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a b s t r a c t

For a random sample of size n obtained from a p-variate normal population, the likelihood

ratio test (LRT) for the covariance matrix equal to a given matrix is considered. By using the

Selberg integral, we prove that the LRT statistic converges to a normal distribution under

the assumption p=n-y 2 ð0;1�. The result for y¼1 is much different from the case for

y 2 ð0;1Þ. Another test is studied: given two sets of random observations of sample size n1

and n2 from two p-variate normal distributions, we study the LRT for testing the two

normal distributions having equal covariance matrices. It is shown through a corollary of

the Selberg integral that the LRT statistic has an asymptotic normal distribution under the

assumption p=n1-y1 2 ð0;1� and p=n2-y2 2 ð0;1�. The case for maxfy1 ,y2g ¼ 1 is much

different from the case max fy1 ,y2go1.

& 2012 Elsevier B.V. All rights reserved.
1. Introduction

In their pioneer work, Bai et al. (2009) studied two Likelihood Ratio Tests (LRTs) by using Random Matrix Theory. The
limiting distributions of the LRT test statistics are derived. There are two purposes in this paper. We first use the Selberg
integral, a different method, to revisit the two problems. We then prove two theorems which cover the critical cases that
are not studied in Bai et al. (2009). Now we review the two tests and present our results.

Let x1, . . . ,xn be i.i.d. Rp-valued random variables with normal distribution Npðl,RÞ, where l 2 Rp is the mean vector
and R is the covariance matrix. Consider the test

H0 : R¼ Ip vs Ha : RaIp, ð1:1Þ

with l unspecified. Any test H0 : R¼R0 with known non-singular R0 and unspecified l can be reduced to (1.1) by
transforming data yi ¼R

�1=2
0 xi for i¼ 1;2, . . . ,n (then y1, . . . ,yn are i.i.d. with distribution Npð ~l,IpÞ, where ~l ¼R

�1=2
0 l). Recall

x ¼
1

n

Xn

i ¼ 1

xi and S¼
1

n

Xn

i ¼ 1

ðxi�xÞðxi�xÞn: ð1:2Þ
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Of course S is a p� p matrix. After scaling and taking logarithm, a LRT statistic for (1.1) is chosen to be in the following form:

Ln

n ¼ trðSÞ�log9S9�p¼
1

n

Xp

i ¼ 1

ðli�n log liÞþp log n�p, ð1:3Þ

where l1, . . . ,lp are the eigenvalues of nS. See, for example, p. 355 from Muirhead (1982) for this. The notation log above
stands for the natural logarithm loge throughout the paper.

For fixed p, it is known from the classical multivariate analysis theory that a (constant) linear transform of nLn

n

converges to w2
pðpþ1Þ=2 as n-1. See, e.g., p. 359 from Muirhead (1982). When p is large, particularly as n-1 and

p=n-y 2 ð0;1Þ, there are some results on the improvement of the convergence, see, e.g., Bai and Saranadasa (1996). The
fact that dimension p is large and is proportional to the sample size n is a common practice in modern data. A failure for a
similar LRT test in the high dimensional case (p is large) is observed by Dempster (1958) in as early as 1958. It is due to this
reason that Bai et al. (2009) study the statistic Ln

n in (1.3) when both n and p are large and are proportional to each other.
Now, we state our results in this paper next.

Theorem 1. Let x1, . . . ,xn be i.i.d. random vectors with normal distribution Npðl,RÞ. Let Ln

n be as in (1.3). Assume H0 in (1.1)
holds. If n4p¼ pn and limn-1 p=n¼ y 2 ð0;1�, then ðLn

n�mnÞ=sn converges in distribution to Nð0;1Þ as n-1, where

mn ¼ n�p�
3

2

� �
log 1�

p

n

� �
þp�y and s2

n ¼�2
p

n
þ log 1�

p

n

� �h i
:

A simulation study was made for the quantity ðLn

n�mnÞ=sn as in Theorem 1. We chose p=n¼ 0:9 in Fig. 1 with different
values of n. The figure shows that the convergence becomes more accurate as n increases. To see the convergence rate for the
case y¼ 1, we chose an extreme scenario with p¼ n�4 in Fig. 2. As n increases, the convergence rate seems quite decent too.

Now, note that s2
n-�2y�2 logð1�yÞ if p=n-y 2 ð0;1Þ. We obviously have the following corollary.

Corollary 1.1. Let x1, . . . ,xn be i.i.d. random vectors with normal distribution Npðl,RÞ. Let Ln

n be as in (1.3). Assume H0 in (1.1)

holds. If n4p¼ pn and limn-1 p=n¼ y 2 ð0;1Þ, then Ln

n�mn converges in distribution to Nð0,s2Þ as n-1, where

s2 ¼�2y�2 logð1�yÞ and

mn ¼ ðn�pÞ log 1�
p

n

� �
þp�y�

3

2
logð1�yÞ:

Looking at Theorem 1, it is obvious that s2
n ��2 logð1�ðp=nÞÞ as p=n-1. We then get the following.

Corollary 1.2. Assume all the conditions in Theorem 1 hold with y¼1. Let rn ¼ ð�logð1�ðp=nÞÞÞ1=2. Then

Ln

n�p�ðp�nþ1:5Þr2
nffiffiffi

2
p

rn

converges in distribution to Nð0;1Þ as n-1:

The above result studies the critical case for y¼ 1, which is not covered in Bai et al. (2009). In fact, the random matrix
tool by Bai and Silverstein (2004) is used to derive the results in Bai et al. (2009). Their tool fails when y¼1.

For a practical testing procedure, we would use Theorem 1 directly instead of using Corollaries 1.1 and 1.2, which deal
with the cases y 2 ð0;1Þ and y¼1 separately. This is because, for a real set of data, sometimes it is hard to judge when p/n
goes to 1 or when it goes to a number less than 1.
Fig. 1. Histograms were constructed based on 10,000 simulations of the normalized likelihood ratio statistic ðLn

n�mnÞ=sn according to Theorem 1 under

the null hypothesis S¼ Ip with p=n¼ 0:9. The curves on the top of the histograms are the standard normal curve.



Fig. 2. Histograms were constructed based on 10;000 simulations of the normalized likelihood ratio statistic ðLn

n�mnÞ=sn according to Theorem 1 under

the null hypothesis S¼ Ip with p¼ n�4. The curves on the top of the histograms are the standard normal curve.
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Now we study another likelihood test. For two p-dimensional normal distributions Nðlk,RkÞ, k¼ 1;2, where R1 and R2

are non-singular and unknown, we wish to test

H0 : R1 ¼R2 vs Ha : R1aR2, ð1:4Þ

with unspecified l1 and l2. The data are given as follows: x1, . . . ,xn1
is a random sample from Npðl1,R1Þ; y1, . . . ,yn2

is a
random sample from Npðl2,R2Þ, and two sets of random vectors are independent. The two relevant covariance matrices are

A¼
1

n1

Xn1

i ¼ 1

ðxi�xÞðxi�xÞn and B¼
1

n2

Xn2

i ¼ 1

ðyi�yÞðyi�yÞn, ð1:5Þ

where

x ¼
1

n1

Xn1

i ¼ 1

xi and y ¼
1

n2

Xn2

i ¼ 1

yi: ð1:6Þ

Let N¼ n1þn2 and ck ¼ nk=N for k¼1,2. The likelihood ratio test statistic is

TN ¼�2 log L1 where L1 ¼
9A9n1=2

� 9B9n2=2

9c1Aþc2B9N=2
: ð1:7Þ

See, e.g., Section 8.2 from Muirhead (1982) for this. The second main result in this paper is as follows.

