actuators. In the analysis of this problem approximate 
theories are often adopted: indeed, simplifying a priori hypothe
ses are.assumed, concerning the direction of the electric field, 
and the representation form of the displacement field. As a 
consequence, the interest for exact solutions (i.e., solutions ob
tained from the full three-dimensional theory) arises, for the 
purpose of verifying the accuracy of the results provided by 
approximate theories or computations. 

In this paper the framework of the linear theory of piezoelec
tricity is adopted, and an exact three-dimensional solution for 
the problem of a simply supported rectangular homogeneous 
piezoelectric plate is obtained. The plate is made of a trans
versely isotropic material, is earthed on the lateral boundary, 
and is subjected to prescribed surface charge and tractions on 
the end faces. The given loads are represented in double-series 
trigonometric form. The expressions of all the mechanical and 
electric involved functions are explicitly found. 
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The solving technique adopted here is based on the separation 
of the independent variables. It was applied to study plates 
regarded as three-dimensional bodies by some researchers. In 
particular, Vlasov (1957) and Levinson (1984) studied the 
problem of isotropic homogeneous elastic plates; Pan (1991) 
considered the problem of transversely isotropic homogeneous 
elastic plates; Lee (1967), Srinivas and Rao (1970), Pagano 
(1970), and Noor and Scott Burton (1990) studied the problem 
of orthotropic or anisotropic composite elastic plates. An appli
cation of the same technique to the problem of piezoelectric 
plates is due to Ray et al. (1992), which considered only the 
simplest case of cylindrical bending. In this paper the more 
general case of bidirectional bending is studied. 

The paper is organized as follows. Section 2 is devoted to 
notation. The linear piezoelectric constitutive equations and the 
basic equations of the linear theory of piezoelectricty are re
called in Sections 3 and 4, respectively. The plate problem is 
introduced in Section 5 and a separate-variables three-dimen
sional solution is obtained in Section 6. This solution is then 
expanded into a power series of the thickness of the plate, and 
the lowest-order term of the expansion is explicitly carried out 
(Section 7) . As a consequence, the limit of the three-dimen
sional solution of the plate problem as the plate thickness aspect 
ratio approaches zero is obtained, in a closed form. This analyti
cal result is intended to serve as a reference case when devel
oping or applying approximate theories for the analysis of more 
complex piezoelectric problems. Moreover, it may be useful in 
the development of a consistent theory of thin piezoelectric 
plates, since it supplies the orders of infinity of the mechanical 
and electric quantities as the plate thickness aspect ratio ap
proaches zero. At authors' knowledge, an explicit calculation, 
for any load condition, of the limit of all the mechanical and 
electric quantities as the plate thickness aspect ratio approaches 
zero is carried out here for the first time. Levinson (1984) and 
Pan (1991) considered only the limit of the deflection of an 
elastic plate for one particular load condition. 

Finally, a numerical investigation in the case of a square, 
uniformly loaded plate is performed in Section 8, in order to 
evaluate the influence of the thickness-to-side ratio on the three-
dimensional solution of the plate problem. 

2 Notation 
Let 8 be the three-dimensional Euclidean space, and let V be 

the vector space associated to fi. Let {c,, c2, c3} be an orthonor-
mal basis of f! and let a{ (i = 1 . . . 3) denote the components 

628 / Vol. 63, SEPTEMBER 1996 Transactions of the ASME 
Copyright © 1996 by ASMEDownloaded From: https://appliedmechanics.asmedigitalcollection.asme.org on 06/28/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



of a vector a £ V with respect to this basis. Let O £ 8 be a 
fixed origin and let (xi, x2, x3) denote the coordinates of the 
typical point of 8 in the cartesian frame (O, Ci, c2, c3). 

Let Lin be the vector space of the second-order tensors on 
t), Sym C Lin the subspace of the symmetric tensors, and Orth 
C Lin the group of the isometries of V. The identity of V is 
denoted by I; the symmetric part of A £ Lin is denoted by sym 
A. Lin is endowed with the usual inner product defined by the 
trace operator. The symbol " • " denotes the scalar product 
both between vectors and between tensors. The symbol " ® " 
denotes the tensor product between vectors, between tensors, 
and between a vector and a tensor. 

An orthogonal (not orthonormal) basis of Sym is {H1? H2, 
H 3 , H 4 , H 5 , H 6 } , where 

H 1 : = c , ® c 1 , H 2 : = c 2 ® c 2 , H3 := c3 ® c3, 

H4 := sym c2 ® c3, H5 := sym c3 ® c,, 

H6 := symc, ® c2. (1) 

The components A • H,- of a tensor A £ Sym with respect to 
this basis are denoted by Af (i = 1 . . . 6) . 

The symbols " V " and "div" represent the gradient and the 
divergence operator, respectively. 

3 Linear Piezoelectric Constitutive Equations 
The framework of the infinitesimal strain theory is adopted. 

Let the strain tensor be E £ Sym, the stress tensor be T £ Sym, 
the electric field vector be e £ V and the electric displacement 
vector be d £ V. The enthalpy X per unit volume of a piezoelec
tric material (Parton, 1984) can be expressed as a function of 
the strain E and of the electric field e: 

X = 3£(E, e). (2) 

The stress T and the electric displacement d are the dual quanti
ties of E and e, respectively: 

T = ^ E ' d = " ^ - ( 3 ) 

By definition, for a linear piezoelectric material the enthalpy 
X is a quadratic homogeneous function of E and e: hence, it 
takes the form 

X(E, e) = ie c [E] • E - L[E] • e - ±eE[e] • e, (4) 

where 6,c is a fourth-order symmetric tensor (elasticity tensor, 
evaluated at constant electric field), eE is a second-order sym
metric tensor (dielectric tensor, evaluated at constant strain) 
and L is a third-order tensor (piezoelectric tensor). As a conse
quence, the constitutive equations of a linear piezoelectric mate
rial can be formulated as 

T, 
T2 

T, 
T< 
T, 
T, 
d. 
d, 
d, 

= 

C'n 
C*a 

C?3 

0 
0 
0 
0 
0 

£31 

C?2 

Cf, 
CM 
0 
0 
0 
0 
0 

£31 

T ( E , e) =6 e [E] - L ' [ e ] 

d ( E , e ) = L [ E ] + eE[e], 

where V denotes the transpose of L, defined by 

A-L ' [b] = L [A] -b , A £ Lin, b £ V. (6) 

