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Abstract

In this paper, we prove an existence and uniqueness result for a bi-layer shallow water model
in depth-mean velocity formulation. Some smoothness results for the solution are also obtained.
In a previous work we proved the same results for a one-layer problem. Now the di<culty arises
from the terms coupling the two layers. In order to obtain the energy estimate, we use a special
basis which allows us to bound these terms.
? 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The problem that gave rise to our study is the modelling of the dynamics of water
masses in the Alboran Sea and the Strait of Gibraltar (the western-most part of the
Mediterranean Sea). In this sea, two layers of water can be distinguished: the surface
Atlantic water penetrating into the Mediterranean through the Strait of Gibraltar, and
the deeper, denser Mediterranean water Bowing into the Atlantic. The observation of
this simpliCed picture shows that, if a bi-dimensional model is going to be used to
simulate the Bow in this region, it is necessary to consider, at least, a two-layer model.
Here, a model is proposed that considers sea water as composed of two immiscible

layers of di?erent constant densities. In such a model, waves appear not only on the
surface but also at the interface between the layers. It will be assumed that phenomena
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to be modelled have wavelengths large enough to make an appropriate shallow water
approximation in each layer. Therefore, the partial di?erential equations system to be
studied is a coupled system of shallow water equations.

1.1. Positioning the problem

Let � be a Cxed bounded, smooth, and simply connected open domain of R2 with
boundary �. Physically, � is the domain corresponding to the surface of the sea as-
sumed to be at rest. We denote by x= (x1; x2) a point in � and by n the exterior unit
normal vector to � on �. Let Q be equal to � × (0; T ) and �= � × (0; T ).
If v = (v1; v2) is a vector function from � into R2 and q is a scalar function from

� into R, we deCne the operators �, Curl and curl as follows:

�(v) =

(
−v2
v1

)
; Curl q=




@q
@x2

− @q
@x1


 ; curl v=

@v2
@x1

− @v1
@x2

:

We consider a system composed by two layers of superposed Buids with densities
�1 and �2 (�2¡�1). In what follows, index 1 makes reference to the deeper layer and
index 2 to the upper layer of the Buid. Let A1 and A2 be the respective coe<cients of
viscosity for each layer and g the acceleration of gravity. We denote by u1 and u2 the
velocity vector Celds deCned in Q and by h1 and h2 the thickness of the lower and
upper layer, respectively.
The problem we study is the following [8]:

(P)




@u1
@t

− A1Mu1 +
1
2
∇u21 + curl u1�(u1) + g∇h1 + g

�2
�1

∇h2 = 0 in Q;

u1 · n= 0 on �;

curl u1 = 0 on �;

u1(t = 0) = u1;0 in �;
@h1
@t
+ div(u1h1) = 0 in Q;

h1(t = 0) = h1;0 in �;
@u2
@t

− A2Mu2 +
1
2
∇u22 + curl u2�(u2) + g∇h2 + g∇h1 = 0 in Q;

u2 · n= 0 on �;

curl u2 = 0 on �;

u2(t = 0) = u2;0 in �;
@h2
@t
+ div(u2h2) = 0 in Q;

h2(t = 0) = h2;0 in �;

where u1;0, u2;0 and h1;0, h2;0 are the initial conditions for velocities and depths,
respectively. In order to simplify this, we consider homogeneous momentum equations
and homogeneous boundary conditions.
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1.2. Weak formulation

We will denote by (:; :) the scalar product of L2(�) and L2(�)2 and by ‖:‖Wm;p the
usual norm in the spaces Wm;p(�) and Wm;p(�)2.
Let V be the space

V = {u ∈ L2(�)2; div u ∈ L2(�); curl u ∈ L2(�); u · n= 0 on �}:
This is a Banach space with the norm ‖u‖2V = ‖u‖2L2 + ‖div u‖2L2 + ‖curl u‖2L2 . The

following results concerning V [4] will be used:
If � is smooth enough, V is algebraically and topologically included in the space

{u ∈ H 1(�)2; u · n= 0 on �}.
If � is simply connected, the previous norm is equivalent to that given by ‖u‖2V =

‖div u‖2L2 + ‖curl u‖2L2 , and the bilinear form
a(u; v) = (div u; div v) + (curl u; curl v)

is elliptic. 1

Let us consider problem (P) under the following weak formulation:
Find (u1; h1) and (u2; h2) in [L∞(0; T ;L2(�)2) ∩ L2(0; T ;V )] × [L∞(0; T ;L1(�)) ∩

L2(Q)] such that h1¿ 0, h2¿ 0 and

(V)




(
@u1
@t

; v
)
+ A1a(u1; v)− 1

2
(u21; div v) + (curl u1�(u1); v)

−g(h1; div v)− g
�2
�1
(h2; div v) = 0 ∀v ∈ V;(

@u2
@t

; v
)
+ A2a(u2; v)− 1

2
(u22; div v) + (curl u2�(u2); v)

−g(h2; div v)− g(h1; div v) = 0 ∀v ∈ V;
@h1
@t
+ div(u1h1) = 0 in L1(0; T ;W−1;p(�)); p¡ 2;

@h2
@t
+ div(u2h2) = 0 in L1(0; T ;W−1;p(�)); p¡ 2;

u1(t = 0) = u1;0 ∈ V; u2(t = 0) = u2;0 ∈ V;

h1(t = 0) = h1;0¿ 0 ∈ L2(�); h2(t = 0) = h2;0¿ 0 ∈ L2(�):

The following orthogonal decomposition of L2(�)2 in a sum of gradient vectors and
curl vectors holds [4,9]:

L2(�)2 =∇H 1(�)⊕ CurlH 1
0 (�):

This decomposition will be used to look for u1 and u2 in V under the form

u1 = up;1 + uq;1 =∇p1 + Curl q1; u2 = up;2 + uq;2 =∇p2 + Curl q2;

1 Notice that Mu =∇div u − Curl curl u for explaining the choice of V and a.
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with p1, q1 and p2, q2 solutions of the scalar problems

Mp1 = div u1 in �;

@p1
@n

= u1 · n= 0 on �;

{−Mq1 = curl u1 in �;

q1 = 0 on �

and 

Mp2 = div u2 in �;

@p2
@n

= u2 · n= 0 on �;

{−Mq2 = curl u2 in �;

q2 = 0 on �:

The functions pi can be chosen such that
∫
� pi = 0. We must also remember that

curl up; i = 0 and div uq; i = 0, i = 1; 2.
We are going to prove the existence and uniqueness of the solution of problem (V)

and some smoothness results. Those results have been already proved in the single-layer
case [3]. In the two-layer model, we Cnd the same di<culties together with a new one
due to the appearance of coupling terms between the layers.
In order to simplify the notations, we only consider the simply connected case. The

additional di<culty appearing in the multiply connected domain is solved taking into
account a dissipation condition at the bottom [10]. In this case, some new functions
must be added to the decomposition: the functions curl r with r solutions of the fol-
lowing m problems:

−Mri = 0 in �; ri = 1 on �i; ri = 0 on �j; j �= i;

where i = 1; : : : ; m and j = 0; : : : ; m. We have assumed that � has a Cnite number
of connected components �i; i = 0; : : : ; m, �0 indicating the boundary of the inCnite
connected component of the complementary of � in R2.

2. An existence theorem

In this section, we present a global existence result with controlled data.

2.1. Theorem

2.1.1. Preliminaries
Let C be the best constant associated with Gagliardo–Nirenberg’s inequality:

‖u‖2L4 6 C‖u‖L2‖u‖V ∀u ∈ V:

Let C′ be the injection constant of {! ∈ W 1;1(�) :
∫
� != 0} into L2(�):

‖!‖L2 6 C′‖∇!‖L1 ∀! ∈ W 1;1(�) :
∫
�
!= 0:

We consider the N -function

#(x) = ex
2 − 1

and the associated Orlicz space L#(�), which is a Banach space with the Orlicz norm,
denoted by ‖:‖L# .
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The Sobolev space H 1(�) is embedded in L#(�) [1]. Let k be the injection constant:

‖p‖L# 6 k‖p‖H 1 ∀p ∈ H 1(�):

It is not possible to give an analytical expression for &, the complementary N -
function to #. But it can be shown 2 that & is equivalent to P̃, with

P̃(x) = x
√
log+ x:

Let ‖:‖L& and ‖:‖LP̃ be the Orlicz norms in the Orlicz spaces L&(�) and LP̃(�),
respectively. The equivalence relation between the N -functions & and P̃ implies the
equivalence between the norms ‖:‖L& and ‖:‖LP̃ and allows us to identify the spaces
L&(�) and LP̃(�). Let k

′ be the best constant such that

‖h‖L& 6 k ′‖h‖LP̃ ∀h ∈ L&(�) = LP̃(�):

Finally, denote by k ′′ the best constant such that

‖p‖H 1 6 k ′′‖∇p‖L2 ∀p ∈ H 1(�) :
∫
�
p= 0:

Now we can deCne

K = kk ′k ′′:

2.1.2. Conditions of the theorem
Let ( and ) be positive numbers such that

g¿
3
4
(+ g

�
2
: (1)

We deCne

C( =
C2 + 2C′2

4(

and

C1 =
‖h1;0‖L1
2meas(�)

; C′
1 =

gT
meas(�)

‖h1;0‖L1
(
‖h1;0‖L1 +

�2
�1

‖h2;0‖L1
)

;

C2 =
‖h2;0‖L1
2meas(�)

; C′
2 =

gT
meas(�)

‖h2;0‖L1 (‖h1;0‖L1 + ‖h2;0‖L1 ):

Let us assume that the eddy viscosities A1 and A2 satisfy

A1¿C1 + g
�2
�1

1
2)

; A2¿C2 + g
1
2)

: (2)

2 By proving that limx→∞&(x)=P̃(x) = 1.
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Then

B1 = A1 − C1 − g
�2
�1

1
2)

and

B2 = A2 − C2 − g
1
2)

are strictly positive.
We assume that the data are small in the following sense:

2∑
i=1

[
1
2
‖ui;0‖2L2 + (g+ Ai)

∫
�
hi;0 log hi;0 +

g
e
meas(�)− Aihi;0 log hi;0 meas(�)

+C′
i +
∫
�
pi(0)hi;0 + 2K2

]
¡, min

i=1;2

(√
C2 + 16BiC( − C

16C(

)2
; (3)

where , ∈ (0; 1) and hi;0 represent the averaged water elevation at the initial instant,
i = 1; 2.