Theorem 2. Let ni4p for i¼ 1;2 and TN be as in (1.7). Assume H0 in (1.4) holds. If n1-1,n2-1 and p-1 with p=ni-yi 2

ð0;1� for i¼ 1;2, then

1

sn

TN

N
�mn

� �
converges in distribution to Nð0;1Þ,

where

mn ¼ ðp�Nþ2:5Þ log 1�
p

N

� �
�
X2

i ¼ 1

ðp�niþ1:5Þni

N
log 1�

p

ni

� �
;

s2
n ¼ 2 log 1�

p

N

� �
�2

X2

i ¼ 1

n2
i

N2
log 1�

p

ni

� �
: ð1:8Þ

We did some simulations for the statistic ðTN=N�mnÞ=sn as in Theorem 2. In Fig. 3, we chose p=n1 ¼ p=n2 ¼ 0:9, the
picture shows that the convergence rate is quite robust with the value of n1,n2 and p increases even though the ratio 0.9 is
close to 1. To see the convergence rate for the case that maxfy1,y2g ¼ 1, we chose an extreme situation with
p¼ n1�4¼ n2�4 in Fig. 4. The convergence rate looks well too although it is not as fast as the case p=n1 ¼ p=n2 ¼ 0:9
presents.



Fig. 3. Histograms were constructed based on 10;000 simulations of the normalized likelihood ratio statistic ðTN=N�mnÞ=sn according to Theorem 2

under the null hypothesis S1 ¼S2 with p=n1 ¼ p=n2 ¼ 0:9. The curves on the top of the histograms are the standard normal curve.

Fig. 4. Histograms were constructed based on 10;000 simulations of the normalized likelihood ratio statistic ðTN=N�mnÞ=sn according to Theorem 2

under the null hypothesis S1 ¼S2 with p¼ n1�4¼ n2�4. The curves on the top of the histograms are the standard normal curve.
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According to the notation in Theorem 2, we know that p=N¼ ððn1=pÞþðn2=pÞÞ�1-y1y2=ðy1þy2Þ and ni=N¼ ni=p � ððn1=pÞþ

ðn2=pÞÞ�1-y�1
i =ðy�1

1 þy�1
2 Þ for i¼1, 2. We easily get the following corollary.

Corollary 1.3. Let ni4p for i¼ 1;2 and TN be as in (1.7). Assume H0 in (1.4) holds. If n1-1,n2-1 and p-1 with p=ni-yi 2

ð0;1Þ for i¼ 1;2, then

TN

N
�nn converges in distribution to Nðm,s2Þ,

where

m¼ 1
2½5 logð1�yÞ�3g1 logð1�y1Þ�3g2 logð1�y2Þ�;

s2 ¼ 2½logð1�yÞ�g2
1 logð1�y1Þ�g2

2 logð1�y2Þ�;

nn ¼ ðp�NÞ log 1�
p

N

� �
�
ðp�n1Þn1

N
log 1�

p

n1

� �
�
ðp�n2Þn2

N
log 1�

p

n2

� �
, ð1:9Þ

with g1 ¼ y2ðy1þy2Þ
�1, g2 ¼ y1ðy1þy2Þ

�1 and y¼ y1y2ðy1þy2Þ
�1.

Our method of proving the above results is much different from Bai et al. (2009). The random matrix theories,
developed by Bai and Silverstein (2004) for the Wishart matrices and Zheng (2008) for the F-matrices, are used in Bai et al.
(2009). The tools are universal in the sense that no normality assumption is needed. However, the requirements that yo1
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as in Corollary 1.1 and maxfy1,y2go1 as in Corollary 1.3 are crucial. Technically, the study for critical cases that y¼1 and
that maxfy1,y2g ¼ 1 are more challenging.

Under the normality assumption, without relying on the random matrix theories similar to Bai and Silverstein (2004)
and Zheng (2008), we are able to use analysis tools. In fact, the Selberg integral is used in the proof of both theorems.
Through the Selberg integral, some close forms of the moment generating functions of the two likelihood ratio test
statistics are obtained. We then study the moment generating functions to derive the central limit theorems for the two
likelihood ratio test statistics. In particular, our results study the cases that yr1 and that maxfy1,y2gr1. As shown in
Corollary 1.2, the result for y¼1 and the result for y 2 ð0;1Þ are much different. The same applies for the second test.

We develop a tool on the product of a series of Gamma functions (Proposition 2.1). It is powerful in analyzing the
moment generating functions of the two log-likelihood ratio statistics studied in this paper.

The organization of the rest of the paper is as follows. In Section 2, we derive a tool to study the product of a series of
the Gamma functions. The proofs of the main theorems stated above are given in Section 3.
2. Auxiliary results

Proposition 2.1. Let n4p¼ pn and rn ¼ ð�logð1�ðp=nÞÞÞ1=2. Assume that p=n-y 2 ð0;1� and t¼ tn ¼Oð1=rnÞ as n-1. Then,
as n-1,

log
Yn�1

i ¼ n�p

G
i

2
�t

� �
G

i

2

� � ¼ ptð1þ log 2Þ�pt log nþr2
nðt

2þðp�nþ1:5ÞtÞþoð1Þ:

The proposition is proved through the following three lemmas.

Lemma 2.1. Let b :¼ bðxÞ be a real-valued and bounded function defined on ð0,1Þ. Then

log
GðxþbÞ

GðxÞ
¼ b log xþ

b2
�b

2x
þO

1

x2

� �
,

as x-þ1, where GðxÞ is the gamma function.

Proof. Recall the Stirling formula (see, e.g., p. 368 from Gamelin, 2001 or (37) on p. 204 from Ahlfors, 1979):

log GðzÞ ¼ z log z�z�
1

2
log zþ log

ffiffiffiffiffiffi
2p
p
þ

1

12z
þO

1

x3

� �
,

as x¼ ReðzÞ-þ1. It follows that

log
GðxþbÞ

GðxÞ
¼ ðxþbÞ logðxþbÞ�x log x�b�

1

2
ðlogðxþbÞ�log xÞþ

1

12

1

xþb
�

1

x

� �
þO

1

x3

� �
, ð2:1Þ

as x-þ1. First, use the fact that logð1þtÞ � t�ðt2=2ÞþOðt3Þ as t-0 to get

ðxþbÞ logðxþbÞ�x log x¼ ðxþbÞ log xþ log 1þ
b

x

� �� �
�x log x

¼ ðxþbÞ log xþ
b

x
�

b2

2x2
þOðx�3Þ

 !
�x log x

¼ b log xþbþ
b2

2x
þO

1

x2

� �
,

as x-þ1. Evidently,

logðxþbÞ�log x¼ log 1þ
b

x

� �
¼

b

x
þO

1

x2

� �
and

1

xþb
�

1

x
¼O

1

x2

� �
,

as x-þ1. Plugging these two assertions into (2.1), we have

log
GðxþbÞ

GðxÞ
¼ b log xþ

b2
�b

2x
þO

1

x2

� �
,

as x-þ1. &
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Lemma 2.2. Let n4p¼ pn. Assume that limn-1p=n¼ y 2 ð0;1Þ and ftn;nZ1g is bounded. Then, as n-1,