The tensors Q°, L, and eE depend, respectively, upon 21, 18, 
and 6 material-constants (which are called elastic, piezoelectric, 
and dielectric constants, respectively). The number of a priori 
different material constants is reduced by taking into account 
the symmetries of the material. The symmetry group of a piezo
electric material is defined as (Landau and Lifshitz, 1981): 

S:= {Q £ Orth: QT(E , e )Q ' 

= T(QEQ' , Qe); Qd(E, e) = d(QEQ' , Qe)} . (7) 

In this paper, transversely isotropic piezoelectric materials 
(class 00 mm), having the transverse isotropy axis parallel to 
c3, are considered: their symmetry group contains the rotations 
around c3 and the reflections with respect to planes parallel to 
c3 (Ikeda, 1990). The representation formulas of 6°, L, and eE 

for these materials are (Varadan et al., 1987) 

> = C V H , ® ! ! , + H 2 ® H 2 ) 

+ c ; 2 (H, ® H2 + H2 ® HO + C{3(H, ® H3 

+ H3 ® H, + H2 ® H3 + H3 ® H2) 

+ CI3H3 ® H3 + 4C44(H4 ® H4 + H5 ® H5) 
(8) 

+ 4C?6H6 ® H6 

L = L3, (c3 ® H, + c3 ® H2) + L33c3 ® H3 

+ 2L15(c, ® H5 + c2 ® ft,) 

eE = ef.CH, + H2) + ef3H3, 

where Cl6 := (Cf, - C^2)/2 and C?,, C\2, C?3, Ch, CU, £31, 
L33, L15, e E , ef3 are ten independent material constants. 

The representation formulas (8) hold also for hexagonal pi
ezoelectric materials belonging to the class C6V (or 6 mm) with 
the sixth-order symmetry axis parallel to c3 (Kiral and Eringen, 
1990). As a consequence, the results obtained here hold also 
for the materials of this class. 

In the technical literature one finds more frequently Eqs. (5) 
expressed in matrix notation. The components of E, T, e, d 
are arranged in form of vectors, while the material constants 
are arranged in a square matrix. When the representation formu
las (8) hold, it turns out 
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Table 1 Elastic, piezoelectric, and dielectric constants of some materials 

Cfi [GPa) 

C';f3 [GPa] 
Cf2 [GPa] 

Cf3[OP«] 
C%A [GPa] 

L31 p / . , , 2] 

L33 [C/m*] 

£ l 5 [C/m2] 

<fl [«F/ml 

4 !»-F'/'"] 

CdS 
90.7 
93.8 
58.1 
50.9 
15.0 

-0.245 
0.440 

-0.210 
79.8 
84.3 

PZT-4 
139. 
115. 
77.8 
74.3 
25.6 

-5 .2 
15.1 
12.7 
G.40 
5.62 

PZT-5H 
126. 
117. 
79.5 
84.1 
23.0 
-6 .5 
23.3 
17.0 

. 15.0 
13.0 

PZT-S 
137. 
124. 
69.7 
71.6 
31.4 

-4 .0 
13.8 
10.4 
7.95 
5.15 

C-24 
150. 
128. 
36.8 
30.9 
55.2 
1.51 
8.53 
3.89 
1.82 
1.28 

The material constants (at room temperature) of some piezo
electric materials are given in Table 1 (Eringen and Maugin, 
1990; Smith, 1992; Toshiba, 1983; Vernitron, 1983): a 6 mm 
hexagonal crystal (Cadmium sulphure) and four transversely 
isotropic ceramics are considered. The units of the International 
System are used: gigaPascal for elastic constants, nanoFarad 
per meter for dielectric constants, and Coulomb per square me
ter for piezoelectric constants. 

4 Basic Equations of the Linear Theory of Piezoelec
tricity 

Let a body Q, be given, subjected to 

(i) volume forces b ; 
(ii) volume charge p; 

(iii) surface forces p on a part dfQ of the boundary 30,; 
(iv) surface charge w on a part dwfi of dfl; 
(v) prescribed displacement s0 on d„D, 

(vi) prescribed electric potential 4>0 on d^Q, 
dQ\dfSl; 

dn\dun. 
The strain field E corresponding to a displacement field s 

from the reference configuration of fi to a deformed configura
tion is defined by the equation 

E = sym Vs. (10) 

In this paper a time-independent (i.e., electrostatic) problem 
is considered: hence, the electric field can be derived from a 
potential, say <f>: 

e = -V<£. (11) 

A displacement field s in Q which equals s0 on dsQ and an 
electric potential field r/> in fi which equals <f>0 on d^l are sought 
for, such that the stress field T and the electric displacement 
field d, corresponding through Eqs. (5) to the strain field (10) 
and to the electric field (11), verify the balance equations (Mau
gin, 1988): 

div T + b = 0 n 
div d — p = 0 in fl 

and 
Tn = p 

f d ] - n = 

on dffi, 

u on dJ~L 

where n is the outward normal field to 3fl and {d} denotes the 
jump of d across 30 . 

It is assumed that outside Q. the electric displacement field 
vanishes: e.g., this assumption holds true, if fi is surrounded 
by conductors, and is usually acceptable, if O is surrounded by 
the vacuum (or air). Hence, the equation {d} • n = u becomes 

d • n = — ui on 3„0, 

where d is the electric displacement field inside fi. 

(13) 

As a consequence, the unknowns s and (f> must satisfy the 
field equations 

div (t,e[sym Vs]) + div (L'[V0]) + b = 0 

div (L[sym Vs]) - div (eE[V<M) 

and the boundary conditions 

0 
in fi, (14) 

ec[sym Vs]n.+ L'[V<£]n = p 

L[sym V s ] - n - eE[V</>]-n = 

s = s0 

L</> = 4>0 

on 

-u) on 

on 

on 

dfU 

djl 

dsQ, 

d^Q 

(15) 

5 The Simply Supported Rectangular Plate Problem 
A rectangular plate having in-plane dimensions Lt and LQ and 

thickness H is considered. Let the reference configuration of 
the plate be the region 

0 = ( - L i / 2 , LJ2) X (~L2 /2, 1^12) 

X(-H/2,H/2)CS. (16) 

The end faces of the plate, orthogonal to the x3-axis at x3 = 
±H/2, are denoted as upper or lower face, while the other faces 
constitute the lateral boundary. 