Theorem 1. Let � be a simply connected bounded smooth open domain of R2. Let
ui;0 ∈ V , hi;0 ∈ L2(�) such that hi;0¿ 0, i = 1; 2, satisfying the following conditions:

‖hi;0‖L1 ¡
g
2K2

; (4)

‖ui;0‖L2 ¡
√

C2 + 16BiC( − C
4C(

: (5)

If the previous hypothesis on the data is satis=ed, then the weak problem (V) has
a solution {(u1; h1); (u2; h2)} that satis=es the following estimate:

‖u1‖2L∞(0;T ;L2(�)2) + ‖u2‖2L∞(0;T ;L2(�)2) + sup
t

∫
�
h1 log h1 + sup

t

∫
�
h2 log h2

+ ‖u1‖2L2(0;T ;V ) + ‖u2‖2L2(0;T ;V ) + ‖h1‖2L2(Q) + ‖h2‖2L2(Q) 6 C; (6)

where C¿ 0 depends on the initial data.

As in the one-layer case, the proof of this theorem is split into several steps: Crst
we give some a priori estimates, then we build a sequence of approximated solutions
that satisfy these estimates, and, Cnally, we pass to the limit into the continuity and
momentum equations as in [11]. In this case, the main di<culty is to obtain an a priori
estimate because of the coupled terms.

2.2. A priori estimates

Lemma 1. If {(u1; h1); (u2; h2)} is a classical solution of problem (V) and if relations
(1)–(5) are satis=ed, then we have

h1¿ 0; h2¿ 0; (7)
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∫
�
h1 =

∫
�
h1;0;

∫
�
h2 =

∫
�
h2;0; (8)

− 2g
e
meas(�)6

1
4
‖u1‖2L∞(0;T ;L2(�)2) +

1
4
‖u2‖2L∞(0;T ;L2(�)2)

+ (g− 2K2‖h1;0‖L1 ) sup
t

∫
�
h1 log

+ h1 − g sup
t

∫
�
h1 log

− h1

+ (g− 2K2‖h2;0‖L1 ) sup
t

∫
�
h2 log

+ h2 − g sup
t

∫
�
h2 log

− h2

+
(
B1− C

2
‖u1‖L∞(0;T ;L2(�)2)−C(‖u1‖2L∞(0;T ;L2(�)2)

)
‖u1‖2L2(0;T ;V )

+
(
B2− C

2
‖u2‖L∞(0;T ;L2(�)2)−C(‖u2‖2L∞(0;T ;L2(�)2)

)
‖u2‖2L2(0;T ;V )

+
(
g− 3

4
(− g

)
2

)
‖h1‖2L2(Q) +

(
g− 3

4
(− g

�2
�1

)
2

)
‖h2‖2L2(Q)

6
2∑

i=1

[
1
2
‖ui;0‖2L2 + (g+ Ai)

∫
�
hi;0 log hi;0 − Aihi;0 log hi;0 meas(�)

+C′
i +
∫
�
pi(0)hi;0 + 2K2

]
: (9)

B1 − C
2
‖u1‖L∞(0;T ;L2(�)2) − C(‖u1‖2L∞(0;T ;L2(�)2)¿ 0;

B2 − C
2
‖u2‖L∞(0;T ;L2(�)2) − C(‖u2‖2L∞(0;T ;L2(�)2)¿ 0: (10)

Proof. Inequalities (7) are easily deduced from the identity:

hi(Xi(t); t) = hi(x0; 0) e−
∫ t
0 divui(Xi(s); s) ds; (11)

where Xi(t) is the solution of the problem

dXi

dt
= ui(Xi(t); t);

Xi(0) = x0;

for i = 1; 2.
Relations (8) are obtained by integration over � of the respective continuity

equations.
The main di<culties that appear in obtaining estimate (9) arise from the fact that

div ui �= 0. Due to this, the nonlinear terms and the pressure terms do not vanish
in the energy inequalities, as is the case of the incompressible Navier–Stokes
equations [7].
In order to estimate the nonlinear terms (u2i ; div ui) we must build a stability space

[11], using Gagliardo–Nirenberg’s inequality.



146 M.L. Muñoz-Ruiz et al. / Nonlinear Analysis: Real World Applications 4 (2003) 139–171

The estimate of the terms (hi; div ui) is overcome with an additional estimate of
hi log hi in L1(�) [11].
The two previous di<culties also appear in the case of a single layer [2]. But there is

a third one that does not appear in the one-layer system. This is related to the presence
of the terms (h1; div u2) and (h2; div u1): an estimation of hi in L2(Q) is required to
handle these.
To obtain these estimates we adapt the techniques used in [3]. The di<culty in this

case comes from the fact that the L2-estimates for hi and the existence of a solution
must be obtained at the same time, while in [3], the L2-estimate is obtained once the
existence and boundedness of the solution is known.
The Crst step is to obtain the energy inequalities, by taking v=u1 in (V)1 and v=u2

in (V)2:

1
2
d
dt
‖u1‖2L2 + A1‖u1‖2V − 1

2
(u21; div u1)− g(h1; div u1)− g

�2
�1
(h2; div u1) = 0; (12)

1
2
d
dt
‖u2‖2L2 + A2‖u2‖2V − 1

2
(u22; div u2)− g(h2; div u2)− g(h1; div u2) = 0: (13)

To estimate the nonlinear terms (u21; div u1) and (u
2
2; div u2), we use Gagliardo–

Nirenberg’s inequality

(u2i ; div ui)6 ‖ui‖2L4‖ui‖V 6 C‖ui‖L2‖ui‖2V ; i = 1; 2:

Next, we estimate the terms (h1; div u1) and (h2; div u2) by formally writing

−(hi; div ui) = (∇hi; ui) =
(∇hi

hi
; uihi

)
= (∇log hi; uihi) =−(log hi; div(uihi)):

Using the continuity equations and (8) we have

−(hi; div ui) =
(
log hi;

@hi

@t

)
=
d
dt
(hi log hi − hi; 1) =

d
dt
(hi log hi; 1); i = 1; 2:

Then, adding (12) and (13), and integrating in (0; t), we get

1
2
‖u1‖2L2 +

1
2
‖u2‖2L2 + g

∫
�
h1 log h1 + g

∫
�
h2 log h2

+
(
A1 − C

2
‖u1‖L∞(0;T ;L2(�)2)

)
‖u1‖2L2(0; t;V )

+
(
A2 − C

2
‖u2‖L∞(0;T ;L2(�)2)

)
‖u2‖2L2(0; t;V )

6
1
2
‖u1;0‖2L2 +

1
2
‖u2;0‖2L2 + g

∫
�
h1;0 log h1;0 + g

∫
�
h2;0 log h2;0

+g
�2
�1

∫ T

0
|(h2; div u1)|+ g

∫ T

0
|(h1; div u2)|: (14)

The second step consists in obtaining estimates for h1 and h2 in L2(Q). To do
this, we consider the L2-projection of equations (P)1 and (P)7 on the gradient vectors
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Celd [3]:∫
�

(
@u1
@t

− A1Mu1 +
1
2
∇u21 + curl u1�(u1) + g∇h1 + g

�2
�1

∇h2

)
∇P dx = 0;

∫
�

(
@u2
@t

− A2Mu2 +
1
2
∇u22 + curl u2�(u2) + g∇h2 + g∇h1

)
∇P dx = 0;

where P ∈ H 1(�).
Setting u1 = up;1 + uq;1 and u2 = up;2 + uq;2, we have∫

�

(
@up;1

@t
− A1Mup;1 +

1
2
∇u21 + curl uq;1�(u1) + g∇h1 + g

�2
�1

∇h2

)
∇P dx = 0;

∫
�

(
@up;2

@t
− A2Mup;2 +

1
2
∇u22 + curl uq;2�(u2) + g∇h2 + g∇h1

)
∇P dx = 0:

Here, we have considered that the projections on the space ∇H 1(�) of @uq; i=@t and
Curl curl uq; i are zero. Recalling that div up; i =Mpi, we arrive at

∇
(
@p1
@t

− A1Mp1 +
1
2
u21 +!1 + gh1 + g

�2
�1

h2

)
= 0;

∇
(
@p2
@t

− A2Mp2 +
1
2
u22 +!2 + gh2 + gh1

)
= 0;

where ∇!1 and ∇!2 are the respective projections for the L2(�)2 scalar product of
curl uq;1�(u1) and curl uq;2�(u2) on the space ∇H 1(�). Then