log
Yn�1

i ¼ n�p

G
i

2
�tn

� �
G

i

2

� � ¼ ptnð1þ log 2Þ�tnn log nþtnðn�pÞ logðn�pÞ� t2
nþ

3tn

2

� �
logð1�yÞþoð1Þ: ð2:2Þ

Proof. Since p=n-y 2 ð0;1Þ, then n�p-þ1 as n-1. By Lemma 2.1, there exists integer C1Z2 such that

log

G
i

2
�t

� �
G

i

2

� � ¼�t log
i

2
þ

t2þt

i
þjðiÞ and 9jðiÞ9r C1

i2
,

for all iZn�p as n is sufficiently large, where here and later in this proof we write t for tn for short notation. Notice
�t log ði=2Þ ¼ t log 2�t log i. Then,

Xn�1

i ¼ n�p

log

G
i

2
�t

� �
G

i

2

� � ¼ pt log 2�t
Xn�1

i ¼ n�p

log iþðt2þtÞ
Xn�1

i ¼ n�p

1

i
þ

Xn�1

i ¼ n�p

jðiÞ

¼ pt log 2þðt2þtÞ
Xn�1

i ¼ n�p

1

i
�t log

n!

ðn�pÞ!
þt log

n

ðn�pÞ
þO

1

n

� �

¼ pt log 2þðt2þtÞ
Xn�1

i ¼ n�p

1

i
�t logð1�yÞ�t log

n!

ðn�pÞ!
þoð1Þ, ð2:3Þ

since
Pn�1

i ¼ n�p jðiÞ ¼Oð1=nÞ and log ðn=ðn�pÞÞ-�logð1�yÞ as n-1. First,

Xn�1

i ¼ n�p

1

i
r

Xn�1

i ¼ n�p

Z i

i�1

1

x
dx¼

Z n�1

n�p�1

1

x
dx:

By working on the lower bound similarly, we have

log
n

n�p
¼

Z n

n�p

1

x
dxr

Xn�1

i ¼ n�p

1

i
r
Z n�1

n�p�1

1

x
dx¼ log

n�1

n�p�1
:

This implies, by assumption p=n-y, that

Xn�1

i ¼ n�p

1

i
-�logð1�yÞ, ð2:4Þ

as n-1. Second, by the Stirling formula (see, e.g., p. 210 from Freitag and Busam, 2005), there are some yn,yn
0
2 ð0;1Þ,

log
n!

ðn�pÞ!
¼ log

ffiffiffiffiffiffiffiffiffi
2pn
p

nne�nþðyn=12nÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðn�pÞ

p
ðn�pÞn�pe�nþpþðy0n=12ðn�pÞÞ

¼ n log n�ðn�pÞ logðn�pÞ�pþ
1

2
log

n

n�p
þoð1Þ

¼ n log n�ðn�pÞ logðn�pÞ�p�
1

2
logð1�yÞþoð1Þ,

as n-1. Join this with (2.3) and (2.4), we arrive at

log
Yn�1

i ¼ n�p

G
i

2
�t

� �
G

i

2

� � ¼ pt log 2�ðt2þtÞ logð1�yÞ�t logð1�yÞ�tn log nþtðn�pÞ logðn�pÞþtpþ
t

2
logð1�yÞþoð1Þ

¼ ptð1þ log 2Þ� t2þ
3t

2

� �
logð1�yÞ�tn log nþtðn�pÞ logðn�pÞþoð1Þ,

as n-1. The proof is then completed. &

Lemma 2.3. Let n4p¼ pn and rn ¼ ð�logð1�ðp=nÞÞÞ1=2. Assume that limn-1p=n¼ 1 and t¼ tn ¼Oð1=rnÞ as n-1. Then, as

n-1,

log
Yn�1

i ¼ n�p

G
i

2
�t

� �
G

i

2

� � ¼ ptð1þ log 2Þ�pt log nþr2
nðt

2þðp�nþ1:5ÞtÞþoð1Þ:
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Proof. Obviously, limn-1rn ¼ þ1. Hence, ftn;nZ2g is bounded. By Lemma 2.1, there exist integers C1Z2 and C2Z2
such that

log

G
i

2
�t

� �
G

i

2

� � ¼�t log
i

2
þ

t2þt

i
þjðiÞ and 9jðiÞ9r C1

i2
, ð2:5Þ

for all iZC2.

We will use (2.5) to estimate
Qn�1

i ¼ n�p Gði=2�tÞ=Gði=2Þ. However, when n�p is small, say, 2 or 3 (which is possible

since p=n-1), the identity (2.5) cannot be directly applied to estimate each term in the product of
Qn�1

i ¼ n�p Gði=2�tÞ=Gði=2Þ.

We next use a truncation to solve the problem thanks to the fact that Gði=2�tÞ=Gði=2Þ-1 as n-1 for fixed i.
Fix MZC2. Write

ai ¼

G
i

2
�t

� �
G

i

2

� � for iZ1 and gn ¼

1 if n�pZM;YM�1

i ¼ n�p

ai if n�poM:

8>><
>>:

Then,

Yn�1

i ¼ n�p

G
i

2
�t

� �
G

i

2

� � ¼ gn �
Yn�1

i ¼ ðn�pÞ3M

G
i

2
�t

� �
G

i

2

� � : ð2:6Þ

Easily,

min
1r irM

ð14aiÞ

� �M

rgnr max
1r irM

ð13aiÞ

� �M

,

for all nZ1. Note that, for each iZ1, ai-1 as n-1 since limn-1tn ¼ 0. Thus, since M is fixed, the two bounds above go to
1 as n-1. Consequently, limn-1gn ¼ 1. This and (2.6) say that

Yn�1

i ¼ n�p

G
i

2
�t

� �
G

i

2

� � �
Yn�1

i ¼ ðn�pÞ3M

G
i

2
�t

� �
G

i

2

� � , ð2:7Þ

as n-1. By (2.5), as n is sufficiently large, we know

log
Yn�1

i ¼ ðn�pÞ3M

G
i

2
�t

� �
G

i

2

� � ¼
Xn�1

i ¼ ðn�pÞ3M

�t log
i

2
þ

t2þt

i
þjðiÞ

� �
,

with 9jðiÞ9rC1i�2 for iZC2. Write �t log ði=2Þ ¼ �t log iþt log 2. It follows that

log
Yn�1

i ¼ ðn�pÞ3M

G
i

2
�t

� �
G

i

2

� � ¼ ðn�ðn�pÞ3MÞt log 2�t
Xn�1

i ¼ ðn�pÞ3M

log iþðt2þtÞ
Xn�1

i ¼ ðn�pÞ3M

1

i
þ

Xn�1

i ¼ ðn�pÞ3M

jðiÞ :¼ An�BnþCnþDn

ð2:8Þ

as n is sufficiently large. Now we analyze the four terms above.
By distinguishing the cases n�p4M and n�prM, we get