The plate is assumed to be made of a transversely isotropic 
material, with the transverse-isotropy axis parallel to the x3-
axis. 

The volume forces b and the volume charge p are assumed 
to vanish. The boundary conditions on <3f2 are assigned in a 
slightly more general way than that specified in the previous 
section. Indeed, a so-called "general boundary value problem," 
or "mixed-mixed problem" (Gurtin, 1972) is considered here, 
in order to model a simply supported plate. In particular, on the 
lateral boundary of the plate, the tangential component (I — n 
(x) n)s0 of the displacement and the normal component (n (x) 
n )p of the surface forces are assumed to vanish (see, e.g., 
Pagano, 1970; Srinivas and Rao, 1970; Levinson, 1984; Pan, 
1991). In addition, the potential <f> is assumed to be zero. On 
the upper and lower face the surface forces and the surface 
charge are given. In formulas, the boundary conditions are as 
follows: 

(i) on the lateral faces orthogonal to the xx and x2-axis, 
respectively: 

s2(±Ll/2, x2,x3) = 0 

si(±Ll/2, x2, x-s) = 0 

</>(±Ll/2,x2,x3) = 0 

> Tl(±Ll/2, x2,x3) = 0 

and < 

si(xu ±La/2,x3) = 0 

s3(xu ±L2l2,x-i) = 0 

<K*i, ±L2l2,xi) = 0 

r 2 U , , ± L 2 / 2 , x 3 ) = 0; 

(17) 

(12) (ii) on the upper and lower face: 

T5(xi, x2, ±#72 ) = ±pf(x,, x2) 

T4(xi, x2, ±H/2) = ±p2
t{xu x2) 

T3(xux2, ±HI2) = ±pi(xi,x2) 

d3(Xi,x2, ±H/2) = +u>±(xt, x2), 

(18) 

where p f, p f, and p f are the components of the surface forces 
p ^ UJ± is the surface charge, and upper (lower) sign applies 
to upper (lower) face. Equations (17) and (18) are intended to 
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be read twice: one time taking all the upper signs, the other 
time taking all the lower signs. 

The load acting on the plate is assumed to be symmetric with 
respect to the plane containing the x, and x3-axes, and to the 
plane containing the x2 and x3-axes. In other words, the func
tions pf and UJ± are assumed to be even with respect to both 
Xi and x2; the functions p f are assumed to be odd with respect 
to X\ and even with respect to x2; the functions pi are assumed 
to be even with respect to Xi and odd with respect to x2. 

With a view toward satisfying the boundary conditions (18), 
the functions pf, pf, pf and u>± are expanded into a double 
Fourier series in the rectangle ( — LXI2, LXIT) X ( — Z^/2, Lai 
2). As a consequence, it is sufficient to solve the problem of 
a plate subjected to surface forces and surface charge on the 
upper and lower face of the form 

. (2«i + \)-nx\ (2n2 + l)7rx2 PT(Xi, x2) = pTjH,„2 sin ; cos 
Li 

(2n2 + 1)KX2 pf(xi, x2) = pf,„„„2 cos - — — — : — - sin 

pt(x,, x2) = pl„.„, cos 

u>~(xt, x2) — w,7|?„2 cos -—:—;—
: cos 

(2n, 

(2n, 

(2n, 

U 
+ 1)TTXI 

u 
+ l)7TXi 

u 
+ 1)TTXI 

(2«2 + 1)7TX2 

(2«2 + 1)7TX2 

(19) 
where Wi and n2 are fixed non-negative integers and pf,HJV 

pf,n,,„2, pf,,,,^, ^n,,^ are fixed scalars. Indeed, the case of a 
general load having the stipulated symmetry can be covered 
by superposition (e.g., Timoshenko and Woinowsky-Krieger, 
1982). Hence, in what follows it is assumed that pf, pf, 
pf, and w* have the form specified in Eqs. (19). 

6 A Separate-Variables Three-Dimensional Solution 
On account of the present rectangular geometry, it is natural to 

search for a three-dimensional solution of the plate problem such 
that each of the four unknown functions Si,s2, s3 and (/> is a product 
of functions, each depending on one variable only. Indeed, let the 
displacement and the potential field have the expressions 

Si(x{, x2, x3) = Si(x3) sin q{xi cos q2x2 

^2(^1, x2, x3) = S2(x3) cos qxX\ sin q2x2 

J3(JCI, x2, x3) = S3(x3) cos q\X\ cos q2x2 

4>(xi, x2, x3) = $(x3) cos qiXi cos q2x2, 

(20) 

where 

qi = (2«! + l)7r/L, and q2 = (2n2 + l)nlLi, (21) 

and Si, S2, S3, $ are functions to be determined, depending on 
x3 only. 

As a consequence of this choice, the boundary conditions 
(17) are trivially satisfied; the field Eqs. (14), using Eqs. (8) , 
become (Tiersten, 1969) 

{-C'nq\ - C%6ql + C^d^Si - (C\2 + Cl6)qiq2S2 

- (C\3 + CU)qidS3 - (L3, + L15)qid$ = 0 

- (C',2 + Cl6)qiq2S, + (-C'nql - Cl&q] + C'44d
2)S2 

- (C?3 + C\\)q2dS3 - (L31 + L]5)q2d$ = 0 

(C\3 + CUKqldSl + q2dS2) + V-C^q] + q\) + Chd2]S3 

+ [-Ll5(q
2 + q2

2) + L33d
2]® = 0 

(L31 + L 1 5 ) ( ^ i + q2dS2) + {-Ll5(q\ + q\) + L33d
2]S3 

+ [efi(g2 + d ) - £ f 3 d 2 ] * = 0 

(22) 

where d denotes the differential operator with respect to x3; 
the boundary conditions (18), taking into account Eqs. (19), 
become 

C44[dSi(±H/2) - qiS3(±H/2)] 

- Ll5qM±H/2) = ±pf,v,i 

Ce
44[dS2(±H/2) - q2S3(±H/2)] 

- L15qM±H/2) = ±plhJ,1 

ChlqiSd + H/2) + q2S2(±H/2)] + C'33dS3(±HI2) 

+ L33d$(±HI2) = ±p3~„„„2 

L 3 1[ ? 15 1(±/ / /2) + q2S2(±H/2)] + L33dS3(±H/2) 

(23) 

- e%d$(±H/2) = Ta;,f„„2. 

