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1. INTRODUCTION

Connectedness is one of the basic notions in topology. Turanli et.al ([10]) intro-
duced several types of fuzzy connectedness in intuitionistic fuzzy topological spaces
defined by Coker and investigated some interrelations between them together with
the preservation properties under fuzzy continuous functions in 2000. Thakur et.al
([8]) introduced and studied the concept of intuitionistic fuzzy GO-connected space
in 2006. In ([9]), Thakur et.al introduced and discussed the concept of intuition-
istic fuzzy GO-connectedness between sets in 2010. Recently the concept of fuzzy
connectedness had been generalized in intuitionistic fuzzy topological spaces.

In this paper, we introduce intuitionistic fuzzy weakly generalized connected
spaces and investigate some of their basic properties. Also, we study intuitionis-
tic fuzzy weakly generalized connectedness between two intuitionistic fuzzy sets.
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2. PRELIMINARIES

Definition 2.1 ([!]). Let X be a non empty fixed set. An intuitionistic fuzzy set
(IFS in short) A in X is an object having the form A = {(z, pa(z),va(z)) : z € X}
where the functions pa(z) : X — [0,1] and va(z) : X — [0,1] denote the degree of
membership (namely p4(x)) and the degree of non-membership (namely v4(z)) of
each element x € X to the set A, respectively, and 0 < pa(z) + va(z) <1 for each
z € X.

Definition 2.2 ([1]). Let A and B be IFSs of the forms A ={(z, pa(x),va(z)) : x € X}
and B = {{(z,up(z),vp(x)) : z € X}.
Then
(a)A C B if and only if pa(z) < pup(x) and va(z) > vg(z) for all z € X,
(b)A = Bif and only if A C B and B C A,
() A° = {(z,va(2), pa(x)) : w € X},
(A N B = {{z,pa(x) ANpup(z),va(z) Vp(x)):xz € X},
() AUB = {{z,pa(x) Vup(x),va(z) Avg(x)):x € X}.
For the sake of simplicity, the notation A = (x, pa,v4) shall be used instead of
A= {{z,pa(x),va(z)) : x € X}. Also for the sake of simplicity, we shall use the no-
tation A= (z, (a4, tB), (Va,vp)) instead of A= (x,(A/ua, B/ug),(A/va, B/vB)).

The intuitionistic fuzzy sets 0~ = {(z,0,1) : 2z € X} and 1. = {(z,1,0) : x € X}
are the empty set and the whole set of X, respectively.

Definition 2.3 ([3]). An intuitionistic fuzzy topology (IFT in short) on a non empty
set X is a family 7 of IFSs in X satisfying the following axioms:

()0, 1. €T,

(b)Gl NGy € 7 for any Gl,GQ eT,

(¢)UG; € 7 for any arbitrary family {G; :i € J} C 7.

In this case, the pair (X, 7) is called an intuitionistic fuzzy topological space (IFTS
in short) and any IFS in 7 is known as an intuitionistic fuzzy open set (IFOS in short)
in X.

The complement A¢ of an IFOS A in an IFTS (X, 7) is called an intuitionistic
fuzzy closed set (IFCS in short) in X.

Definition 2.4 ([3]). Let (X,7) be an IFTS and A = (z,ua,v4) be an IFS in X.
Then the intuitionistic fuzzy interior and an intuitionistic fuzzy closure are defined
by

int(A)= U{G: Gisan IFOS in X and G C A},
c(A)=nN{K :Kisan IFCSin X and A C K}.

Note that for any IFS A in (X, 7), we have cl(A®) = (int(A))¢ and int(A°) =
(cl(A))"
Definition 2.5 ([1]). AnIFS A = {(z, pa(z),va(x)) : x € X} in an IFTS (X, 7) is

said to be an intuitionistic fuzzy weakly generalized closed set (IFWGCS in short) if
2
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cl(int(A)) C U whenever A C U and U is an IFOS in X.

The family of all IFWGCSs of an IFTS (X, 7) is denoted by IFWGC(X).

Definition 2.6 ([1]). An IFS A = {(z, pa(z),va(x)) : x € X} is said to be an in-
tuitionistic fuzzy weakly generalized open set (IFWGOS in short) in an IFTS (X, 7)
if the complement A° is an IFWGCS in X.

The family of all IFWGOSs of an IFTS (X, 7) is denoted by IFWGO(X).

Remark 2.7 ([4]). Every IFCS, IFaCS, IFGCS, IFRCS, IFPCS, IFaGCS is an
IFWGCS but the converses need not be true in general.