9An�pt log 29r ðt log 2Þ � 9n�p�M9 � Iðn�prMÞrðM log 2Þt: ð2:9Þ

Now we estimate Bn. By the same argument as in (2.9), we get

Xn�1

i ¼ ðn�pÞ3M

hðiÞ�
Xn�1

i ¼ ðn�pÞ

hðiÞ

������
������r

XM
i ¼ 1

9hðiÞ9 ð2:10Þ

for hðxÞ ¼ log x or hðxÞ ¼ 1=x on x 2 ð0,1Þ. By the Stirling formula (see, e.g., Freitag and Busam, 2005, p. 210),

n!¼
ffiffiffiffiffiffiffiffiffi
2pn
p

nne�nþyn=12n with yn 2 ð0;1Þ for all nZ1. It follows that for some yn,y0n 2 ð0;1Þ,Xn�1

i ¼ n�p

log i¼ log
n!

ðn�pÞ!
þ log

n�p

n
¼ log

ffiffiffiffiffiffiffiffiffi
2pn
p

nne�nþðyn=12nÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðn�pÞ

p
ðn�pÞn�pe�nþpþðy0n=12ðn�pÞÞ



D. Jiang et al. / Journal of Statistical Planning and Inference 142 (2012) 2241–22562248
þ log
n�p

n
¼ n log n�ðn�pÞ logðn�pÞ�pþ

1

2
log

n�p

n
þRn,

with 9Rn9r1 as n is sufficiently large. Recall Bn ¼ t
Pn�1

i ¼ ðn�pÞ3M log i. We know from (2.10) that

Bn� tn log n�tðn�pÞ logðn�pÞ�tpþ
t

2
log

n�p

n

� �����
����rCt, ð2:11Þ

where C here and later stands for a constant and can be different from line to line.
Now we estimate Cn. Recall the identity sn :¼

Pn
i ¼ 1ð1=iÞ ¼ log nþcn for all nZ1 and limn-1cn ¼ c, where c� 0:577 is the

Euler constant. Thus, 9ðsn�sn�pÞ�log ðn=ðn�pÞÞ9rcnþcn�p. Moreover,

Xn

i ¼ n�pþ1

1

i
¼ sn�sn�p and

Xn�1

i ¼ n�p

1

i
�

Xn

i ¼ n�pþ1

1

i

������
������r1:

Therefore,

Xn�1

i ¼ n�p

1

i
�log

n

n�p

������
������rC:

Consequently, since Cn ¼ ðt
2þtÞ

Pn�1
i ¼ ðn�pÞ3Mð1=iÞ, we know from (2.10) that

Cn�ðt
2þtÞ log

n

n�p

����
����r ðt2þtÞC: ð2:12Þ

Finally, it is easy to see from the second fact in (2.5) that

9Dn9rC1

X1
i ¼ M

1

i2
, ð2:13Þ

for all nZ2. Now, reviewing that t¼ tn-0 as n-1, we have from (2.7)–(2.9), (2.11) and (2.12) that, for fixed integer
M40,

An�BnþCnþDn ¼ pt log 2� tn log n�tðn�pÞ log ðn�pÞ�tpþ
t

2
log

n�p

n

� �
þðt2þtÞ log

n

n�p
þDnþoð1Þ

¼ ptð1þ log 2Þþ t2þ
3t

2
�nt

� �
log n� t2þ

3t

2
�ðn�pÞt

� �
logðn�pÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

En

þDnþoð1Þ,

as n-1. Write logðn�pÞ ¼ log n�r2
n. Then

En ¼ ptð1þ log 2Þ�pt log nþr2
n t2þ

3t

2
�ðn�pÞt

� �
:

From (2.13) we have that

lim sup
n-1

9ðAn�BnþCnþDnÞ�En9rC1

X1
i ¼ M

1

i2
,

for any MZC2. Recalling (2.7) and (2.8), letting M-1, we eventually obtain the desired conclusion. &

Proof of Proposition 2.1. The conclusion corresponding to the case y¼1 follows from Lemma 2.3. If y 2 ð0;1Þ, then
limn-1rn ¼ ð�logð1�yÞÞ1=2, and hence ftn : nZ1g is bounded. It follows that

ptð1þ log 2Þ�pt log nþr2
nðt

2þðp�nþ1:5ÞtÞ ¼ ptð1þ log 2Þ�pt log n�tðp�nÞ log 1�
p

n

� �
� t2þ

3t

2

� �
log 1�

p

n

� �
:

The last term above is identical to ðt2þð3t=2ÞÞ logð1�yÞþoð1Þ since p=n-y as n-1. Moreover,

�pt log n�tðp�nÞ log 1�
p

n

� �
¼�pt log nþtðn�pÞðlogðn�pÞ�log nÞ ¼ �nt log nþtðn�pÞ log ðn�pÞ:

The above three assertions conclude

ptð1þ log 2Þ�pt log nþr2
nðt

2þðp�nþ1:5ÞtÞ ¼ ptð1þ log 2Þ�nt log nþðn�pÞt logðn�pÞ� t2þ
3t

2

� �
logð1�yÞþoð1Þ,

as n-1. This is exactly the right hand side of (2.2). &
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3. Proof of main results

We first prove Theorem 1. To do that, we need to make a preparation. Assume that x1, . . . ,xn are Rp-valued random
variables. Recall

S¼
1

n

Xn

i ¼ 1

ðxi�xÞðxi�xÞn where x ¼
1

n

Xn

i ¼ 1

xi: ð3:1Þ

The following is from Theorem 3.1.2 and Corollary 3.2.19 in Muirhead (1982).

Lemma 3.1. Assume n4p. Let x1, . . . ,xn be i.i.d. Rp-valued random variables with distribution Npðl,IpÞ. Then nS and ZnZ have

the same distribution, where Z :¼ ðzijÞðn�1Þ�p and zij’s are i.i.d. with distribution Nð0;1Þ. Further, l1, . . . ,lp have joint density

function

f ðl1, . . . ,lpÞ ¼ Const �
Y

1r io jrp

9li�lj9 �
Yp

i ¼ 1

lðn�p�2Þ=2
i � e�ð1=2Þ

Pp

i ¼ 1
li ,

for all l140,l240, . . . ,lp40.