Hence, the plate problem is reduced to the boundary value 
problem ( 2 2 ) - ( 2 3 ) , governed by an ordinary differential lin
ear system in the unknown functions S,, S2, S3, $ . 

For the sake of simplifying the problem, the following change 
of variables is made: 

U := 1/1S, + v2S2, V := -v2Si + vxS2, X3 := x3/l, (24) 

where 

/ = 1/JqT+ql, v\ = qd and v2 = q2l. (25) 

The quantity /, depending upon Llt L2, «i, n2 has the meaning 
of a characteristic in-plane dimension of the plate. It is a simple 
matter to verify that the system (22) is decoupled into the 
system 

{-C'u + CUD2)U - (C?3 + Ce
M)DS3 

- (L31 + Ll5)D® = 0 

(C?3 + C'M)DU + (-CW + Ce
33D

2)S3 

+ (-Li5 + L33D
2)§ = 0 

(26) 

(L3I + Lt5)DU + (-Li5 + L33D
2)S3 

+ (efi - e?3D
2)$ = 0, 

and the equation 

(-CU + C'uD
2)V=0, (27) 

where D = Id denotes the differential operator with respect 
toX,. 

It is worth noting that the coefficients of Eqs. (26) and (27) 
depend only upon the material constants and are independent 
of qi and q2: hence, the general solution of Eqs. (26) and (27) 
can be found once for a given material, and then used for a 
rectangular plate made of that material, independently of the 
dimensions or the load. 

The characteristic equation of the system (26), in the un
known \, is 

det 
—C'n + C44X — (Cf3 + C^,)\ —(L31+LI5)X 
(C13 + C\U)\ —CW + Cl3\ —Ll5 + L33\ 
(L3l + L I 5 ) \ — Lis + I-^3\ is e. \ 2 

0, 

(28) 

where "det" denotes the determinant. In a more explicit form, 
Eq. (28) can be written as 

-a6 \ .6 + a4 \4 - a2^2 + a0 = 0, (29) 
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where 

(30) 

<!(, — C%i{C'33633 + L33) , 

a4
 = C\4C33^{X + (C%i) e33 + CnC33e33 + L33Cu 

+ 2L33Ll5C!U ~ 2(C?3 + C44)(L3[ + Ll5)L33 

+ (L31 + Lls)
2Ch -(C\3 + C'u)

2ef3. 

a.2 = C\3C\\t\\ + (C 4 4 ) en + CwCt^tyi + Z-15C44 

+ 2L33Li5C
e
u — 2(C\3 + C44)(L31 + Li5)Li5 

+ (£31 + £15) C44 — (C'3 + C*44) en , 

a0
 = Cn(C44€i i + ^15). 

For the sake of simplicity, it is assumed that Eq. (29) has six 
distinct roots: 

A|, — X-i, X 2 , — ^ 2 , X 3 , — X3. 

If [U(X3), S3(X3), $(X3)] is a solution of the system (26), 
then [~U(-X3), S3(-X3), <&(-X3)] is a solution, too. Hence, 
the general solution of the system (26) can be given the form 

U(X3) = U'(X3) + U°(X3) 

S3{X3) = S'3(X3) + S\(X3) 

[$(X3) = $»(X3) + * ' ( * , ) , 

(31) 

where 

Ue(X3) = 2 A,a, cosh (A,X3) 
1=1 

3 

S°3(X3) = I A;A sinh (\,X3) 

3 

$°(X3) = I A,7, sinh (\,X3) 

tf"(*3) = I B,a, sinh (\,X3) 
/=i 
3 

and { S'3(X3) = £ 5,-/?,- cosh (\,-X3) 

3 

$c(x3) = EB;r,cosh(\,x3). 

(32) 

The superscripts " e " and " ° " denote even and odd functions of 
X3, respectively; A,-, S, are arbitrary dimensionless (complex) 
constants. The vector (a,-, /3 ( , 7,) spans the null space of the 
matrix at the left-hand side of Eq. (28) when A. is given the 
value \ , , for / = 1 . . . 3 (of course, this vector is defined up 
to a scalar multiple). In other words, the constants a,, Pi, y,, 
satisfy the following equations, where i = 1 . . . 3 is unsummed: 

'(-CJ, + C'^)a, - (C\3 + C'M)hPi 

- (Lj, + L15)\i7i = 0 

(Ch + C'„)ha, + (-C44 + C3
e
3X,2)A-

+ ( -L 1 3 + L33k})7i = 0 

(L3l + Lu)Ka, + (-Ll5 + L33\
2)/3: + (ef, - ef3Xf)7i = 0. 

(33) 

Equation (27) has the general solution 

V(X3) = Ve(X3) + V{X3), 

where 

Ve(X3) = A41 cosh (X4X3) and 

7"(X3) = S41 s inh(\ 4X,) , 

(34) 

(35) 

\ 4 = vC%6IC%i, A4, B4 are arbitrary dimensionless constants, 
and 1 has the physical dimension of a length. 

For the piezoelectric materials considered in Table 1, the 
values of the constants \ , , a,, /?,-, and yt are given in Table 2, 
in the units of the International System (j denotes the imaginary 
unit). 