@p1
@t

− A1Mp1 +
1
2
u21 +!1 + gh1 + g

�2
�1

h2 = 01; (15)

@p2
@t

− A2Mp2 +
1
2
u22 +!2 + gh2 + gh1 = 02; (16)

where 01 and 02 are functions that only depend on time.
Now we deCne, for 1 ∈ [0; T ], the function

21(t) =

{
1; 06 t 6 T − 1;
T−t
1 ; T − 16 t 6 T:

Multiplying (15) by 21h1 and (16) by 21h2 and integrating over Q, we obtain

g
∫
Q
21h21 − A1

∫
Q
Mp121h1 +

1
2

∫
Q
u2121h1 + g

�2
�1

∫
Q
21h1h2

=
∫
Q
0121h1 −

∫
Q

@p1
@t

21h1 −
∫
Q
!121h1; (17)

g
∫
Q
21h22 − A2

∫
Q
Mp221h2 +

1
2

∫
Q
u2221h2 + g

∫
Q
21h1h2

=
∫
Q
0221h2 −

∫
Q

@p2
@t

21h2 −
∫
Q
!221h2: (18)
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The L2-estimates for h1 and h2 will be performed by estimating the terms in these
equations and then, passing to the limit when 1 → 0. First, notice that

∫
Q 21h1h2 ¿ 0

because h1; h2¿ 0.
Then, the second terms on the left-hand side are treated by using

−
∫
�
hiMpi =−

∫
�
hi div ui =

d
dt

∫
�
hi log hi

as follows

−Ai

∫
Q
Mpi21hi =−Ai

∫ T

0
21

∫
�
hi div ui = Ai

∫ T

0
21
d
dt

∫
�
hi log hi

= Ai

∫ T

0

d
dt

∫
�
21hi log hi − Ai

∫ T

0

@21

@t

∫
�
hi log hi

=−Ai

∫
�
hi;0 log hi;0 +

Ai

1

∫ T

T−1

∫
�
hi log hi:

Using the convexity inequality

hi log hi ¿ Shi log Shi + (log Shi + 1)(hi − Shi)

and (8), we have∫
�
hi log hi ¿ Shi log Shimeas(�) = hi;0 log hi;0 meas(�): (19)

Then

Ai

1

∫ T

T−1

∫
�
hi log hi ¿

Ai

1

∫ T

T−1
hi;0 log hi;0 meas(�) = Aihi;0 log hi;0 meas(�);

and

−Ai

∫
Q
Mpi21hi ¿ −Ai

∫
�
hi;0 log hi;0 + Aihi;0 log hi;0 meas(�); i = 1; 2:

The term 1
2

∫
Q u2i 21hi is split as follows:

1
2

∫
Q
u2i 21hi =

1
2

∫
Q
u2p; i21hi +

∫
Q
up; iuq; i21hi +

1
2

∫
Q
u2q; i21hi; (20)

for i = 1; 2.
To estimate the Crst terms on the right-hand side we look for an expression for 01

and 02, integrating (15) and (16) over �. We use
∫
� pi=0 and

∫
�Mpi=

∫
� div ui=0

and choose !i such that
∫
� !i = 0, i = 1; 2. We arrive at

01 =
1

meas(�)

∫
�

(
1
2
u21 + gh1 + g

�2
�1

h2

)
=

1
meas(�)

∫
�

(
1
2
u21 + gh1;0 + g

�2
�1

h2;0

)
;

02 =
1

meas(�)

∫
�

(
1
2
u22 + gh2 + gh1

)
=

1
meas(�)

∫
�

(
1
2
u22 + gh2;0 + gh1;0

)
:



M.L. Muñoz-Ruiz et al. / Nonlinear Analysis: Real World Applications 4 (2003) 139–171 149

Then ∫
Q
0i21hi 6 Ci‖ui‖2L2(0;T ;V ) + C′

i ;

with Ci and C′
i as previously deCned, i = 1; 2.

We consider next the second terms on the right-hand side. We Crst integrate by
parts:

−
∫
Q

@pi

@t
21hi =−

∫
Q

@
@t
(pi21hi) +

∫
Q
pi

@
@t
(21hi)

=
∫
�
pi(0)hi;0 +

∫
Q
pi

@21

@t
hi +

∫
Q
pi21

@hi

@t

and then, we use the continuity equation

−
∫
Q

@pi

@t
21hi =

∫
�
pi(0)hi;0 +

∫
Q
pi

@21

@t
hi −

∫
Q
pi21 div(uihi)

=
∫
�
pi(0)hi;0 +

∫
Q
pi

@21

@t
hi +

∫
Q
∇pi21uihi:

Finally, the decomposition ui = up; i + uq; i is used

−
∫
Q

@pi

@t
21hi =

∫
�
pi(0)hi;0 +

∫
Q
pi

@21

@t
hi +

∫
Q
u2p; i21hi +

∫
Q
up; iuq; i21hi; (21)

for i = 1; 2.
The di<culty is to bound the term∫

Q
pi

@21

@t
hi =

∫ T

0

@21

@t

∫
�
pihi:

For this, we must use the theory involving N -functions and Orlicz spaces [5,6]:
Using the extension of the HTolder inequality for Orlicz spaces we have∫

�
pihi 6 ‖pi‖L#‖hi‖L& :

Then∫
�
pihi 6 kk ′‖pi‖H 1‖hi‖LP̃ :

And the norm ‖:‖LP̃ veriCes
‖hi‖LP̃ 6 1 +

∫
�
P̃(hi):

Then we have∫
�
pihi 6 kk ′k ′′‖∇pi‖L2

(
1 +

∫
�
P̃(hi)

)

6K‖ui‖L2
(
1 +

∫
�
hi

√
log+ hi

)
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= K‖ui‖L2 + K‖ui‖L2
∫
�

√
hi

√
hilog

+ hi

6
1
8
‖ui‖2L2 + 2K2 +

1
8
‖ui‖2L2 + 2K2

(∫
�

√
hi

√
hi log

+ hi

)2
:

Using the HTolder inequality∫
�

√
hi

√
hi log

+ hi 6
(∫

�
hi

)1=2(∫
�
hi log

+ hi

)1=2
we can write∫

�
pihi 6

1
4
‖ui‖2L2 + 2K2 + 2K2‖hi;0‖L1

∫
�
hi log

+hi:

Recalling that @21=@t=0 over (0; T − 1) and @21=@t=−1=1 over (T − 1; T ), we can
conclude that∫

Q

@21

@t
pihi 6

1
4
‖ui‖2L∞(0;T ;L2(�)2) + 2K

2 + 2K2‖hi;0‖L1 sup
t

∫
�
hi log

+ hi:

To estimate the terms∫
Q
u2p; i21hi and

∫
Q
up; iuq; i21hi

in (21) we take into account the presence of (20) on the left-hand side of the equations.
Then we must bound

1
2

∫
Q
u2p; i21hi − 1

2

∫
Q
u2q; i21hi:

To do this, we use Gagliardo–Nirenberg’s inequality
1
2

∫
Q
u2p; i21hi − 1

2

∫
Q
u2q; i21hi 6

1
2

∫
Q
u2p; i21hi

6
1
2

(
(
2

∫
Q
21h2i +

1
2(

∫ T

0
‖up; i‖4L4

)

6
(
4

∫
Q
21h2i +

C2

4(

∫ T

0
‖ui‖2L2‖ui‖2V :

The estimate of the terms on the right-hand side of (17) and (18) concludes with
the estimate of − ∫Q !i21hi:

−
∫
Q
!i21hi 6

(
2

∫
Q
21h2i +

1
2(

∫ T

0
‖!i‖2L2

6
(
2

∫
Q
21h2i +

C′2

2(

∫ T

0
‖∇!i‖2L1

6
(
2

∫
Q
21h2i +

C′2

2(

∫ T

0
‖curl uq; i‖2L2‖ui‖2L2

6
(
2

∫
Q
21h2i +

C′2

2(

∫ T

0
‖ui‖2L2‖ui‖2V :
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Then, (17) and (18) yield respectively,(
g− 3

4
(
)∫

Q
21h216 A1

∫
�
h1;0 log h1;0 − A1h1;0 log h1;0 meas(�)

+C1‖u1‖2L2(0;T ;V ) + C′
1 +

∫
�
p1(0)h1;0

+
1
4
‖u1‖2L∞(0;T ;L2(�)2) + 2K

2 + 2K2‖h1;0‖L1 sup
t

∫
�
h1 log

+ h1

+C(‖u1‖2L∞(0;T ;L2(�)2)‖u1‖2L2(0;T ;V ) (22)

and (
g− 3

4
(
)∫

Q
21h226 A2

∫
�
h2;0 log h2;0 − A2h2;0 log h2;0 meas(�)

+C2‖u2‖2L2(0;T ;V ) + C′
2 +

∫
�
p2(0)h2;0

+
1
4
‖u2‖2L∞(0;T ;L2(�)2) + 2K

2 + 2K2‖h2;0‖L1 sup
t

∫
�
h2 log

+ h2

+C(‖u2‖2L∞(0;T ;L2(�)2)‖u2‖2L2(0;T ;V ): (23)

The next step is adding Eq. (14) to Eqs. (22) and (23). Before this, we take the
supremum in the terms of the left-hand side of (14) and make 1 tend to zero in (22)
and (23).
Note that we can split the term