Recall the b-Laguerre ensemble as follows:

f b,aðl1, . . . ,lpÞ ¼ cb,a
L �

Y
1r io jrp

9li�lj9
b
�
Yp

i ¼ 1

la�q
i � e�ð1=2Þ

Pp

i ¼ 1
li , ð3:2Þ

for all l140,l240, . . . ,lp40, where

cb,a
L ¼ 2�pa

Yp

j ¼ 1

G 1þ
b
2

� �
G 1þ

b
2

j

� �
G a�

b
2
ðp�jÞ

� � , ð3:3Þ

b40, pZ2, a4ðb=2Þðp�1Þ and q¼ 1þðb=2Þðp�1Þ. See, e.g., Dumitriu and Edelman (2002) and Jiang for further details. It is

known that f b,aðl1, . . . ,lpÞ is a probability density function, i.e.,
R
� � �
R
½0,1Þp f b,aðl1, . . . ,lpÞ dl1 � � � dlp ¼ 1. See (17.6.5) from

Mehta (2004) (which is essentially a corollary of the Selberg integral in (3.23) below). Evidently, the density function in

Lemma 3.1 corresponds to the b-Laguerre ensemble in (3.2) with

b¼ 1, a¼ 1
2 ðn�1Þ and q¼ 1þ1

2ðp�1Þ: ð3:4Þ

Lemma 3.2. Let n4p and Ln

n be as in (1.3). Assume l1, . . . ,lp have density function f b,aðl1, . . . ,lpÞ as in (3.2) with

a¼ ðb=2Þðn�1Þ and q¼ 1þðb=2Þðp�1Þ. Then

EetLn

n ¼ eðlog n�1Þpt � 1�
2t

n

� �pðt�ðb=2Þðn�1ÞÞ

� 2�pt
�
Yp�1

j ¼ 0

G a�t�
b
2

j

� �
G a�

b
2

j

� � ,

for any t 2 ð�ð1=2Þb,ð1=2Þðb4nÞÞ.

Proof. Recall

Ln

n ¼
1

n

Xp

j ¼ 1

ðlj�n log ljÞþp log n�p:

We then have

EetLn

n ¼ eðlog n�1Þpt

Z
½0,1Þp

e
ðt=nÞ

Pp

j ¼ 1
lj �
Yp

j ¼ 1

l�t
j � f b,aðl1, . . . ,lpÞ dl1 � � �dlp

¼ eðlog n�1Þpt � cb,a
L

Z
½0,1Þp

e
�ðð1=2Þ�ðt=nÞÞ

Pp

j ¼ 1
lj �
Yp

j ¼ 1

lða�tÞ�q
j �

Y
1rko lrp

9lk�ll9
b

dl1 � � � dlp: ð3:5Þ

For t 2 ð� 1
2b, 1

2 ðb4nÞÞ, we know ð1=2Þ�ðt=nÞ40. Make transforms mj ¼ ð1�ð2t=nÞÞlj for 1r jrp. It follows that the above is
identical to

eðlog n�1Þpt � cb,a
L � 1�

2t

n

� ��pða�t�qÞ�ðb=2Þpðp�1Þ�p

�

Z
½0,1Þp

e
�ð1=2Þ

Pp

j ¼ 1
mj �

Yp

j ¼ 1

mða�tÞ�q
j �

Y
1rko lrp

9mk�ml9
b

dm1 � � � dmp: ð3:6Þ
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Since t 2 ð� 1
2b, 1

2 ðb4nÞÞ and n�pZ1, we know

to
b
2
r

b
2
ðn�pÞ ¼

b
2
ðn�1Þ�

b
2
ðp�1Þ ¼ a�

b
2
ðp�1Þ:

That is, a�t4 ðb=2Þðp�1Þ. Therefore the integral in (3.6) is equal to 1=cb,a�t
L by (3.2) and (3.3). It then from (3.5) and (3.6)

that

EetLn

n ¼ eðlog n�1Þpt � 1�
2t

n

� ��pða�t�qÞ�ðb=2Þpðp�1Þ�p

�
cb,a

L

cb,a�t
L

¼ eðlog n�1Þpt � 1�
2t

n

� ��pða�t�qÞ�ðb=2Þpðp�1Þ�p

� 2�pt
�
Yp

j ¼ 1

G a�t�
b
2
ðp�jÞ

� �
G a�

b
2
ðp�jÞ

� � :

Now, use a¼ ðb=2Þðn�1Þ and q¼ 1þðb=2Þðp�1Þ to obtain that

EetLn

n ¼ eðlog n�1Þpt � 1�
2t

n

� �pðt�ðb=2Þðn�1ÞÞ

� 2�pt
�
Yp�1

j ¼ 0

G a�t�
b
2

j

� �
G a�

b
2

j

� � :

The proof is completed. &

Let fZ,Zn; nZ1g be a sequence of random variables. It is known that

Zn converges to Z in distribution if lim
n-1

EetZn ¼ EetZ o1, ð3:7Þ

for all t 2 ð�t0,t0Þ, where t040 is a constant. See, e.g., p. 408 from Billingsley (1986).

Proof of Theorem 1. First, since logð1�xÞo�x for all xo1, we know s2
n 40 for all n4pZ1. Now, by assumption, it is easy

to see

lim
n-1

s2
n ¼

�2½yþ logð1�yÞ� if y 2 ð0;1Þ;

þ1 if y¼ 1:

(
ð3:8Þ

Trivially, the limit is always positive. Consequently,

d0 :¼ inffsn;n4pZ1g40:

To finish the proof, by (3.7) it is enough to show that

E exp
Ln

n�mn

sn
s

	 

-es2=2 ¼ EesNð0;1Þ, ð3:9Þ

as n-1 for all s such that 9s9od0=2.
Fix s such that 9s9od0=2. Set t¼ tn ¼ s=sn. Then 9tn9o1=2 for all n4pZ1. In Lemma 3.2, take b¼ 1 and a¼ ðn�1Þ=2, by

(3.4),

EetLn

n ¼ eðlog n�1Þpt � 1�
2t

n

� �pt�ðnp=2Þþ ðp=2Þ

� 2�pt
�
Yp�1

j ¼ 0

G
n�j�1

2
�t

� �
G

n�j�1

2

� � :

Letting i¼ n�j�1, we get

EetLn

n ¼ 2�pt
� eðlog n�1Þpt � 1�

2t

n

� �pt�ðnp=2Þþ ðp=2Þ

�
Yn�1

i ¼ n�p

G
i

2
�t

� �
G

i

2

� � , ð3:10Þ

for n4p. Then

log EetLn

n ¼ ptðlog n�1�log 2Þþp tþ
1�n

2

� �
log 1�

2t

n

� �
þ log

Yn�1

i ¼ n�p

G
i

2
�t

� �
G

i

2

� � :

Now, use identity logð1�xÞ ¼�x�ðx2=2ÞþOðx3Þ as x-0 to have

p tþ
1�n

2

� �
log 1�

2t

n

� �
¼ p tþ

1�n

2

� �
�

2t

n
�

2t2

n2
þO

1

n3

� �� �
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¼�
2pt

n
tþ

1�n

2

� �
1þ

t

n

� �
þoð1Þ ¼�

2pt

n

1

2
tþ

1�n

2
þO

1

n

� �� �
þoð1Þ ¼ �

p

n
t2þpt�ytþoð1Þ,

as n-1. Recall rn ¼ ð�logð1�ðp=nÞÞÞ1=2. We know t¼ tn ¼ s=sn ¼Oð1=rnÞ as n-1. By Proposition 2.1,

log
Yn�1

i ¼ n�p

G
i

2
�t

� �
G

i

2

� � ¼ ptð1þ log 2Þ�pt log nþr2
nðt

2þðp�nþ1:5ÞtÞþoð1Þ,

as n-1. Join all the assertions from (3.10) to the above to obtain that

log EetLn

n ¼ ptðlog n�1�log 2Þ�
p

n
t2þpt�ytþptð1þ log 2Þ�pt log nþr2

nðt
2þðp�nþ1:5ÞtÞþoð1Þ

¼ �
p

n
þr2

n

� �
t2þ½pþr2

nðp�nþ1:5Þ�y�tþoð1Þ, ð3:11Þ

as n-1. Noticing

pþr2
nðp�nþ1:5Þ�y¼ n�p�

3

2

� �
log 1�

p

n

� �
þp�y¼ mn,

and from the definition of sn and notation t¼ s=sn, we know ð�ðp=nÞþr2
nÞt

2 ¼ s2=2. Hence, it follows from (3.11) that

log E exp
Ln

n�mn

sn
s

	 

¼ log EetLn

n�mnt-
s2

2
,

as n-1. This implies (3.9). The proof is completed. &

Now we start to prove Theorem 2. The following lemma says that the distribution of L1 in (1.7) does not depend on the
mean vectors or covariance matrices of the population distributions where random samples xi’s and yj’s come from.