The boundary conditions (23), according to the change of 
variables (24), are decoupled into 

(i) a system of three equations involving U', S3, <&°: 

'C'44DUc(h/2) - Ce
44S°3(h/2) - Ll5$°{hl2) = lpe 

C\3U'(hl2) + C'33DS°3(h/2) + L33D<f>"(h/2) = lp°3 

_L3,U
c{hl2) + L33DS°3(h/2) - e%D$°{hl2) = -Zw°; 

(36) 

(ii) a system of three equations involving U", S3, $": 

'C44DU"(h/2) - C%\S°3(hl2) - Ll5<f>'{h/2) = lp° 

C\3U°{hl2) + C'33DS'3(h/2) + L33D§"(hl2) = lp'3 

L31U"(h/2) + L33DSe
3(h/2) - ef3D$'(h/2) = -lioe; 

(37) 

(iii) one equation involving V: 

Ce
44DVe(h/2) = lqe; (38) 

(iv) one equation involving V": 

CWDVih/2) = lq°, (39) 

where the plate thickness aspect ratio (i.e., the ratio between 
the thickness H and the characteristic in-plane dimension / of 
the plate) is introduced: 

h := Hll (40) 

and the following positions are made: 

Pi = f(K»,.»2 + />w«2) P° = kpU,,2 ~ Pu,,,) 

P'l = l2(Ptnt,n2 + Pin,^) P°2 = {{ptn^ ~ PlJhJ,2) 

Pi = kptnt,n2 + PXn„n2) Pi = ^iptn^ ~ Pl,h,n2) 

W' = i(^n„„2 + ^n„„2) U° = 5(w,t„„2 - U^,„2) 

p" = +Vip\ + u2pi P° = +ViP°i + V2P2 

q' = -v2p\ + i/tp
e
2 q" = -v-ip\ + vxp\. (41) 

In a more explicit form, Eqs. (36) and (37) can be respectively 
rewritten as 

£A,f ; sinh (hh/2) = lpe 

3 

X Air, cosh (\,-/t/2) = lp°3 

•luj" £ AiZt cosh (\ih/2) 
1=1 
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Table 2 The material constants A.,, a,, ft, and yt 

Ai 

a i [m] 

Pi M 
7i ["] 

A2 

« 2 H 

& M 
7-ilv] 
A3 
a 3 [ m ] 

& M 
73 [V] 
A4 

CdS 
1.665+ j0 

-0 .913 + j'O 
0.409 + jO 
0.008 + j'0 
0.591 + jO 
0.415+ j0 

-0 .910 +j'O 
0.009+ j0 
0.973 + jO 
0.047+ j0 

- 0 . 0 5 0 + j0 
0.098 +j'O 
1.042 + j0 

PZT-4 
1.069 +jO.200 
0.254 - jO.418 

-0.0S0 + j'0.459 
-0.659 +jO.330 

1.069 - jO.200 
• 0.254+ J0.418 

-0.U8U-jO.459 
-0 .659 - J 0 . 3 3 0 

1.204+ i0 . 
-0 .696 + j'O. 

0.(517 +J 'O . 
-0 .366 + j 0 . 

1.093+ j '0. 

PZT-5H 
1.029 + J0.415 
0.032 - j'0.248 

-0 .329 + j'0.404 
-0 .327 + j'0.330 

1.029 - j '0 .415 
0.032 +jO.248 

-0 .329 - j'0.404 
-0.327 - jO.330 

1.053 + j O . 
-U.090 + j O . 

0.176 + j O . 
- 0 . 9 8 0 + j'0. 

1.005 +j'O. 

PZT-8 
1.044 +j'O.242 
0.594-j 'O.183 

-0 .439 + j'0.350 
-0 .407 +j'O.364 

1.044-j'O.242 
0.594 +j'O.183 

-0 .439 - j'0.350 
- 0 . 4 0 7 - j O . 3 6 4 

1.196 +j'O. 
-0 .018 +J 'O . 
-0 .048 +J 'O . 

0.999 +J 'O . 
1.035 + J 'O . 

C-24 
1.032+ J0.127 
0.441-j '0 .516 

-0 .300 + J0.630 
0.114 + J0.199 
1.032-j'O.127 
0.441 +j'O.516 

-0 .300 - j '0 .630 
0.114-j 'O.199 
1.065 +j'O. 

-0 .024 + j 0 . 
-0 .040 +j'O. 

0.999+ jO. 
1.013 +j'O. 

X Bit, cosh {\,hl2) = lp°, 
i=\ 

3 

and { X BiT, sinh (\,/z/2) = lp\ 
1=1 

3 

X Btzi sinh (Kh/2) = -luj" 

(42) 

where 

r, = C\sa, + ChPik, + L33y,A./ 

Zi = L3iat + L33/?,\; - e?3 7A-

(i = 1 . . . 3, unsummed). (43) 

Hence, they allow to determine the constants Ai, A2, A3 and 
Bu B2, B3, respectively. Analogously, Eqs. (38) and (39) can 
be, respectively, rewritten as 

CuA4k4 sinh {\Jil2) = lqe and 

CltB^ cosh (Mi/2) = lq°, (44) 

and allow to determine the constants A4 and B4, respectively. 
The functions V, U, S3, & are determined by Eqs. (31) and 

(34); these functions turn out to be real, in spite of the fact 
that, in general, A,, S, are complex constants. Then, the dis
placement field is obtained by Eqs. (20) and (24): 

(45) 

5] = {v\U — v2V) sin qiXi cos q2x2 

s2 = (v2U + ViV) cos qtx, sin q2x2 

S3 = S3 cos qiXi cos q2x2 

cf> — $ cos q^i cos q2x2; 

the strain field is obtained by Eq. (10): 

Ei = Vill{i/\U — v2V) cos qxXi cos q2x2 

E2 = v2ll(y2U + ViV) cos qiX\ cos q2x2 

E3 = I/IDS3 cos qtXi cos q2x2 

2£4 = l/l[v2(DU - S3) + ViDV] cos £1*1 sin q2x2 

2E5 = l/l[i/i(DU - S3) - v2DV] sin qtxi cos q2x2 

2E6 = lll[-2viV2U + (v\ - v\)V\ sin qtXi sin g2x2; 

(46) 

the electric field is obtained by Eq. (11): 

ex = Vill<& sin q^i cos q2x2 

e2 = v2ll<& cos qxX\ sin q2x2 (47) 

e3 = - 1 / / D $ cos <7i*i cos ^2^2; 

the stress field is obtained by Eqs. (5) and (8): 