∫
� hi log hi into∫

�
hi log hi =

∫
�
hi log

+ hi −
∫
�
hi log

− hi:

To take the supremum on the left-hand side of (14) we need a lower bound for the
nonnegative term −g

∫
� hi log

− hi. This is obtained by using the convexity inequality

hi log hi ¿ −1
e
;

that implies

−g
∫
�
hi log

− hi = g
∫
{x∈�:hi(x; t)¡1}

hi log hi

¿−g
e
meas({x ∈ � : hi(x; t)¡ 1})¿ −g

e
meas(�):

Thus, we have

−2g
e
meas(�)6

1
4
‖u1‖2L∞(0;T ;L2(�)2) +

1
4
‖u2‖2L∞(0;T ;L2(�)2)

+(g− 2K2‖h1;0‖L1 ) sup
t

∫
�
h1 log

+ h1 − g sup
t

∫
�
h1 log

− h1

+ (g− 2K2‖h2;0‖L1 ) sup
t

∫
�
h2 log

+ h2 − g sup
t

∫
�
h2 log

− h2
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+
(
A1−C1−C

2
‖u1‖L∞(0;T ;L2(�)2)−C(‖u1‖2L∞(0;T ;L2(�)2)

)
‖u1‖2L2(0;T ;V )

+
(
A2−C2−C

2
‖u2‖L∞(0;T ;L2(�)2)−C(‖u2‖2L∞(0;T ;L2(�)2)

)
‖u2‖2L2(0;T ;V )

+
(
g− 3

4
(
)
‖h1‖2L2(Q) +

(
g− 3

4
(
)
‖h2‖2L2(Q)

6
2∑

i=1

[
1
2
‖ui;0‖2L2 + (g+ Ai)

∫
�
hi;0 log hi;0 − Aihi;0 log hi;0 meas(�)

+C′
i+
∫
�
pi(0)hi;0 + 2K2

]
+g

�2
�1

∫ T

0
|(h2; div u1)|+g

∫ T

0
|(h1; div u2)|:

Using that

g
�2
�1

∫ T

0
|(h2; div u1)|6 g

�2
�1

)
2
‖h2‖2L2(Q) + g

�2
�1

1
2)

‖u1‖2L2(0;T ;V )

and

g
∫ T

0
|(h1; div u2)|6 g

)
2
‖h1‖2L2(Q) + g

1
2)

‖u2‖2L2(0;T ;V )

we obtain

−2g
e
meas(�)6

1
4
‖u1‖2L∞(0;T ;L2(�)2) +

1
4
‖u2‖2L∞(0;T ;L2(�)2)

+(g− 2K2‖h1;0‖L1 ) sup
t

∫
�
h1 log

+ h1 − g sup
t

∫
�
h1 log

− h1

+(g− 2K2‖h2;0‖L1 ) sup
t

∫
�
h2 log

+ h2 − g sup
t

∫
�
h2 log

− h2

+
(
B1− C

2
‖u1‖L∞(0;T ;L2(�)2)−C(‖u1‖2L∞(0;T ;L2(�)2)

)
‖u1‖2L2(0;T ;V )

+
(
B2− C

2
‖u2‖L∞(0;T ;L2(�)2)−C(‖u2‖2L∞(0;T ;L2(�)2)

)
‖u2‖2L2(0;T ;V )

+
(
g− 3

4
(− g

)
2

)
‖h1‖2L2(Q) +

(
g− 3

4
(− g

�2
�1

)
2

)
‖h2‖2L2(Q)

6
2∑

i=1

[
1
2
‖ui;0‖2L2 + (g+ Ai)

∫
�
hi;0 log hi;0 − Aihi;0 log hi;0 meas(�)

+C′
i +
∫
�
pi(0)hi;0 + 2K2

]
:
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Now, to obtain estimates for ui and hi we only 3 need to prove the positivity of

Bi − C
2
‖ui‖L∞(0;T ;L2(�)2) − C(‖ui‖2L∞(0;T ;L2(�)2); i = 1; 2:

This can be done using the small data hypothesis:
Let us assume that u1 and u2 are continuous from [0; T ] into L2(�)2. As

‖ui;0‖L2 ¡
√

C2 + 16BiC( − C
4C(

;

there exists t′ such that

‖ui(t)‖L2 ¡
√

C2 + 16BiC( − C
4C(

in [0; t′);

for i = 1; 2. Suppose that

‖u1(t′)‖L2 =
√

C2 + 16B1C( − C
4C(

and

‖u2(t′)‖L2 6
√

C2 + 16B2C( − C
4C(

;

for instance. Then, (9) implies(√
C2+16B1C(−C

16C(

)2
6

2∑
i=1

[
1
2
‖ui;0‖2L2+(g+Ai)

∫
�
hi;0 log hi;0+

g
e
meas(�)

−Aihi;0 log hi;0 meas(�) + C′
i+
∫
�
pi(0)hi;0+2K2

]
;

which contradicts (3). The same contradiction holds if

‖u2(t′)‖L2 =
√

C2 + 16B2C( − C
4C(

and

‖u1(t′)‖L2 6
√

C2 + 16B1C( − C
4C(

:

Therefore, (10) is proved.

3 Notice that condition (1) implies

g¿
3
4
( + g

�2
�1

)
2
;

because �1¿�2.
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2.3. Approximated solutions

Let us introduce a basis for V denoted by {31; : : : ; 3n; : : :}, whose elements belong to
H 4(�)2. Let Vn be the set of linear combinations of the n Crst elements of the basis.
We consider the problem:
Find (u1; n; h1; n) and (u2; n; h2; n) in [L∞(0; T ; L2(�)2) ∩ L2(0; T ;Vn)] × C1( SQ) such

that:

(Vn)




(
@u1; n
@t

; 3
)
+ A1a(u1; n; 3)− 1

2
(u21; n; div 3) + (curl u1; n�(u1; n); 3)

−g(h1; n; div 3)− g
�2
�1
(h2; n; div3) = 0 ∀3 ∈ Vn;(

@u2; n
@t

; 3
)
+ A2a(u2; n; 3)− 1

2
(u22; n; div3) + (curl u2; n�(u2; n); 3)

−g(h2; n; div 3)− g(h1; n; div 3) = 0 ∀3 ∈ Vn;
@h1; n
@t

+ div(u1; nh1; n) = 0;

@h2; n
@t

+ div(u2; nh2; n) = 0;

u1; n(t = 0) = u1;0; n ∈ Vn; u2; n(t = 0) = u2;0; n ∈ Vn;

h1; n(t = 0) = h1;0; n ∈ C1(�); h2; n(t = 0) = h2;0; n ∈ C1(�);

where the data and the constants satisfy the conditions of Theorem 1. Then we have:

Lemma 2. Problem (Vn) has a solution {(u1; n; h1; n); (u2; n; h2; n)} in

[[L∞(0; T ; L2(�)2) ∩ L2(0; T ;Vn)]× C1( SQ)]2;

which satis=es

‖u1; n‖2L∞(0;T ;L2(�)2)+‖u2; n‖2L∞(0;T ;L2(�)2)+sup
t

∫
�
h1; n log h1; n+sup

t

∫
�
h2; n log h2; n

+‖u1; n‖2L2(0;T ;V )+‖u2; n‖2L2(0;T ;V )+‖h1; n‖2L2(Q)+‖h2; n‖2L2(Q)6C: (24)

Proof. To prove this lemma we apply the second Schauder Cxed point theorem [13]
as in [2]. We obtain approximated solutions that satisfy the a priori estimates.
In fact, due to the regularity of the basis, we have: u1; n; u2; n ∈ H 1(0; T ;H 4(�)2).

Therefore u1; n; u2; n ∈ C0([0; T ];C2( SU)2) and, using (11) and the positivity of initial
data h1;0; h2;0, we have: h1; n; h2; n ∈ C1( SQ) and h1; n; h2; n ¿ 0.

2.4. Passage to the limit

In this section, we present a lemma that is used to pass to the limit in the approxi-
mated equations and to conclude the proof of the theorem. The passage to the limit is
done by adapting the procedure developed in [2] for a one-layer problem. In that case,
the most di<cult point was to pass to the limit in the continuity equation. Now, this
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can be done in an easier way, because we have obtained an additional estimate for hi

in L2(Q).