Definition 2.8 ([5]). Let (X, 7) be an IFTS and A = (z, ua,v4) be an IFS in X.
Then the intuitionistic fuzzy weakly generalized interior and an intuitionistic fuzzy
weakly generalized closure are defined by

wgint(A)= U{G : Gisan IFWGOS in X and G C A},
wegcl(A)= N{K : Kisan IFWGCS in X and A C K}.

Definition 2.9. Let f: (X,7) — (Y, 0) be a mapping from an IFTS (X, 7) into an
IFTS (Y,0). Then f is said to be

(a)([6]) intuitionistic fuzzy weakly generalized continuous (IFWG continuous in short)
if f=1(B) is an IFWGCS in X for every IFCS B in Y,

(b) ([5]) intuitionistic fuzzy weakly generalized irresolute (IFWG iresolute in short)
if f~1(B) is an IFWGCS in X for every IFWGCS B in Y.

Definition 2.10 ([2]). Two IFSs A and B in X are said to be g-coincident (AgB
in short) if and only if there exists an element x € X such that pa(xz) > vp(z) or
va(z) < pp(z).

Definition 2.11 ([2]). Two IFSs A and B in X are said to be not g¢-coincident
(A¢°B in short) if and only if A C B°.

Definition 2.12 ([10]). An IFTS (X,7) is said to be an intuitionistic fuzzy Cs-
connected space if the only IFSs which are both intuitionistic fuzzy open and intu-
itionistic fuzzy closed are 0. and 1..

Definition 2.13 ([8]). An IFTS (X, 7) is said to be an intuitionistic fuzzy GO-
connected space if the only IFSs which are both intuitionistic fuzzy generalized
open and intuitionistic fuzzy generalized closed are 0. and 1..

Definition 2.14 ([7]). An IFTS (X, 7) is said to be an intuitionistic fuzzy alpha
generalized connected space if the only IFSs which are both intuitionistic fuzzy alpha
generalized open and intuitionistic fuzzy alpha generalized closed are 0. and 1..

Definition 2.15 ([4]). An IFTS (X, 7) is said to be an intuitionistic fuzzy 4T} /2
space (IF 4Ty /o space in short) if every IFWGCS in X is an IFCS in X.

Definition 2.16 ([!]). An IFTS (X, 7) is said to be an intuitionistic fuzzy .7,
space (I F,4T, space in short) if every IFWGCS in X is an IFPCS in X.
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3. INTUITIONISTIC FUZZY WEAKLY GENERALIZED CONNECTED SPACE

In this section, we introduce intuitionistic fuzzy weakly generalized connected
space and study some of their properties. Also we provide characterization theorems
for intuitionistic fuzzy weakly generalized connected space.

Definition 3.1. An IFTS (X, 7) is said to be an intuitionistic fuzzy weakly gener-
alized connected space if the only IFSs which are both intuitionistic fuzzy weakly
generalized open and intuitionistic fuzzy weakly generalized closed are 0. and 1..

Example 3.2. Let X = {a,b} and 7 = {0~,T,1.} be an IFT on X where T =
(x,(0.5,0.6),(0.5,0.4)). Then (X,7) is an intuitionistic fuzzy weakly generalized
connected space.

Theorem 3.3. FEvery intuitionistic fuzzy weakly generalized connected space is an
intuitionistic fuzzy Cs-connected space but not conversely.

Proof. Let (X, 7) be an intuitionistic fuzzy weakly generalized connected space. Sup-
pose (X, 7) is not an intuitionistic fuzzy Cj-connected space, then there exists a
proper IFS A which is both intuitionistic fuzzy open and intuitionistic fuzzy closed
in X. That is, A is both intuitionistic fuzzy weakly generalized open and intuitionistic
fuzzy weakly generalized closed in X. This implies that (X, 7) is not an intuitionistic
fuzzy weakly generalized connected space. Therefore we get contradiction. Hence
(X, 7) is an intuitionistic fuzzy Cs-connected space.

O

Example 3.4. Let X = {a,b} and 7 = {0~,T1,T2,1.} be an IFT on X where
Ty = (2,(0.2,0.2), (0.7,0.8)), T = (x,(0.6,0.5),(0.4,0.4)). Then (X,7) is an intu-
itionistic fuzzy Cs—connected space but not an intuitionistic fuzzy weakly general-
ized connected space, since the IFS A = (z, (0.6,0.1), (0.2,0.4)) is both intuitionistic
fuzzy weakly generalized open and intuitionistic fuzzy weakly generalized closed in
X.