Lemma 3.3. Let L1 be defined as in (1.7) with n14p and n24p. Then, under H0 in (1.4), L1 and

~L1 :¼
ðn1þn2Þ

ðn1þn2Þp=2

nn1p=2
1 nn2p=2

2

9C9n1=2
� 9I�C9n2=2

ð3:12Þ

have the same distribution, where

C¼ ðUnUþVnVÞ�1=2
ðUnUÞðUnUþVnVÞ�1=2, ð3:13Þ

with U¼ ðuijÞðn1�1Þ�p and V¼ ðvijÞðn2�1Þ�p, and fuij,vklg are i.i.d. random variables with distribution Nð0;1Þ.

Proof. Recall that x1, . . . ,xn1
is a random sample from population Npðl1,R1Þ, and y1, . . . ,yn2

is a random sample from
population Npðl2,R2Þ, and the two sets of random variables are independent. Under H0 in (1.4), R1 ¼R2 ¼R and R is
non-singular. Set

~x i ¼R�1=2xi and ~y j ¼R�1=2yj,

for 1r irn1 and 1r jrn2. Then f ~x i; 1r irn1g are i.i.d. with distribution Npð ~l1,IpÞ where ~l1 ¼R�1=2l1; f ~y j; 1r jrn2g

are i.i.d. with distribution Npð ~l2,IpÞ where ~l2 ¼R�1=2l2. Further, f ~x i; 1r irn1g and f ~y j; 1r jrn2g are obviously
independent. Similar to (1.5) and (1.6), define

~A ¼
1

n1

Xn1

i ¼ 1

ð ~x i� ~x Þð ~x i� ~x Þ
n and ~B ¼

1

n2

Xn2

i ¼ 1

ð ~y i� ~y Þð ~y i� ~y Þ
n, ð3:14Þ

where

~x ¼
1

n1

Xn1

i ¼ 1

~x i and ~y ¼
1

n2

Xn2

i ¼ 1

~y i: ð3:15Þ

It is easy to check that

A¼R1=2 ~AR1=2 and B¼R1=2 ~BR1=2: ð3:16Þ

By Lemma 3.1,

n1
~A ¼

d
UnU and n2

~B ¼
d

VnV, ð3:17Þ

where U¼ ðuijÞðn1�1Þ�p and V¼ ðvijÞðn2�1Þ�p, and fuij,vkl; i,j,k,lZ1g are i.i.d. random variables with distribution Nð0;1Þ.
Review (1.7),

L1 ¼
9A9n1=2

� 9B9n2=2

9c1Aþc2B9N=2
¼

NNp=2

nn1p=2
1 nn2p=2

2

�
9n1A9n1=2

� 9n2B9n2=2

9n1Aþn2B9N=2
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¼
NNp=2

nn1p=2
1 nn2p=2

2

�
9n1

~A9n1=2
� 9n2

~B9n2=2

9n1
~Aþn2

~B9N=2
, ð3:18Þ

since 9n1A9¼ 9n1
~A9 � 9R9 and 9n2B9¼ 9n2

~B9 � 9R9 and

9n1Aþn2B9¼ 9R1=2
ðn1

~Aþn2
~BÞR1=29¼ 9n1

~Aþn2
~B9 � 9R9,

by (3.16), and hence the term 9R9ðn1þn2Þ=2
in the numerator canceled 9R9N=2

in the denominator. Define
~C ¼ ðn1

~Aþn2
~BÞ�1=2

ðn1
~AÞðn1

~Aþn2
~BÞ�1=2. We see from the independence between n1

~A and n2
~B and the independence

between UnU and VnV that

~C ¼
d

C, ð3:19Þ

where C is as in (3.13). It is obvious that

9 ~C9¼ 9n1
~A9 � 9n1

~Aþn2
~B9�1

and 9I� ~C9¼ 9n2
~B9 � 9n1

~Aþn2
~B9�1

:

Hence we have from (3.18) that

L1 ¼
NNp=2

nn1p=2
1 nn2p=2

2

� 9 ~C9n1=2
� 9I� ~C9n2=2

: ð3:20Þ

Finally, we get the desired conclusion from (3.19) and (3.20). &

Let l1, . . . ,lp be the eigenvalues of the b-Jacobi ensemble or the b-MANOVA matrix, that is, they have the joint
probability density function

f ðl1, . . . ,lpÞ ¼ cb,a1 ,a2

J

Y
1r io jrp

9li�lj9
b
�
Yp

i ¼ 1

la1�q
i ð1�liÞ

a2�q, ð3:21Þ

for 0rl1, . . . ,lpr1, where a1,a24ðb=2Þðp�1Þ are parameters, q¼ 1þðb=2Þðp�1Þ, and

cb,a1 ,a2

J ¼
Yp

j ¼ 1

G 1þ
b
2

� �
G a1þa2�

b
2
ðp�jÞ

� �
G 1þ

b
2

j

� �
G a1�

b
2
ðp�jÞ

� �
G a2�

b
2
ðp�jÞ

� � , ð3:22Þ

with a1 ¼ ðb=2Þðn1�1Þ and a2 ¼ ðb=2Þðn2�1Þ. The fact that f ðl1, . . . ,lpÞ is a probability density function follows from the
Selberg integral (see, e.g., Forrester and Warnaar, 2008; Mehta, 2004):Z

½0;1�p

Y
1r io jrp

9li�lj9
b
�
Yp

i ¼ 1

la1�q
i ð1�liÞ

a2�q dl1 � � � lp ¼
1

cb,a1 ,a2

J

: ð3:23Þ

It is known that the eigenvalues of C defined in (3.13) has density function f ðl1, . . . ,lpÞ in (3.21)

with b¼ 1, a1 ¼
1
2 ðn1�1Þ, a2 ¼

1
2 ðn2�1Þ and q¼ 1þ1

2ðp�1Þ: ð3:24Þ

See, for example, Constantine (1963) and Muirhead (1982) for this fact.