Lemma 3. For each n ∈ N, let
{(u1; n; h1; n); (u2; n; h2; n)} ∈ [[L∞(0; T ; L2(�)2) ∩ L2(0; T ;Vn)]× C1( SQ)]2

be the solution of (Vn) given by Lemma 2, that satis=es

‖u1; n‖2L∞(0;T ;L2(�)2)+‖u2; n‖2L∞(0;T ;L2(�)2)+sup
t

∫
�
h1; n log h1; n+sup

t

∫
�
h2; n log h2; n

+ ‖u1; n‖2L2(0;T ;V ) + ‖u2; n‖2L2(0;T ;V ) + ‖h1; n‖2L2(Q) + ‖h2; n‖2L2(Q) 6 C:

Then we have, for i = 1; 2:

ui;nhi;n is bounded in L2(0; T ; L1(�)2); (25)

@ui;n

@t
is bounded in L4=3(0; T ;H−1(�)2) (26)

and we can extract from ui;n and hi;n subsequences still denoted ui;n and hi;n such
that

ui;n → ui in L2(0; T ;V ) weakly; (27)

ui;n → ui in L∞(0; T ; L2(�)2) weakly star; (28)

hi;n → hi in L2(Q) weakly; (29)

ui;nhi;n → uihi in L4=3(Q)2 weakly; (30)

curl ui;n�(ui;n)→ curl ui�(ui) in L4=3(Q)2 weakly; (31)

∇u2i; n → ∇u2i in L4=3(Q)2 weakly: (32)

Proof. Results (25), (27)–(29) are a direct consequence of (24).
Gagliardo–Nirenberg’s inequality implies that ui;n is bounded in L4(Q)2. Then ui;nhi;n,

curl ui;n�(ui;n) and ∇u2i; n are bounded in L4=3(Q)2, and we can extract subsequences
from ui;n and hi;n such that

ui;nhi;n → 7i in L4=3(Q)2 weakly;

curl ui;n�(ui;n)→ ,i in L4=3(Q)2 weakly

and

∇u2i; n → #i in L4=3(Q)2 weakly:

In order to obtain 7i = uihi, ,i = curl ui�(ui) and #i =∇u2i we need an estimate for
@ui;n=@t in L4=3(0; T ;H−1(�)2):
Notice that ∇hi;n is bounded in L2(0; T ;H−1(�)2). By estimating the other terms in

the momentum equations we get (26).
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Now, using Aubin’s compacity theorem [7] with

A0 = V; A1 = L2(�)2; A2 = H−1(�)2;

p= 2; q= 4=3;

we have

ui;n → ui in L2(Q)2 and a:e: in Q: (33)

This will allow us to prove (30)–(32):
Let ’ ∈ D(Q)2. Then

|(ui;nhi;n − uihi; ’)|6 |(ui;nhi;n − uihi;n; ’)|+ |(uihi;n − uihi; ’)|
6 ‖ui;n − ui‖L2(Q)‖hi;n‖L2(Q)‖’‖L∞(Q) + |(hi;n − hi; ui’)|

and so,

ui;nhi;n → uihi in D′(Q)2;

which implies that 7i = uihi.
Equally, it can be proved that ,i = curl ui�(ui) and #i =∇u2i , i = 1; 2.

2.5. Proof of the theorem

Let u1;0; u2;0 and h1;0; h2;0 be the initial conditions of problem (P).
Let {u1;0; n} and {u2;0; n} be two sequences with elements ui;0; n ∈ Vn such that

u1;0; n → u1;0 and u2;0; n → u2;0 in V:

Also, let {h1;0; n} and {h2;0; n} be two sequences in C1(�) such that

h1;0; n → h1;0 and h2;0; n → h2;0 in L2(�):

For each n ∈ N, set
{(u1; n; h1; n); (u2; n; h2; n)} ∈ [[L∞(0; T ; L2(�)2) ∩ L2(0; T ;Vn)]× C1( SQ)]2

a solution of (Vn) given by Lemma 2. This satisCes estimate (24).
Using Lemma 3, we can extract two subsequences to {u1; n} and {u2; n}, also denoted

by {u1; n} and {u2; n}, such that
u1; n → u1 and u2; n → u2 in L∞(0; T ; L2(�)2) ∩ L2(0; T ;V ) weakly star

and two subsequences to h1; n and h2; n, also denoted by h1; n and h2; n, such that

h1; n → h1 and h2; n → h2 in L2(Q):

Then,

u1; nh1; n → u1h1 and u2; nh2; n → u2h2 in L4=3(Q)2 weakly:

Now we can deduce from the previous results that div(uihi) belong to L4=3(0; T ;
W−1;4=3(�)) and so hi; t . We also have hi(t = 0) = hi;0.
So we can pass to the limit in momentum equations and obtain ui(t = 0) = ui;0.
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This concludes the proof that {(u1; h1); (u2; h2)} is a solution of the weak
problem (V).
Having shown the existence of solutions to problem (V), we are going to prove the

uniqueness of the solution. In order to do this, Crst we have to prove some smoothness
results for (ui; hi); i = 1; 2.

3. Some smoothness and uniqueness results

3.1. Smoothness for the curl velocity

We consider the L2-projection of equations (P)1 and (P)7 on the curl vectors Celd:∫
�

(
@u1
@t

− A1Mu1 +
1
2
∇u21 + curl u1�(u1) + g∇h1 + g

�2
�1

∇h2

)
CurlQ = 0;

∫
�

(
@u2
@t

− A2Mu2 +
1
2
∇u22 + curl u2�(u2) + g∇h2 + g∇h1

)
CurlQ = 0;

where Q ∈ H 1
0 (�).

Using the orthogonal decomposition u1 =up;1 +uq;1 and u2 =up;2 +uq;2 we arrive at

P
(
@uq;1

@t
+ A1 Curl(curl uq;1) + curl uq;1�(u1)

)
= 0; (34)

P
(
@uq;2

@t
+ A2 Curl(curl uq;2) + curl uq;2�(u2)

)
= 0; (35)

where P denotes the L2-projection operator on the curl vectors Celd.
The results stated in this section were proved in [3] for the one-layer case. It is easy

to adapt those results and their proofs to the two-layer case.

Lemma 4. If ui;0 ∈ H 1(�)2, then we have

uq; i ∈ L4(0; T ;W 1;4(�)2); (36)

@uq; i

@t
∈ L2(Q)2; (37)

for i = 1; 2.

Lemma 5. If ui;0 ∈ H 2(�)2 and if @up; i=@t ∈ L2(Q)2, then
@uq; i

@t
∈ L∞(0; T ; L2(�)2); (38)

curl
(
@uq; i

@t

)
∈ L2(Q) (39)

and

uq; i ∈ W 1;4(Q)2; (40)

for i = 1; 2.
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Lemma 6. If ui;0 ∈ H 2(�)2 and if up; i ∈ L2(0; T ;W 1;4(�)2) we have

uq; i ∈ L4(0; T ;W 2;4(�)2); (41)

for i = 1; 2.

Remark 1. In the proof of (36), the following smoothness for uq; i is obtained

uq; i ∈ L∞(0; T ;H 1(�)2) ∩ L2(0; T ;H 2(�)2); (42)

i = 1; 2.

3.2. A crucial estimate

First, we recall the L2-projection of equations (P)1 and (P)7 on the gradient vectors
Celd previously obtained:

@p1
@t

− A1Mp1 +
1
2
u21 +!1 + gh1 + g

�2
�1

h2 = 01; (43)

@p2
@t

− A2Mp2 +
1
2
u22 +!2 + gh2 + gh1 = 02; (44)

where the functions 01 and 02 depend only on time, and ∇!1 and ∇!2 are, respec-
tively, the projections for the L2(�) scalar product of curl uq;1�(u1) and curl uq;2�(u2)
on the space ∇H 1(�).
We were able to choose !i such that

∫
� !i = 0. Then we have

‖∇!i‖L2 6 k‖curl uq; i�(ui)‖L2
and the norm ‖!i‖H 1 is equivalent to ‖∇!i‖L2 , i = 1; 2.
The following results concerning !i and 0i are easily proved as in [3].

Lemma 7. The functions !i previously de=ned verify:

!i ∈ L4(Q); (45)

‖∇!i; t‖L1 6 C
(
1 +

∥∥∥∥@up; i

@t

∥∥∥∥
L2

)
; (46)

for i = 1; 2.

Lemma 8. The functions 0i verify:

0i ∈ L∞(0; T ); (47)

0i; t =
1

meas(�)

∫
�
uiui; t ; (48)

for i = 1; 2.

Now we give a lemma that will allow us to prove our smoothness theorem.
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Lemma 9. Let Qt be equal to � × (0; t), for any t ∈ [0; T ].
If hi;0 ∈ L3(�), then the relation

‖hi‖3L∞(0; t;L3(�)2) + ‖hi‖4L4(Qt) 6 C(1 + ‖pi; t‖4L4(Qt)) (49)

holds for i ∈ {1; 2}, and also the relation

‖Mpi‖4L4(Qt) 6 C


1 + 2∑

j=1

‖pj; t‖4L4(Qt)


 : (50)

In both cases, C¿ 0 is a constant that depends only on the data.