Theorem 3.5. FEvery intuitionistic fuzzy weakly generalized connected space is an
intuitionistic fuzzy GO-connected space.

Proof. Let (X, 7) be an intuitionistic fuzzy weakly generalized connected space. Sup-
pose (X, 7) is not an intuitionistic fuzzy GO-connected space, then there exists a
proper IFS A which is both intuitionistic fuzzy generalized open and intuitionistic
fuzzy generalized closed in X. That is, A is both intuitionistic fuzzy weakly general-
ized open and intuitionistic fuzzy weakly generalized closed in X. This implies that
(X, 7) is not an intuitionistic fuzzy weakly generalized connected space. Therefore
we get contradiction. Hence (X, 7) is an intuitionistic fuzzy GO-connected space.
O

Theorem 3.6. FEvery intuitionistic fuzzy weakly generalized connected space is an
intuitionistic fuzzy alpha generalized connected space.

Proof. Let (X, 7) be an intuitionistic fuzzy weakly generalized connected space. Sup-

pose (X, 7) is not an intuitionistic fuzzy alpha generalized connected space, then

there exists a proper IFS A which is both intuitionistic fuzzy alpha generalized open
4
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and intuitionistic fuzzy alpha generalized closed in X. That is, A is both intuitionis-
tic fuzzy weakly generalized open and intuitionistic fuzzy weakly generalized closed
in X. This implies that (X, 7) is not an intuitionistic fuzzy weakly generalized con-
nected space. Therefore we get contradiction. Hence (X, 7) is an intuitionistic fuzzy
alpha generalized connected space.

O

Theorem 3.7. An IFTS (X, 7) is an intuitionistic fuzzy weakly generalized con-
nected space if and only if there exists no non-zero IFWGOSs A and B in X such
that A = B°.

Proof. Necessity:

Suppose A and B are IFWGOSs in X such that A # 0. # B and A = B°. Since A =
B¢, B is an IFWGOS which implies that B¢ = A is an IFWGCS and B # 0... This
implies that B¢ # 1. (i.e) A # 1.. Hence there exists a proper IFS A (4 # 0., A #
1.) which is both intuitionistic fuzzy weakly generalized open and intuitionistic
fuzzy weakly generalized closed in X. Hence (X,7) is not an intuitionistic fuzzy
weakly generalized connected space. But this is contradictory to our hypothesis.
Thus there exists no non-zero [IFWGOSs A and B in X such that A = B¢.
Sufficiency:

Let (X,7) be an IFTS and A is both intuitionistic fuzzy weakly generalized open
and intuitionistic fuzzy weakly generalized closed in X such that 1. # A # O..
Now take B = A°. In this case, B is an IFWGOS and A # 1., this implies that
B = A€ #£ 0. Hence B # 0., which is a contradictory to our hypothesis. Therefore
there is no proper IFS of X which is both intuitionistic fuzzy weakly generalized
open and intuitionistic fuzzy weakly generalized closed in X. Hence (X,7) is an
intuitionistic fuzzy weakly generalized connected space. O

Theorem 3.8. An IFTS (X, 7) is an intuitionistic fuzzy weakly generalized con-
nected space if and only if there exists no non-zero IFWGOSs A and B in X such
that A = B¢, B = (wgcl(A))¢ and A = (wgcl(B))°.

Proof. Necessity:
Assume that there exists IFSs A and B in X such that A # 0. # B, B= A°, B =
(wgcl(A))¢ and A = (wgcl(B))°. Since (wgcl(A))° and (wgcl(B))¢ are IFWGOSs
in X, A and B are IFWGOSs in X. This implies (X, 7) is not an intuitionistic fuzzy
weakly generalized connected space, which is a contradiction. Therefore there exists
no non-zero IFWGOSs A and B in X such that A = B¢, B = (wgcl(A))° and
A = (wgcl(B))°.
Sufficiency:
Let A be both intuitionistic fuzzy weakly generalized open and intuitionistic fuzzy
weakly generalized closed in X such that 1 # A # 0.. Now by taking B = A€,
we obtain contradictory to our hypothesis. Hence (X, 7) is an intuitionistic fuzzy
weakly generalized connected space.

O

Theorem 3.9. Let (X, 7) be an IF,Ty /o space. Then the following statements are
equivalent.
(i) (X, 7) is an intuitionistic fuzzy weakly generalized connected space.
5
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(i) (X, 7) is an intuitionistic fuzzy GO-connected space.
(#i) (X, 7) is an intuitionistic fuzzy Cs-connected space.