T\ = l/l[Q - 2v2C%(,{v2U. + ViV)] cos qxxx cos q2x2 

T2 = \ll[Q - 2vlC
e
66(vlU - u2V)] cos qxxx cos q2x2 

T3 = Rll cos q\Xy cos g2x2 

r 4 = l/l(u2W + V\C%DV) cos qxxx sin <72*2 

r 5 = \ll(vxW - v2CUDV) sin i^*! cos q2x2 

T6 = Ce
66/l[-2uiV2U + {v\ - v\)V] sin qxx, sin ^r2x2; 

(48) 

and the electric displacement field is obtained by Eqs. (5) and 
(8), too, 

dx = \ll{vxY — Ll5v2DV) sin q{Xi cos q2x2 

d2 - \ll(v2Y + L^ViDV) cos qtXi sin g2*2 (49) 

vrf3 = Z// cos qiXx cos ^2^2, 

where the following positions have been made: 

' Q = c'nu + C;3DS3 + L3,£>$ 

/? = C;3/7 + C^3D53 + L33£>$ 

W = C^DZ/ - C%>S3 - L15$ (50) 

7 = LI5DU - Ll5S3 + e?i$ 

|>Z = L31[/ + L33DS3-ef3D$. 

Needless to say that if 

W " l . "2 = W " l . » 2 ' -P3."l."2 = Pistil 

Ptn2,n2 =
 — Pl,ni,i!2> P2,n,,n2 = —P2,n„n2. (51) 

then w° = 0, p 3 = 0, p 6 = 0, <?* = 0: hence the constants A, 
turn out to be zero and V = 0, U' = 0, S°3 = 0, $° = 0. As 
a consequence, s3, cf>, E4, E5, elt e2, T4, Ts, d\ and d2 are even 
functions of the x3 variable, while su s2, Et, E2, E3, E6, e3, Tu 

T2, r 3 , T6 and d3 are odd functions of the x3 variable: this 
amounts to say that the plate has a bending behavior. Con
versely, if 

+ — + — 
Pl,H|,H2 //1,H[,H2) P2,H,,H2 //2l/!],H2, 

(52) 
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Table 3 Auxiliary material constants 

C [GPa] 

G [GPa] 

K [GPa] 

F [67m2] 
M [c/,,,2] 

N [C/,n2] 

f [„F/m] 

/'• 
a 

P 

CdS 
63.1 
59.7 
1.80 

0.458 
0.529 

-1.34 
79.8 

0.543 
0.907 

1.00 

PZT-4 
120. 
153. 

-7.66 
25.1 
30.3 
34.6 
12.8 

0.388 
0.924 
0.793 

PZT-5H 
96.2 
102. 
9.49 
36.3 
46.5 
34.8 
27.6 

0.456 
• 0.S14 

0.767 

PZT-8 
117. 
163. 
4.33 
20.4 

• 29.9 
18.4 
11.4 

0.378 
0.870 
0.841 

C-24 
143. 
161. 

0.236 
0.622 

10.9 
9.43 
2.09 

0.222 
0.821 
0.992 

then w" = 0, p3 = 0, p" = 0, q° = 0. Hence, the constants B, 
turn out to be zero and the previously stated evenness and 
oddness properties exchange: in this case, the plate exhibits a 
membrane behavior. 

7 The Limit of the Three-Dimensional Solution as 
the Plate Thickness Aspect Ratio Approaches Zero 

In this section the limit of the three-dimensional solution 
(45) - (49) as the plate thickness aspect ratio h approaches zero 
is explicitly carried out, by performing the expansion into a 
power series of h of the involved mechanical and electric quanti
ties, and retaining only the lowest-order terms. The result ob
tained is denoted as thin-plate limit of the three-dimensional 
solution. 

In order to preserve, in the limit, the dependence upon the 
variable in the thickness direction, the rescaled variable 

is introduced (C, = 0 on the middle plane of the plate, and £ = 
±5 on the upper or lower face). 

Needless to say that, in spite of the fact that the mechanical 
and electric quantities are related by Eqs. (10), (11), and (12), 
the lowest-order terms of their expansions into a power series 
of h needn't be related by those equations. 

The calculations are based on the expansion into a power 
series of h of the solutions of Eqs. (42) and (44). The constants 
\,-, a,-, Pi, y, are irrational functions of the material constants 
introduced in Eqs. (8). However, by taking into account the 
fact that, for i = 1 . . . 3, \, solves Eq. (29) and a,, /?,-, y, 
satisfy Eqs. (33), it is possible to prevent the constants X,, a,, 
Pi, 7,- by appearing explicitly in the thin-plate limit. Some 
auxiliary material constants are used instead, depending ratio
nally on the ones introduced in Eq. (8): 

r — re £33(^13) + 2L^iLj}C\s — L3lC33 
11 r<= fE + T2 

L'33t33 1- L33 
T2 

„ . _ C11C33 ~ ( C | 3 ) _ L33C13 — C33L3l 

r« eE 4. f2 r .— e E 2 
(^33633 + ^33 l-33633 -I- ^33 

i,, L33Cn ~ C13L31 L15C ~ C44F 
M : = e — g j — N : = 

£33633 + L33 C44 

„ MC-NG C^eg, + L33L3l 
K : = (i : = — 

£33 + ^ 3 3 

C f i e 3 3 + L31 L^F ,CA\ 
a := —-— — p := 1 . (54) 

(^33633 "T i.33 CC 

For the piezoelectric materials considered in Table 1, the values 

of these constants are given in Table 3, in the units of the 
International System. 

Only one at a time of the eight quantities p%, p", ioe', q", 
pi, p", LO", q" is assumed to be different from zero: hence, 
eight different cases are considered. Any load condition can be 
covered by superposition of these eight basic cases. The results 
obtained if either one of the quantities p f, p °, u>e, q ° is different 
from zero are reported in Table 4 (in this case, the plate has a 
bending behavior). The results obtained if either one of the 
quantities p%, pe, w°, qe is different from zero are reported in 
Table 5 (in this case,"the plate has a membrane behavior). 

For a square plate of edge L, = L2 = A and thickness H, 
some useful formulas can be easily carried out by the results 
given in Tables 4 and 5. The limits, as the plate thickness 
aspect ratio approaches zero, of some mechanical and electric 
quantities of primary interest in technical applications are found. 
These results should be recovered by applying any consistent 
theory of thin piezoelectric plates. 