Proof. To prove (49) we Crst multiply the continuity equation (P)5 by 3h21 to obtain

@h31
@t
+ div(u1h31) + 2h

3
1Mp1 = 0:

Replacing Mp1 with its value given by Eq. (43) we have

A1
@h31
@t
+ A1 div(u1h31) + u21h

3
1 + 2gh

4
1

+ 2g
�2
�1

h31h2 = 2h
3
101 − 2h31

@p1
@t

− 2h31!1: (51)

Then, integrating (51) over Qt we obtain

A1‖h1(t)‖3L3 − A1‖h1;0‖3L3 + A1

∫
Qt

div(u1h31)

+
∫
Qt

u21h
3
1 + 2g‖h1‖4L4(Qt) + 2g

�2
�1

∫
Qt

h31h2

6 2
∫
Qt

|h1|3|01|+ 2
∫
Qt

|h1|3
∣∣∣∣@p1@t

∣∣∣∣+ 2
∫
Qt

|h1|3|!1|: (52)

We know that
∫
Qt
div(u1h31)=0,

∫
Qt

u21h
3
1 ¿ 0 and

∫
Qt

h31h2 ¿ 0. To bound the terms

on the right-hand side of (52) we use Young’s inequality as follows∫
Qt

|h1|3|01|6 :
3
‖h1‖4L4(Qt) + C:‖01‖4L4(Qt);∫

Qt

|h1|3
∣∣∣∣@p1@t

∣∣∣∣6 :
3
‖h1‖4L4(Qt) + C:‖p1; t‖4L4(Qt);∫

Qt

|h1|3|!1|6 :
3
‖h1‖4L4(Qt) + C:‖!1‖4L4(Qt):

Choosing the positive number : su<ciently small we obtain from (52) the estimate

‖h1‖3L∞(0; t;L3(�)2) + ‖h1‖4L4(Qt) 6 C(1 + ‖p1; t‖4L4(Qt)):

Analogously, we prove that

‖h2‖3L∞(0; t;L3(�)2) + ‖h2‖4L4(Qt) 6 C(1 + ‖p2; t‖4L4(Qt)):
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Finally, to prove (50) we multiply Eq. (43) by Mp1|Mp1|2 and integrate over Qt :

A1‖Mp1‖4L4(Qt) =−
∫
Qt

01Mp1|Mp1|2 +
∫
Qt

@p1
@t
Mp1|Mp1|2 + 12

∫
Qt

u21Mp1|Mp1|2

+
∫
Qt

!1Mp1|Mp1|2+g
∫
Qt

h1Mp1|Mp1|2+g
�2
�1

∫
Qt

h2Mp1|Mp1|2:

Using Gagliardo–Nirenberg’s inequality

‖u‖2L8 6 C‖u‖L2‖div u‖L4
we can estimate∫

Qt

u21Mp1|Mp1|2 6 C‖u1‖L∞(0; t;L2(�)2)‖div u1‖4L4(Qt)

and using again Young’s inequality we have(
A1 − C

2
‖u1‖L∞(0; t;L2(�)2)

)
‖Mp1‖4L4(Qt)

6 C(‖01‖4L4(Qt) + ‖p1; t‖4L4(Qt) + ‖!1‖4L4(Qt) + ‖h1‖4L4(Qt) + ‖h2‖4L4(Qt)):

Using (49) and the assumptions concerning the stability space described in [3], which
allow us to ensure that A1 − C=2‖u1‖L∞(0; t;L2(�)2)¿ 0, we obtain

‖Mp1‖4L4(Qt) 6 C(1 + ‖p1; t‖4L4(Qt) + ‖p2; t‖4L4(Qt)):

In the same way, we prove that

‖Mp2‖4L4(Qt) 6 C(1 + ‖p2; t‖4L4(Qt) + ‖p1; t‖4L4(Qt)):

Observe that, if we prove that p1; t and p2; t belong to L4(Q), then we will also have
that hi and div ui are in L4(Q), i = 1; 2. This is the goal of the next result.

Theorem 2. Let hi;0 ∈ L3(�) and let ui;0 ∈ H 2(�)2 for i = 1; 2. Then we have

pi ∈ W 1;4(Q) (53)

and so

hi ∈ L4(Q); (54)

div ui ∈ L4(Q); (55)

i = 1; 2.

Proof. The proof of this theorem is very technical and uses the techniques developed
in [12].
To show that p1 ∈ W 1;4(Q) it is enough to prove that p1; t ∈ L4(Q). To prove this,

we Crst di?erentiate Eq. (43) with respect to all independent variables, and obtain the
system

@up;1

@t
− A1Mup;1 +

1
2
∇u21 +∇!1 + g∇h1 + g

�2
�1

∇h2 = 0; (56)

@p1; t
@t

− A1Mp1; t + u1u1; t +!1; t + gh1; t + g
�2
�1

h2; t = 01; t : (57)
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Next, we multiply (56) by 4up;1|up;1|2, (57) by 2p1; t , and integrate over �:
d
dt

∫
�
|up;1|4 + 4A1

∫
�
(div up;1)div(up;1|up;1|2)

= 4
∫
�

(
1
2
u21 +!1 + gh1 + g

�2
�1

h2

)
div(up;1|up;1|2): (58)

d
dt

∫
�
|p1; t |2 + 2A1

∫
�
|∇p1; t |2

= 2
∫
�
(01; t − u1u1; t −!1; t)p1; t − 2g

∫
�
h1; tp1; t − 2g�2�1

∫
�
h2; tp1; t : (59)

Now, some of the terms of previous equations are rewritten:
Note that the second term in (58) can be expressed as

4A1

∫
�
(div up;1)div(up;1|up;1|2)

= 4A1

∫
�
(div up;1)|up;1|2div up;1 + 4A1

∫
�
(div up;1)up;1 · ∇|up;1|2

= 4A1‖up;1div up;1‖2L2 + 8A1
∫
�
(div up;1)up;1 · (up;1 · ∇)up;1;

while

4
∫
�

(
1
2
u21 +!1 + gh1 + g

�2
�1

h2

)
div(up;1|up;1|2)

= 4
∫
�

(
1
2
u21 +!1 + gh1 + g

�2
�1

h2

)
|up;1|2div up;1

+ 8
∫
�

(
1
2
u21 +!1 + gh1 + g

�2
�1

h2

)
up;1 · (up;1 · ∇)up;1:

Substituting g (h1 + (�2=�1)h2) by its value in (43) and using the relation

‖(up;1 · ∇)up;1‖L2 6 C‖up;1div up;1‖L2
we have

4
∫
�

(
1
2
u21 +!1 + gh1 + g

�2
�1

h2

)
div(up;1|up;1|2)

6 :‖up;1div up;1‖L2 + C:

∫
�
(|01|2 + |p1; t |2 + |div up;1|2)|up;1|2:

Then, Eq. (58) yields
d
dt
‖up;1‖4L4 + (4A1 − :)‖up;1div up;1‖2L2

6 8A1

∫
�
|(div up;1)up;1 · (up;1 · ∇)up;1|

+C:

∫
�
(|01|2 + |p1; t |2 + |div up;1|2)|up;1|2: (60)
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The last two terms in (59) can be treated using the continuity equations (P)5 and
(P)11, respectively, as follows:

−2g
∫
�
h1; tp1; t = 2g

∫
�
div(u1h1)p1; t =−2g

∫
�
u1h1∇p1; t

=−2g
∫
�
up;1h1∇p1; t − 2g

∫
�
uq;1h1∇p1; t

and

−2g�2
�1

∫
�
h2; tp1; t = 2g

�2
�1

∫
�
div(u2h2)p1; t =−2g�2

�1

∫
�
u2h2∇p1; t

=− 2g�2
�1

∫
�
up;2h2∇p1; t − 2g�2�1

∫
�
uq;2h2∇p1; t :

Now, note that we can give an expression for h2 in which h1 does not appear if we
subtract Eq. (44) from Eq. (43). In a similar way, an expression for h1 (not containing
h2) is obtained.
Using them, we have that

−2g
∫
�
h1; tp1; t 6

:
2
‖∇p1; t‖2L2 + C:

∫
�
S1;2(|up;1|2 + |uq;1|2)

and

−2g�2
�1

∫
�
h2; tp1; t 6

:
2
‖∇p1; t‖2L2 + C:

∫
�
S1;2(|up;2|2 + |uq;2|2);

where

S1;2 =
∑
i=1;2

(|0i|2 + |pi; t |2 + |div up; i|2 + |ui|4 + |!i|2):

Then, (59) yields
d
dt
‖p1; t‖2L2 + (2A1 − :)‖∇p1; t‖2L2 6 2

∫
�
(01; t − u1u1; t −!1; t)p1; t

+C:

∫
�
S1;2(|up;1|2 + |uq;1|2 + |up;2|2 + |uq;2|2): (61)

Adding (60) and (61) we obtain
d
dt
[‖up;1‖4L4 + ‖p1; t‖2L2 ]

+ (2A1 − :)[‖up;1div up;1‖2L2 + ‖∇p1; t‖2L2 ]

6 8A1

∫
�
|(div up;1)up;1 · (up;1 · ∇)up;1|

+C:

∫
�
S1;2(|up;1|2 + |uq;1|2 + |up;2|2 + |uq;2|2)

+ 2
∫
�
(01; t − u1u1; t −!1; t)p1; t : (62)
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Now we want to estimate all the terms on the right-hand side of (62).
We start with the terms of

∫
� S1;2|up;1|2:

As 0i ∈ L∞(0; T ) and up;1 ∈ L∞(0; T ; L2(�)2),∫
�
|0i|2|up;1|2 6 C:

We use Gagliardo–Nirenberg’s inequality and up;1 ∈ L∞(0; T ; L2(�)2) again to get∫
�
|pi; t |2|up;1|26 ‖pi; t‖2L4‖up;1‖2L4

6C2‖pi; t‖L2‖∇pi; t‖L2‖up;1‖L2‖div up;1‖L2
6 :‖∇pi; t‖2L2 + C:‖div up;1‖2L2‖pi; t‖2L2 : (63)

We also have∫
�
|div up; i|2|up;1|26 ‖divup; i‖L2‖div up; i‖L4‖|up;1|2‖L4

6C1=2‖|up;1|2‖1=2L2 ‖∇|up;1|2‖1=2L2 ‖div up; i‖L2‖div up; i‖L4
6 :‖up;1 div up;1‖2L2 + :′‖div up; i‖L2‖div up; i‖2L4
+C::′‖div up; i‖2L2‖up;1‖4L4 : (64)

To estimate the term
∫
� |ui|4|up;1|2 we Crst use Young’s inequality to write

|ui|4 6 (|up; i|+ |uq; i|)4 6 C(|up; i|4 + |uq; i|4):
Also using Gagliardo–Nirenberg’s inequality