Lemma 3.4. Let TN be as in (1.7). Assume n14p and n24p. Then

EetTN ¼ Cn1 ,n2
� UnðtÞ � V1,nðtÞ

�1
� V2,nðtÞ

�1,

for all toð1=2Þð1�ðp=ðn14n2ÞÞÞ, where

Cn1 ,n2
¼

nn1pt
1 nn2pt

2

ðn1þn2Þ
ðn1þn2Þpt

, UnðtÞ ¼
YN�2

i ¼ N�p�1

Gð12 iÞ

Gð12 i�NtÞ
,

V1,nðtÞ ¼
Yn1�1

i ¼ n1�p

Gð12 iÞ

Gð12 i�n1tÞ
and V2,nðtÞ ¼

Yn2�1

i ¼ n2�p

Gð12 iÞ

Gð12 i�n2tÞ
: ð3:25Þ

Proof. From (1.7), etTN ¼ ðL1Þ
�2t for any t 2 R. Therefore, by Lemma 3.3,

EetTN ¼ Cn1 ,n2
� Eð9C9�n1t

� 9I�C9�n2t
Þ ¼ Cn1 ,n2

� E
Yp

j ¼ 1

l�n1t
j ð1�ljÞ

�n2t

0
@

1
A,

where l1, . . . ,lp are the eigenvalues of C in (3.13). Write ca1 ,a2

J ¼ c1,a1 ,a2

J . By (3.22) and (3.24),

EetTN ¼ Cn1 ,n2
� ca1 ,a2

J �

Z
½0;1�p

Yp

j ¼ 1

la1�n1t�q
j ð1�ljÞ

a2�n2t�q
�

Y
1r io jrp

9li�lj9 dl1 � � � lp
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¼ Cn1 ,n2
�

ca1 ,a2

J

ca1�n1t,a2�n2t
J

, ð3:26Þ

since f ðl1, . . . ,lpÞ is a probability density function. Of course, recalling ai ¼
1
2 ðni�1Þ for i¼1, 2 and the assumption that

to 1
2 ð1�p=ðn14n2ÞÞ, we know

a1�n1t41
2 ðp�1Þ and a2�n2t41

2ðp�1Þ,

which are required in (3.21). From (3.26), we see

EetTN ¼ Cn1 ,n2
�
Yp

j ¼ 1

Gða1þa2�
1
2 ðp�jÞÞ

Gða1þa2�Nt� 1
2 ðp�jÞÞ

�
Yp

j ¼ 1

G a1�
1

2
ðp�jÞ

� �
G a1�n1t�

1

2
ðp�jÞ

� �
2
664

3
775
�1

�
Yp

j ¼ 1

G a2�
1

2
ðp�jÞ

� �
G a2�n2t�

1

2
ðp�jÞ

� �
2
664

3
775
�1

¼: Cn1 ,n2
� ~UnðtÞ � ~V 1,nðtÞ

�1
� ~V 2,nðtÞ

�1: ð3:27Þ

Now, use ai ¼
1
2 ðni�1Þ for i¼1, 2 again to have

a1�
1
2 ðp�jÞ ¼ 1

2 ðn1�pþ j�1Þ; a2�
1
2 ðp�jÞ ¼ 1

2 ðn2�pþ j�1Þ; a1þa2�
1
2 ðp�jÞ ¼ 1

2ðN�pþ j�2Þ:

Thus, by setting i¼N�pþ j�2 for j¼ 1;2, . . . ,p, we have

~UnðtÞ ¼
Yp

j ¼ 1

Gða1þa2�
1
2 ðp�jÞÞ

Gða1þa2�Nt� 1
2 ðp�jÞÞ

¼
YN�2

i ¼ N�p�1

Gð12 iÞ

Gð12 i�NtÞ
¼UnðtÞ:

Similarly, ~V i,nðtÞ ¼ Vi,nðtÞ for i¼1, 2. These combining with (3.27) yield the desired result. &

Lemma 3.5. Let TN be as in (1.7). Assume ni4p and p=ni-yi 2 ð0;1� for i¼1, 2. Recall s2
n in (1.8). Then, 0osno1 for all

n1Z2,n2Z2, and E expfðTN=ðNsnÞÞtgo1 for all t 2 R as n1 and n2 are sufficiently large.

Proof. First, we claim that

s2 :¼ 2½logð1�yÞ�g2
1 logð1�y1Þ�g2

2 logð1�y2Þ�40, ð3:28Þ

for all y1,y2 2 ð0;1Þ, where g1 ¼ y2ðy1þy2Þ
�1, g2 ¼ y1ðy1þy2Þ

�1 and y¼ y1y2ðy1þy2Þ
�1.

In fact, consider hðxÞ ¼ �logð1�xÞ for xo1. Then, h00ðxÞ ¼ ð1�xÞ�240 for xo1. That is, h(x) is a convex function. Take
g3 ¼ 2y1y2=ðy1þy2Þ

2. Then, g2
1þg2

2þg3 ¼ 1. Hence, by the convexity,

�g2
1 logð1�y1Þ�g2

2 logð1�y2Þ ¼ �g2
1 logð1�y1Þ�g2

2 logð1�y2Þ�g3 logð1�0Þ

o�logð1�ðg2
1y1þg2

2y2þg3 � 0ÞÞ ¼ �logð1�yÞ,

where the strict inequality comes since y1a0 and y2a0.
Now, taking yi ¼ p=ni 2 ð0;1Þ for i¼1, 2 in (3.28), we get

g1 ¼
y2

y1þy2
¼

n1

N
, g2 ¼

y1

y1þy2
¼

n2

N
and y¼

y1y2

y1þy2
¼

p

N
:

Evidently, n1=N,n2=N,p=N 2 ð0;1Þ. Then, by (3.28), we know 0osno1 for all n1Z2,n2Z2.
Second, noting that

t :
t

Nsn
o

1

2
1�

p

n14n2

� �	 

¼ �1,

1

2
1�

p

n14n2

� �
Nsn

� �
,

to prove the second part, it suffices to show from Lemma 3.4 that

lim
n1 ,n2-1

1�
p

n14n2

� �
Nsn ¼ þ1: ð3:29Þ

Case 1: y1o1, y2o1. Recall s2 in (3.28). Evidently, s2
n-s2 2 ð0,1Þ as n1,n2-þ1. Hence, (3.29) follows since

1�ðp=ðn14n2ÞÞ-1�y13y240.
Case 2: maxfy1,y2g ¼ 1. This implies s2

n-þ1 as n1,n2-1 because logð1�ðp=NÞÞ-log y 2 ð�1,0Þ and the sum of the last
two terms on the right hand side of (1.8) goes to þ1. Further, the given conditions say that ni�1Zp, and hence,
1�ðp=niÞZ1=niZ1=N for i¼1, 2. Thus,

1�
p

n14n2

� �
Nsn ¼min 1�

p

n1
,1�

p

n2

	 

� NsnZsn-þ1,

as n1,n2-1. We get (3.29). The proof is completed. &

Proof of Theorem 2. From Lemma 3.5, we assume, without loss of generality, that E expfðTN=ðNsnÞÞtgo1 for all
n1Z2,n2Z2 and t 2 R. Fix t 2 R. Set tn ¼ tn1 ,n2