Let / ( ; t | , x2) := cos (TTXJA) COS (nx2/A). In Table 6 there 
are reported the deflection w,„, the electric potential $m, and 
the bending moment M[m at the center of the plate: 

w„, := s3(A/2, A/2, 0) 

$„, := <j)(A/2,A/2,H/2) 

J
H12 

x3T1(A/2,A/2,x3)dx3 (55) 

-mi 
when the plate is subjected only to a normal sinusoidal load of 
largest intensity p0 (pi = Pof(xit x2)l2), or to a normal uni
form load of intensity p0(pf = pQ!2), or to a sinusoidal surface 
charge of largest density u>0 (ui± = w0f(xit x2)/2), or to a 
uniform surface charge of density LOQ (ui± = u 0 /2 ) . In these 
cases the plate has a bending behavior. The following position 
has been made: 

£ = Ct6/C. (56) 

It is pointed out that the results obtained for w,„ when a 
sinusoidal or uniform load p0 is applied, formally coincide with 
the results about an elastic (i.e., nonpiezoelectric) plate given 
by Lekhnitskii (1968), if the quantity H3C/12 is replaced by 
# 3 / 12 [C; , - (C?3)2 /C|3] . The latter quantity is the bending 
stiffness of an elastic plate. Noting that, if no piezoelectric 
coupling exists, the expression for C given in Eqs. (54) reduces 
just to C'n - (C\3)

2IC°33, it is natural to call the quantity H3C/ 
12 "bending stiffness" of a piezoelectric plate. 

In Table 7 there are reported the variation of the thickness 
AH„,, the difference of electric potential A$,„, and the mem
brane force Nlm at the center of the plate: 

AH„, := i3(A/2, A/2, HIT) - s3(A/2, A/2, -HI2) 

A#,„ := <KA/2, A/2, HIT) - <j)(A/2, A/2, -HIT) 
pH/2 

Nhn := Tt(A/2, A/2, x3)dx3 (57) 
J-H12 

when the plate is subjected on the upper and lower face only 
to a normal sinusoidal load of largest intensity p0 (pf = 
±Pof(xu x2)), or to a normal uniform load of intensity p0 

(pi = ±Po), or to a sinusoidal surface charge of largest density 
u>0 (u>± = ±u>0f(xi, x2)), or to a uniform surface charge of 
density w0 (^ ± = ± w0). In these cases the plate has a membrane 
behavior. It is emphasized that both the sinusoidal and the uni
form distribution produce the same results. 

The results provided by the zeroth-order theory of Maugin 
and Attou (1990), based on the scaling theory of Ciarlet and 
Destuynder (1979) do not agree with the thin-plate limit ob
tained here. Indeed, the deflection of a plate according to the 
zeroth order theory of Maugin and Attou is governed by an 
equation (Eq. (7.10) in Maugin and Attou, 1990) which doesn't 
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Table 4 Thin-plate limit of the three-dimensional solution. Bending behavior. 

u 
S3 

$ 

DS3 

D<$> 

'DU - S3 

Q 

R 

W 

Y 

Z 

V 

DV 

Pi 
2ilp° 
IPC C 

24tp% 
h3C 

h efjl F 2+°". 1 

-24«, , ; F _ 
/.2 tCC 

i f R - + ,(«<M)] 
24Cp* 

fp=(3(-4C3) 

- 3 & ; 
- T ^ ( l - 4 < ' ) 

«j-sf(c-4Ca) 

0 

0 

P° 
12lp° 

AC C 

12lp° 
/i2C 

-tv°7c{«e-\) 
-V2tp° /. , 

-12Cp° F 

Of, <"C - 5 » 

1 2 ^ 
A. C 

^ ( C - 4 C 3 ) 

iv"(«e-\) 

*"£e»<M> 
^ g W ) 

0 

0 

u/ 

2<V' jp< 

-2Cwe W 
h iC 

2tw* 
ht 

~™%< 

. 2<<^ | rC 

2 ^ " Z-Uj 

= ^ ^ , - 3 C + 20C3, 

^ ^ W + 1 8 < . , 

^ | ^ ^ ( 1 - 2 4 C 2 + 8 0 C 4 ) 

2fc e 

;. 
-2lu'( 

0 

0 

9° 
0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Msl, 

Table 5 Thin-plate limit of the three-dimensional solution. Membrane behavior. 

u 
s3 

$ 

DS3 

DO 

DU - S3 

Q 

R 

W 

Y 

Z 

V 

DV 

P'3 

-Wc 

UiVlQ-t 

«*§-

' ! '3 eC 

12 l" + (C K''C " ' 

<PS 

-P . ?« ' 3 r I M l , , .,:,, 
24 l" + eC J ( ^ - 4 « ' 

»ip3 7 f C 

^ff(1-40 
0 

0 

if 
2lp* 
hC 

-•itv*%C 

F 

-2lp° /.. 
h C 

-2lp* F 
h eC 

•Up',, 

-Up' 
h 

T P - ^ ) 
2lp'( 

W%< 

!s?%(i-4<>) 

0 

0 

u/\ 

"̂S 
-tin, ^TC 

« » G r 

-K.iijt'—p; 

'"°% 

Chui°Lu. G . 

-KHu'MK . , , 
12 EC l u t 2) 

^ ^ ( 1 - S C 2
 + 16C*) 

^ ^ « - « > ) 

/•<V°§< 

- f a " 

0 

0 

<7e 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

2lq' 
/tCc0 

Table 6 Some formulas for a square thin plate. Bending behavior. 

HI,, 

* m 

M l m 

sinusoidal po 
3A4 ^ 

n4H3 C 

A2 p0N 
2TT2H eC 

A2
Vo{l-0 

2TT2 

uuilorm pu 
4.7485A4 p0 

wm3 C 

0.7271A'2poN 
TT2H eC 

0.72nA2
Pu{l - 0 
n2 

sinusoidal u>u 

-A2 u>0N 
2TT2H tC 

A2 u>u 

2TT2H t 

-H2 uoFi 
12 e. 

uniform u>0 

-0.7271A2 io0N 
TX^H eC 

0.7271^12a;o 
w2H e 

-H2u,0F£ 
12 t 
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Table 7 Some formulas for a square thin plate. Membrane behavior. 