‖u‖4L8 6 C′‖u‖3L4‖div u‖L4 ;
we have∫

�
|up; i|4|up;1|26 ‖up; i‖4L8‖up;1‖2L4

6C′C‖up; i‖3L4‖div up; i‖L4‖up;1‖L2‖div up;1‖L2
6C′C3=2‖up; i‖2L4‖up; i‖1=2L2 ‖div up; i‖1=2L2 ‖div up; i‖L4‖divup;1‖L2
6 :′‖div up; i‖L2‖div up; i‖2L4 + C:′‖div up;1‖2L2‖up; i‖4L4 : (65)

Using (36) we know that uq; i ∈ L4(0; T ; L∞(�)2). Then∫
�
|uq; i|4|up;1|2 6 C‖uq; i‖4L∞ ; (66)

with the ‖uq; i‖4L∞ integrable function in [0; T ].
As !i ∈ L4(Q) and up;1 ∈ L4(Q)2, we also have∫

�
|!i|2|up;1|2 6 ‖!i‖2L4‖up;1‖2L4 ;

with the second term integrable in [0; T ].
Next we estimate the terms in

∫
� S1;2|uq;1|2:
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The Crst and the last terms are as easily bounded as those of
∫
� S1;2|up;1|2. The

other ones are bounded as follows:
By (42), we also know that uq; i ∈ L∞(0; T ; L4(�)2). Then∫

�
|pi; t |2|uq;1|26 ‖pi; t‖2L4‖uq;1‖2L4

6C‖pi; t‖L2‖∇pi; t‖L2‖uq;1‖2L4
6 :‖∇pi; t‖2L2 + C:‖pi; t‖2L2 (67)

and ∫
�
|div up; i|2|uq;1|26 ‖uq;1‖L∞‖uq;1‖L4‖div up; i‖L2‖div up; i‖L4

6 :′‖div up; i‖L2‖div up; i‖2L4 + C:′‖uq;1‖2L∞‖div up; i‖L2 ; (68)

where the last term is in L1([0; T ]). Finally,∫
�
|ui|4|uq;1|26C

∫
�
|up; i|4|uq;1|2 + C

∫
�
|uq; i|4|uq;1|2

6C‖up; i‖4L4‖uq;1‖2L∞ + C‖uq; i‖4L4‖uq;1‖2L∞ ; (69)

with the last term again in L1([0; T ]).
The terms in

∫
� S1;2|up;2|2 and

∫
� S1;2|uq;2|2 are estimated in the same way as the

previous ones.
The Crst term on the right-hand side of (62) is estimated using relation (64) again

and

‖(up;1 · ∇)up;1‖L2 6 C‖up;1div up;1‖L2 :
Now we estimate the last term in (62):
Using (48) and (37) we have that∫

�
01; tp1; t 6

1√
meas(�)

‖u1‖L2
(
‖∇p1; t‖L2 +

∥∥∥∥@uq;1

@t

∥∥∥∥
L2

)
‖p1; t‖L2

6 :‖∇p1; t‖2L2 + :
∥∥∥∥@uq;1

@t

∥∥∥∥
2

L2
+ C:‖p1; t‖2L2 ; (70)

with :‖@uq;1=@t‖2L2 integrable in [0; T ].
Next, the term

∫
� u1u1; tp1; t is bounded by∫

�
u1u1; tp1; t 6 :‖∇p1; t‖2L2 + :

∥∥∥∥@uq;1

@t

∥∥∥∥
2

L2
+ C:

∫
�
|u1|2|p1; t |2:

Taking into account (63) and (67) we obtain∫
�
u1u1; tp1; t 6 :‖∇p1; t‖2L2 + :

∥∥∥∥@uq;1

@t

∥∥∥∥
2

L2
+ C:(‖div up;1‖2L2 + 1)‖p1; t‖2L2 : (71)
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Finally, using (46) we have∫
�
!1; tp1; t 6 ‖!1; t‖L2‖p1; t‖L2

6 ‖!1; t‖W 1; 1‖p1; t‖L2
6 ‖∇!1; t‖L1‖p1; t‖L2
6 :‖∇p1; t‖2L2 + :+ C:‖p1; t‖2L2 : (72)

Now we deCne

y1(t) = sup
=∈(0; t)

(‖up;1(=)‖4L4 + ‖p1; t(=)‖2L2 );
z1(t) = ‖up;1 div up;1(t)‖2L2 + ‖∇p1; t(t)‖2L2 ;
y2(t) = sup

=∈(0; t)
(‖up;2(=)‖4L4 + ‖p2; t(=)‖2L2 );

z2(t) = ‖up;2 div up;2(t)‖2L2 + ‖∇p2; t(t)‖2L2
and

?1;2(t) = 1 + ‖div up;1(t)‖2L2 + ‖div up;2(t)‖2L2 + ‖uq;1(t)‖2L∞ + ‖uq;2(t)‖2L∞ :

Integrating (62) in (0; t) we Cnd that, by virtue of previous inequalities,

y1(t) + (2A1 − :)
∫ t

0
z1(=) d=

6 C
(
1 + :

∫ t

0
z2(=) d=+ :′

∫ t

0
‖div up;1‖L2‖div up;1‖2L4

+ :′
∫ t

0
‖div up;2‖L2‖div up;2‖2L4

+
∫ t

0
?1;2(=)y1(=) d=+

∫ t

0
?1;2(=)y2(=) d=

)
: (73)

We can obtain the analogous result for i=2 after di?erentiating Eq. (44) with respect
to all independent variables. Adding the results for i = 1; 2 it follows that

y1(t) + y2(t) + (2A1 − :)
∫ t

0
z1(=) d=+ (2A2 − :)

∫ t

0
z2(=) d=

6 C
(
1 + :′

∫ t

0
‖div up;1‖L2‖div up;1‖2L4 + :′

∫ t

0
‖div up;2‖L2‖div up;2‖2L4

+
∫ t

0
?1;2(=)y1(=) d=+

∫ t

0
?1;2(=)y2(=) d=

)
: (74)

Setting Qt = � × (0; t) and using Lemma 9 we have∫ t

0
‖div up; i‖L2‖divup; i‖2L4 6 ‖div up; i‖L2(Qt)‖divup; i‖2L4(Qt)

6C(1 + ‖pi; t‖2L4(Qt) + ‖pj; t‖2L4(Qt));

for i; j ∈ {1; 2}, j �= i.
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Using Gagliardo–Nirenberg’s inequality again we can write

‖pi; t‖2L4(Qt)6
(
C2
∫ t

0
‖pi; t‖2L2‖∇pi; t‖2L2

)1=2

6Cyi(t)1=2
(∫ t

0
zi(=) d=

)1=2
6 :

∫ t

0
zi(=) d=+ C:yi(t)

for i = 1; 2.
Hence, choosing : and :′ small enough, (74) yields

y1(t) + y2(t) +
∫ t

0
z1(=) d=+

∫ t

0
z2(=) d=

6 C
(
1 +

∫ t

0
?1;2(=)y1(=) d=+

∫ t

0
?1;2(=)y2(=) d=

)
: (75)

As ?1;2 is integrable in [0; T ], we can apply Gronwall–Bellman’s lemma to conclude
that

‖up;1‖4L∞(0;T ;L4(�)2)+‖up;2‖4L∞(0;T ;L4(�)2)+‖p1; t‖2L∞(0;T ;L2(�)2)+‖p2; t‖2L∞(0;T ;L2(�)2)

+‖up;1 div up;1‖2L2(Q)+‖up;2 div up;2‖2L2(Q)+‖∇p1; t‖2L2(Q)+‖∇p2; t‖2L2(Q)6C:
(76)

Then pi; t ∈ L∞(0; T ; L2(�)) ∩ L2(0; T ;H 1(�)) and so, pi; t ∈ L4(Q).
We conclude using Lemma 9.

3.3. A uniqueness theorem

The previous estimate is important because it proves that—under suitable
hypotheses—up; i ∈ L4(0; T ;W 1;4(�)2), and by Lemma 4 we knew that uq; i ∈
L4(0; T ;W 1;4(�)2). The following result shows that hi ∈ L∞(Q). This smoothness
is absolutely necessary to prove the uniqueness of the solution. In order to prove this
we use Lemma 6, that also ensures that curl uq; i∈L4(0; T ;W 1;4(�)), and then !i ∈
L2(0; T ; L∞(�)).

Lemma 10. If hi;0¿ 0, log hi;0 ∈ L∞(�) and ui;0 ∈ H 2(�)2, then we have

hi and
1
hi

∈ L∞(Q); (77)

for i = 1; 2.

This lemma and the following one, which will allow us to prove a uniqueness
theorem, are proved in the same way as those of [3] for the one-layer case.
Before stating them, we give some notation:
Let {( Su 1; Sh1); ( Su 2; Sh2)} and {(ũ 1; h̃1); (ũ 2; h̃2)} be two solutions of (V), with

Su 1 = Sup;1 + Suq;1 =∇ Sp1 + Curl Sq1; Su 2 = Sup;2 + Suq;2 =∇ Sp2 + Curl Sq2
and

ũ 1 = ũ p;1 + ũ q;1 =∇p̃1 + Curl q̃1; ũ 2 = ũ p;2 + ũ q;2 =∇p̃2 + Curl q̃2:



M.L. Muñoz-Ruiz et al. / Nonlinear Analysis: Real World Applications 4 (2003) 139–171 167

Then, the functions (u1; h1) = ( Su 1− ũ 1; Sh1− h̃1) and (u2; h2) = ( Su 2− ũ 2; Sh2− h̃2) verify

u1 = up;1 + uq;1; u2 = up;2 + uq;2;

with

uq;1 = Suq;1 − ũ q;1; uq;2 = Suq;2 − ũ q;2;

p1 = Sp1 − p̃1; p2 = Sp2 − p̃2:

Lemma 11. The following inequalities:

‖uq; i‖2L2 6 :‖∇pi‖2L2 ; (78)

‖curl uq; i‖2L2 6 :‖∇pi‖2L2 ; (79)

where the arbitrary number : is chosen su?ciently small, hold for i = 1; 2.