¼ t=sn for n1,n2Z2. From the condition p=ni-yi for i¼ 1;2 as
p4n14n2 ¼ p-1 by the assumption n14p and n24p (we will simply say ‘‘p-1’’ in similar situations later), we know
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s2
n has a positive limit (possibly þ1) as p-1. It follows that ftn; n1,n2Z2g is bounded. By Lemma 3.4,

log E exp
TN

Nsn
t

	 

¼�log V1,n

tn

N

� �
�log V2,n

tn

N

� �
þ log Un

tn

N

� �
þ

ptn

N
ðn1 log n1þn2 log n2�N log NÞ: ð3:30Þ

Set g1 ¼ y2ðy1þy2Þ
�1, g2 ¼ y1ðy1þy2Þ

�1 and y¼ y1y2ðy1þy2Þ
�1. Easily,

ni

N
-gi 2 ð0;1Þ,

p

N�1
-y 2 ð0;1Þ and 2 log 1�

p

N

� �
-2 logð1�yÞ 2 ð�1,0Þ,

as p-1. Then, from (1.8) we know that

ni

N
tn � git �

1

sn
¼O �log 1�

p

ni

� �� ��1=2
 !

and tn ¼O �log 1�
p

N�1

� �� ��1=2
� �

, ð3:31Þ

for i¼1, 2 as p-1. Replacing ‘‘t’’ in Proposition 2.1 with ‘‘n1tn=N’’, we have

�log V1,n
tn

N

� �
¼ log

Yn1�1

i ¼ n1�p

G
i

2
�

n1

N
tn

� �
G

i

2

� � ¼
n1ptn

N
ð1þ log 2Þ�

n1ptn

N
log n1þr2

n,1

n2
1

N2
t2

nþðp�n1þ1:5Þ
n1

N
tn

� �
þoð1Þ,

ð3:32Þ

as p-1, where

rn,i :¼ �log 1�
p

ni

� �� �1=2

, i¼ 1;2: ð3:33Þ

Similarly,

�log V2,n
tn

N

� �
¼ log

Yn2�1

i ¼ n2�p

G
i

2
�

n2

N
tn

� �
G

i

2

� � ¼
n2ptn

N
ð1þ log 2Þ�

n2ptn

N
log n2þr2

n,2

n2
2

N2
t2

nþðp�n2þ1:5Þ
n2

N
tn

� �
þoð1Þ,

ð3:34Þ

as p-1. By the same argument, by using (3.31) we see

�log Un
tn

N

� �
¼ log

YðN�1Þ�1

i ¼ ðN�1Þ�p

G
i

2
�tn

� �
G

i

2

� � ¼ ptnð1þ log 2Þ�ptn logðN�1ÞþR2
nðt

2
nþðp�Nþ2:5ÞtnÞþoð1Þ, ð3:35Þ

as p-1, where

Rn ¼ �log 1�
p

N�1

� �� �1=2

: ð3:36Þ

From (3.32) and (3.34),

�log Vi,n
tn

N

� �
þ

ptn

N
ni log ni ¼

niptn

N
ð1þ log 2Þþr2

n,i

n2
i

N2
t2

nþðp�niþ1:5Þ
ni

N
tn

 !
þoð1Þ

¼
niptn

N
ð1þ log 2Þþ

n2
i r2

n,i

N2
t2

nþ
ðp�niþ1:5Þnir

2
n,i

N
tnþoð1Þ, ð3:37Þ

as p-1 for i¼1, 2. Since ftng is bounded, use logð1þxÞ ¼ xþOðx2Þ as x-0 to see

ptn log N�ptn logðN�1Þ ¼ ptn log 1þ
1

N�1

� �
¼ ytnþoð1Þ,

as p-1, where lim p=ðN�1Þ ¼ y1y2=ðy1þy2Þ ¼ yo1. Therefore, by (3.35) and the fact N¼ n1þn2,

�log Un
tn

N

� �
þptn log N¼ ptnð1þ log 2ÞþytnþR2

nðt
2
nþðp�Nþ2:5ÞtnÞþoð1Þ

¼
n1ptnþn2ptn

N
ð1þ log 2ÞþR2

nt2
nþðyþðp�Nþ2:5ÞR2

nÞtnþoð1Þ, ð3:38Þ

as p-1. Joining (3.30) with (3.37) and (3.38), we obtain

log EetnTN=N
¼

n2
1

N2
r2

n,1þ
n2

2

N2
r2

n,2�R2
n

� �
t2

nþrntnþoð1Þ, ð3:39Þ
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as p-1, where

rn ¼
1

N
ððp�n1þ1:5Þn1r2

n,1þðp�n2þ1:5Þn2r2
n,2Þ�ðp�Nþ2:5ÞR2

n�y: ð3:40Þ

By using the fact logð1þxÞ ¼ xþoðx2Þ again, we have that

log
N�1

N
�

N�p

N�p�1

� �
¼ log 1�

1

N

� �
�log 1�

1

N�p

� �
¼

p

NðN�pÞ
þO

1

N2

� �
,

as p-1. Reviewing (3.36), we have

R2
n ¼�log 1�

p

N�1

� �
¼�log 1�

p

N

� �
þ log

N�1

N
�

N�p

N�p�1

� �
¼ r2

nþ
p

NðN�pÞ
þO

1

N2

� �
, ð3:41Þ

as p-1, where

rn ¼ �log 1�
p

N

� �� �1=2

:

In particular, since ftng is bounded,

R2
nt2

n ¼ r2
nt2

nþoð1Þ, ð3:42Þ

as p-1. By (3.41), recalling p=N-y, we get

ðp�Nþ2:5ÞR2
n ¼ ðp�Nþ2:5Þr2

n�
p

N
þoð1Þ ¼ ðp�Nþ2:5Þr2

n�yþoð1Þ,

as p-1. Plug this into (3.40) to have that

rn ¼
1

N
ððp�n1þ1:5Þn1r2

n,1þðp�n2þ1:5Þn2r2
n,2Þ�ðp�Nþ2:5Þr2

nþoð1Þ, ð3:43Þ

as p-1. Now plug the above and (3.42) into (3.39), since ftng is bounded, we have

log EetnTN=N
¼

n2
1

N2
r2

n,1þ
n2

2

N2
r2

n,2�r2
n

� �
t2

nþmntnþoð1Þ, ð3:44Þ

as p-1 with

mn ¼
1

N
ððp�n1þ1:5Þn1r2

n,1þðp�n2þ1:5Þn2r2
n,2Þ�ðp�Nþ2:5Þr2

n:

Using tn ¼ t=sn and the definition of sn, we get

n2
1

N2
r2

n,1þ
n2

2

N2
r2

n,2�r2
n

� �
t2

n ¼ t2
n log 1�

p

N

� �
�

n2
1

N2
log 1�

p

n1

� �
�

n2
2

N2
log 1�

p

n2
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-

t2

2
,

as p-1. This and (3.44) conclude that

log E exp
Tn�Nmn

N
tn

	 

¼ log EetnTN=N

�mntn-
t2

2
,

as p-1, which is equivalent to that

E exp
1

sn

Tn

N
�mn

� �
t

	 

-et2=2 ¼ EetNð0;1Þ,

as p-1 for any t 2 R. The proof is completed by using (3.7). &
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