Proof. (i) = (ii): It is obvious from the Theorem 3.5.

(ii) = (444): It is obvious.

(iii)= (i): Let (X, 7) be an intuitionistic fuzzy Cs-connected space. Suppose (X, T)
is not an intuitionistic fuzzy weakly generalized connected space, then there exists
a proper IFS A in X which is both intuitionistic fuzzy weakly generalized open and
intuitionistic fuzzy weakly generalized closed in X. But since (X, 7) is an IFyyT} /2
space, A is both intuitionistic fuzzy open and intuitionistic fuzzy closed in X. This
implies (X, 7) is not an intuitionistic fuzzy Cs-connected space which is contradictory
to our hypothesis. Therefore (X,7) is an intuitionistic fuzzy weakly generalized
connected space. O

Theorem 3.10. If f : (X,7) — (Y,0) is an intuitionistic fuzzy weakly general-
ized continuous surjection and (X, 7T) is an intuitionistic fuzzy weakly generalized
connected space then (Y, o) is an intuitionistic fuzzy Cs-connected space.

Proof. Let (X, 7) be an intuitionistic fuzzy weakly generalized connected space. Sup-
pose (Y,0) is not an intuitionistic fuzzy Cs-connected space, then there exists a
proper IFS A which is both intuitionistic fuzzy open and intuitionistic fuzzy closed in
Y. Since f is an intuitionistic fuzzy weakly generalized continuous surjection, f=1(A)
is a proper IFS of X which is both intuitionistic fuzzy weakly generalized open and
intuitionistic fuzzy weakly generalized closed in X. But this is contradictory to our
hypothesis. Hence (Y, 0) is an intuitionistic fuzzy Cs-connected space. g

Theorem 3.11. If f : (X,7) — (Y,0) is intuitionistic fuzzy weakly generalized
irresolute surjection and (X, T) is an intuitionistic fuzzy weakly generalized connected
space then (Y, o) is an intuitionistic fuzzy weakly generalized connected space.

Proof. Let (X, 7) be an intuitionistic fuzzy weakly generalized connected space. Sup-
pose (Y, o) is not an intuitionistic fuzzy weakly generalized connected space, then
there exists a proper IFS A which is both intuitionistic fuzzy weakly generalized open
and intuitionistic fuzzy weakly generalized closed in Y. Since f is an intuitionistic
fuzzy weakly generalized irresolute surjection, f~1(A) is a proper IFS of X which
is both intuitionistic fuzzy weakly generalized open and intuitionistic fuzzy weakly
generalized closed in X. Hence (X, 7) is not an intuitionistic fuzzy weakly general-
ized connected space, which is contradictory to our hypothesis. Hence (Y, o) is an
intuitionistic fuzzy weakly generalized connected space. O

Definition 3.12 ([10]). AnIFTS (X, 7) is called an intuitionistic fuzzy Cs-connected
between two IFSs A and B if there is no intuitionistic fuzzy open set E in X such
that A C E and E ¢¢ B.

Definition 3.13. An IFTS (X, 7) is called an intuitionistic fuzzy weakly general-
ized connected between two IFSs A and B if there is no intuitionistic fuzzy weakly
generalized open set E in X such that A C E and E ¢° B.

Example 3.14. Let X = {a,b} and 7 = {0.,7T,1.} be an IFT on X where T
= (2,(0.5,0.3),(0.5,0.1)). Then the IFTS (X, 7) is an intuitionistic fuzzy weakly
6
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generalized connected between the two IFSs A = (z,(0.4,0.3),(0.5,0.6)) and B =
(z,(0.5,0.3), (0.1,0.0)) .

Theorem 3.15. If an IFTS (X, 1) is intuitionistic fuzzy weakly generalized con-
nected between two IFSs A and B, then it is intuitionistic fuzzy Cs-connected between
two IFSs A and B but the converse may not be true in general.