Now we state the uniqueness theorem:

Theorem 3. If ui;0 and hi;0 verify the hypothesis of Theorem 2 and Lemma 10, then
problem (V) has a unique solution {(u1; h1); (u2; h2)} such that

{(u1; h1); (u2; h2)} ∈ [L4(0; T ;W 1;4(�)2)× L∞(Q)]2: (80)

Proof. If {( Su 1; Sh1); ( Su 2; Sh2)} and {(ũ 1; h̃1); (ũ 2; h̃2)} denote two solutions of (V), we
have

@ Sp1
@t

− A1M Sp1 +
1
2
Su21 + SX1 + g Sh1 + g

�2
�1
Sh2 = S01;

@ Sh1
@t
+ div( Su 1 Sh1) = 0;

@ Sp2
@t

− A2M Sp2 +
1
2
Su22 + SX2 + g Sh2 + g Sh1 = S02;

@ Sh2
@t
+ div( Su 2 Sh2) = 0;

where ∇ SX1 = curl Su 1�( Su 1) and ∇ SX2 = curl Su 2�( Su 2), and
@p̃1
@t

− A1Mp̃1 +
1
2
ũ21 + X̃1 + gh̃1 + g

�2
�1

h̃2 = 0̃1;

@h̃1
@t
+ div(ũ 1h̃1) = 0;

@p̃2
@t

− A2Mp̃2 +
1
2
ũ22 + X̃2 + gh̃2 + gh̃1 = 0̃2;

@h̃2
@t
+ div(ũ 2h̃2) = 0;

with ∇X̃1 = curl ũ 1�(ũ 1) and ∇X̃2 = curl ũ 2�(ũ 2).



168 M.L. Muñoz-Ruiz et al. / Nonlinear Analysis: Real World Applications 4 (2003) 139–171

Then, the functions (u1; h1) = ( Su 1 − ũ 1; Sh1 − h̃1) and (u2; h2) = ( Su 2 − ũ 2; Sh2 − h̃2)
verify:

@p1
@t

− A1Mp1 +
1
2
u1( Su 1 + ũ 1) + ( SX1 − X̃1) + gh1 + g

�2
�1

h2 = S01 − 0̃1; (81)

@h1
@t
+ div(u1 Sh1 + ũ 1h1) = 0 (82)

and
@p2
@t

− A2Mp2 +
1
2
u2( Su 2 + ũ 2) + ( SX2 − X̃2) + gh2 + gh1 = S02 − 0̃2; (83)

@h2
@t
+ div(u2 Sh2 + ũ 2h2) = 0: (84)

We deCne the auxiliary functions  1 and  2 as solutions of the Neumann problems

M 1 = h1 in �;
@ 1
@n

= 0 on �
and



M 2 = h2 in �;
@ 2
@n

= 0 on �:

Now, multiplying (81) by p1, (82) by  1 and integrating over �, we obtain
1
2
d
dt
‖p1‖2L2 + A1‖∇p1‖2L2 +

1
2

∫
�
p1u1( Su 1 + ũ 1)

−
∫
�
p1( SX1 − X̃1) + g

∫
�
p1M 1 + g

�2
�1

∫
�
p1M 2 = 0;

1
2
d
dt
‖∇ 1‖2L2 +

∫
�
 1div(u1 Sh1 + ũ 1h1) = 0:

Adding these equations we have
1
2
d
dt
(‖p1‖2L2 + ‖∇ 1‖2L2 ) + A1‖∇p1‖2L2

=− 1
2

∫
�
p1u1( Su 1 + ũ 1) +

∫
�
p1( SX1 − X̃1)

+ g
∫
�
∇p1∇ 1 + g

�2
�1

∫
�
∇p1∇ 2 +

∫
�
(∇ 1)u1 Sh1 +

∫
�
(∇ 1)ũ 1h1: (85)

We deCne the quantities

y1 = ‖p1‖2L2 + ‖∇ 1‖2L2 and y2 = ‖p2‖2L2 + ‖∇ 2‖2L2
and then we estimate the terms on the right-hand side of (85).
Using (78) we have

−1
2

∫
�
p1u1( Su 1 + ũ 1)6 :(‖∇p1‖2L2 + ‖uq;1‖2L2 ) + C:‖ Su 1 + ũ 1‖2L∞‖p1‖2L2

6 :‖∇p1‖2L2 + C:y1;

with C: integrable in time.
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Recalling the deCnition of SX1 and X̃1, we can write∫
�
p1( SX1 − X̃1)6 :‖ SX1 − X̃1‖2L2 + C:‖p1‖2L2

6 :‖∇( SX1 − X̃1)‖2L1 + C:y1:

Using that

∇( SX1 − X̃1) = curl uq;1�( Su 1) + curl Suq;1�(u1)− curl uq;1�(u1)

we obtain

‖∇( SX1 − X̃1)‖2L1 6 ‖ Su 1‖2L2‖curl uq;1‖2L2
+ ‖curl Suq;1‖2L2 (‖∇p1‖2L2 + ‖uq;1‖2L2 ) + ‖u1‖2L2‖curl uq;1‖2L2 :

Finally, with (78) and (79),

‖∇( SX1 − X̃1)‖2L2 6 C‖∇p1‖2L2
and ∫

�
p1( SX1 − X̃1)6 :‖∇p1‖2L2 + C:y1:

Next, we obtain the estimate

g
∫
�
∇p1∇ 1 6 :‖∇p1‖2L2 + C:‖∇ 1‖2L2 6 :‖∇p1‖2L2 + C:y1

and

g
�2
�1

∫
�
∇p1∇ 2 6 :‖∇p1‖2L2 + C:‖∇ 2‖2L2 6 :‖∇p1‖2L2 + C:y2:

Using Lemmas 10 and 11 again,∫
�
u1 Sh1∇ 16 :(‖∇p1‖2L2 + ‖uq;1‖2L2 ) + C:‖ Sh1‖2L∞‖∇ 1‖2L2

6 :‖∇p1‖2L2 + C:y1:

The last term of (85) is integrated by parts:

(M 1ũ 1;∇ 1) =
1
2
(div ũ 1; |∇ 1|2)− ((∇ 1 · ∇)ũ 1;∇ 1):

By using Lemma 10, h1 is a bounded function and then ∇ 1 is also a bounded function.
Thus, if |∇ 1|6 M a.e., we can estimate both terms on the right-hand side of previous
equality by

M 21‖|∇ 1|2(1−1)‖L1=(1−1)‖div ũ 1‖L1=1 =M 21‖∇ 1‖2(1−1)
L2 ‖div ũ 1‖L1=1 ;

with 1 ∈ (0; 1). Multiplying Eq. (43) by (Mp1)(1−1)=1 and integrating over � gives the
estimate

‖div ũ 1‖L1=1 6 C:

Then

(M 1ũ 1;∇ 1)6 Ky1−1
1 :
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Now, if we choose : su<ciently small, equality (85) gives
dy1
dt

6 C1y1 + K1y1−1
1 + C2y2: (86)

Multiplying (83) by p2 and (84) by  2 we can obtain the analogous result for i = 2:
dy2
dt

6 C2y2 + K2y1−1
2 + C1y1 (87)

and adding (86) and (87) we obtain
d(y1 + y2)

dt
6 C(y1 + y2) + K(y1 + y2)1−1

and consequently,

d((y1 + y2)1)
dt

6 1C(y1 + y2)1 + 1K:

Gronwall Bellmann’s lemma gives the estimate

(y1(t) + y2(t))1 6 1K e1Ct

and thus,

y1(t) + y2(t)6 (1K)1=1eCt :

The term on the right-hand side converges to zero as 1 tends to zero. This proves that
y1(t) and y2(t) are equal to zero and concludes the proof of the theorem.

3.4. A regularity result

In order to obtain the existence of strong solutions for problem (P), we must estimate
the higher derivatives of solutions. As in the previous section, a regularity result can
be proved by adapting the regularity result already proved for the one-layer system.
This allows us to obtain a regularity C∞ for u and h. The most di<cult point is to
bound the Crst derivative of the Buid elevation. This is the theorem:

Theorem 4. If we have hi;0 ∈ W 1;4(�) then

∇ui ∈ L∞(Q)4;

hi ∈ W 1;4(Q);

for i = 1; 2.

The proof is carried out using the same techniques as in the one-layer case [3].

4. Conclusion

We have proved an existence and uniqueness theorem for a two-layer shallow water
model. It seems really hard to obtain the same result for an n-layer system with this
technique because of the data which have to be as small as n is large.
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We have also obtained numerical results in a simple case, using the method applied
to build the approximated solutions. We use Galerkin’s method for the velocity and
the characteristics method for the water elevation.
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