Affm 

A$,„ 

Nlm 

sinusoidal pQ 

rrPoCT 

rrl'oM 
H1c 
HpQp£ 

uniform pu 

0 

rrPoM a—— 
eC 

Hporf 

sinusoidal u0 

u0G 

uniform w0 

eC 

w0G 
eC 

H^F 

the out-of-plane displacement component s3 is constant with 
respect to x3. But, the assumption concerning <f> is not com
pletely satisfactory, since from Table 4 it turns out that even in 
the case of a thin plate the potential </> has a quadratic law of 
variation with respect to x3, when pe

3 =f= 0 or p"'i= 0. 
Therefore, the interest for a more satisfactory theory of piezo

electric plates arises. The results reported in Tables 4 and 5 
suggest which ones of the mechanical and electric quantities 
may be neglected in the formulation of a consistent thin-plate 
theory: hence, they may represent a useful guide to develop 
such a theory. 

take into account any piezoelectric coupling. In particular, the 
deflection given by this theory depends only upon the elastic 
constants and not upon the piezoelectric and dielectric constants, 
contradicting the results given in Tables 4 and 6. 

A different theory of thin piezoelectric plates was proposed 
by Tzou (1993). He assumes, as a blanket hypothesis, that the 
only nonvanishing component of the electric field is e3 (cf. 
Section 3.2.2 in Tzou, 1993). The thin-plate limit of the three-
dimensional solution obtained in this paper, reported in Tables 
4 and 5, shows that the ratio between the in-plane components 
ei, e2 and the transverse component e3 of the electric field is of 
the order h, unless we =£ 0, when this ratio is of the order h~x. 
Hence, noting that h is a small quantity for a thin plate, the 
hypothesis of Tzou turns out to be oversimplifying, at least in 
the latter case. 

A first-order shear deformation theory of piezoelectric plates 
was proposed by Mindlin (1972). It is based upon the assump
tions that the in-plane displacement components s{ and s2 and 
the potential cp are linearly variable with respect to x3, while 

8 A Numerical Investigation 
A numerical investigation in the case of a square plate of 

edge Li = L2 = A and thickness H is performed, in order to 
evaluate the influence of the thickness-to-side ratio on the three-
dimensional solution of the plate problem. Customarily, in the 
literature the load is applied according to a sinusoidal law (Pa-
gano, 1970; Srinivas and Rao, 1970; Ray et al , 1992). Here 
a uniform distribution is adopted, more frequent in technical 
applications. Really, the load is distributed according to the 
function: 

I I 
16 ( - l ) " l + " 2 

,„=o „=o w (2«i + 1) (2« 2 + 1) 

(2«j + l)7rxi (2«2 + r)nx2 

X cos cos 
A A 

(58) 

which converges uniformly to the constant function 1 in com
pact subsets of the open square ]—A/2, A/2[X] - A/2, A/2[ 
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Fig. 2 Displacements, potential, and stress induced by co0 

as Ni, N2 -> +°°- In the calculations it has been taken Ni = N2 

= 100. 
The results obtained are presented under the form of dia

grams. The dimensionless variable £ is reported on the ordinates 
axis. A dimensionless mechanical or electric quantity is reported 
on the abscissae axis. Four different lines are plotted in each 
diagram: three of them correspond to the values HI A = 1/2.5, 
1/5, 1/10 of the thickness-to-side ratio of the plate; the fourth 
one represents the thin-plate limit. The material of the plate is 
the ceramic PZT-5H, presented in Table 1. 

In Fig. 1 the case of a plate subjected to a uniform normal 
load of intensity p0 (pQ/2 both on the upper and on the lower 
face: p$ = pj = p0/2) is considered. In this case the plate has 
a bending behavior. The following dimensionless functions are 
plotted: 

(a) * ? ( C ) : = Z ! - ^ J , ( ' - , 0 , f f C U S ; 3A3p0 \2 S 

(b) sb
s(O:=^^s,(0,0,HO 

3 A > 0 

(c) 0»(C) :=?^!£0(o,o,flC) 

(d) 71(0 : = 

A2FPo 

n2H2 

6(1 - OA2
Po 

T,(0,0 ,HC). 

In Fig. 2 the case of a plate subjected to a uniform surface 
charge of density w0 on the upper face and of density — u>0 on 
the lower face (o>+ = ui0, UJ~ = ~w0) is considered. In this 

case the plate has a membrane behavior. The following dimen
sionless functions are plotted: 

(a) f ( C ) : = ^ * AFu)n 

(b) sf(0 := -

(c) 4>m(0- = 

(d) 7 t (Q := " 

eC 
HMLO0 

eC 
HGua 

2 b 

J3(0, 0, HO 

F£u0 
Tdo.o.m,). 

It turns out that when the thickness-to-side ratio of the plate 
is less than or equal to 1/5, the thin-plate limit provides results 
which agree with the exact ones within an error of 20 percent, 
for the evaluation of displacements, electric potential, and in-
plane stress components; moreover, when that ratio is less than 
or equal to 1/10, the maximum error reduces to 10 percent. 

9 Conclusions 

In this paper an exact three-dimensional solution for the prob
lem of a simply supported transversely isotropic rectangular 
homogeneous piezoelectric plate is obtained in the framework 
of the linear theory of piezoelectricity. 

The limit of this solution as the plate thickness aspect ratio 
approaches zero (thin-plate limit) is explicitly carried out. It 
represents a result to be agreed by a satisfactory theory of thin 
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piezoelectric plates. This target doesn't seem to be reached by 
existing theories. The results obtained in the present paper may 
represent a useful guide to develop a consistent theory of thin 
piezoelectric plates. 

A numerical investigation in the case of a square plate is also 
performed in order to evaluate the influence of the thickness-to-
side ratio on the three-dimensional solution of the plate problem. 
Electric and mechanical uniformly distributed loads are applied 
on the plate. This corresponds to a very frequent case in techni
cal applications. It turns out that, when the thickness-to-side 
ratio of the plate is less than or equal to 1/5 (1/10), the thin-
plate limit provides results which agree with the exact ones 
within an error of 20 percent (10 percent), for the evaluation 
of displacements, electric potential and in-plane stress compo
nents. 
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