Proof. Suppose (X, 7) is not an intuitionistic fuzzy Cs-connected between IFSs A
and B, then there exists an IFOS E in X such that A C E and E ¢¢ B. Since
every IFOS is an IFWGOS, there exists an IFWGOS E in X such that A C E
and E ¢° B. This implies (X, 7) is not an intuitionistic fuzzy weakly generalized
connected between A and B, a contradiction to our hypothesis. Therefore (X, 7) is
an intuitionistic fuzzy Cs-connected between A and B. O

Example 3.16. Let X = {a, b} and 7 = {0.,T,1.} be an IFT on X where T' =
(x,(0.3,0.3),(0.2,0.3)). Then the IFTS (X, 7) is an intuitionistic fuzzy Cs-connected
between the two IFSs A = (z,(0.3,0.4), (0.6,0.6)) and B = (x,(0.5,0.4), (0.5,0.6)).
But (X, 7) is not an intuitionistic fuzzy weakly generalized connected between A and
B, since the IFS E = (z,(0.4,0.4),(0.6,0.5)) is an IFWGOS in X such that A C E
and £ C B,

Theorem 3.17. If an IFTS (X, 1) is intuitionistic fuzzy weakly generalized con-
nected between two IFSs A and B, A C Ay and B C By, then (X, T) is intuitionistic
fuzzy weakly generalized connected between Ay and Bi.

Proof. Suppose that (X,7) is not an intuitionistic fuzzy weakly generalized con-
nected between A; and By, then there exists an IFWGOS E in X such that A1 C E
and E ¢¢ B;. This implies E C Bf and A; C E. That is, A C A; C E. Hence A C
E. Now let us prove that E C B¢, that is let us prove E ¢° B. Suppose that E ¢ B,
then there exists an element x in X such that pg(z) > vp(z) and ve(z) < pp(z).
Therefore pg(x) > vp(z) > vp,(x) and vi(z) < pp(x) < pp,(z), since B C By .
Thus E ¢ By . But E C By . That is, E ¢ By which is a contradiction. Therefore
E ¢¢ B. That is, E C B¢. Hence (X, 7) is not an intuitionistic fuzzy weakly gener-
alized connected between IFSs A and B, which is contradictory to our hypothesis.
Thus (X, 7) is an intuitionistic fuzzy weakly generalized connected between A; and
B;. O

Theorem 3.18. Let (X, 7) be an IFTS and A, B be IFSs in X. If A q B then (X, 1)
is intuitionistic fuzzy weakly generalized connected between A and B.

Proof. Suppose (X,7) is not an intuitionistic fuzzy weakly generalized connected
between A and B, then there exists an IFWGOS E in X such that A C E and E C
B¢. This implies that A C B¢. That is, A ¢¢ B. But this is contradiction to our
hypothesis. Therefore (X, 7) is an intuitionistic fuzzy weakly generalized connected
between A and B. O

Theorem 3.19. Let (Y,7,) be a subspace of an IFTS (X,T) and A, B be two in-
tuitionistic fuzzy subsets of Y. If (Y,7,) is intuitionistic fuzzy weakly generalized
connected between A and B, then so is (X,T) .

7
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Proof. Suppose that (X,7) is not an intuitionistic fuzzy weakly generalized con-
nected between IFSs A and B, then there exists an intuitionistic fuzzy weakly gen-
eralized open and intuitionistic fuzzy weakly generalized closed set E in X such that
ACFEand E ¢¢° B. Put E, = ENY. Then E, is intuitionistic fuzzy weakly gener-
alized open and intuitionistic fuzzy weakly generalized closed set in (Y, 7,,) such that
A C E, and E, ¢° B. This implies (Y, 7,) is not an intuitionistic fuzzy weakly gen-
eralized connected between A and B, a contradiction to our hypothesis. Therefore
(X, 7) is an intuitionistic fuzzy weakly generalized connected between A and B. O

Theorem 3.20. Let (Y,7,) be an intuitionistic fuzzy closed open subspace of an
IFTS (X, 7) and A, B be intuitionistic fuzzy subsets of Y. If (X, 1) is intuitionistic
fuzzy weakly generalized connected between IFSs A and B, then so is (Y, 1) .

Proof. It (Y, 7,) is not an intuitionistic fuzzy weakly generalized connected between
IFSs A and B, then there exists an intuitionistic fuzzy weakly generalized open and
intuitionistic fuzzy weakly generalized closed set E in Y such that A C E and E
¢° B. Since (Y, 7,) is intuitionistic fuzzy closed open in (X, 7), E is intuitionistic
fuzzy weakly generalized open and intuitionistic fuzzy weakly generalized closed set
in (X,7). Hence (X, 7) is not an intuitionistic fuzzy weakly generalized connected
between IFSs A and B, a contradiction to our hypothesis. Hence (Y, 7,) is an intu-
itionistic fuzzy weakly generalized connected between IFSs A and B. g
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