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Abstract

Investors often wish to insure themselves against the payoff of their portfolios falling below a
certain value. One way of doing this is by purchasing an appropriate collection of traded securities.
However, when the derivatives market is not complete, an investor who seeks portfolio insurance
will also be interested in the cheapest hedge that is marketed. Such insurance will not exactly
replicate the desired insured-payoff, but it is the cheapest that can be achieved using the market.

Analytically, the problem of finding a cheapest insuring portfolio is a linear programming
problem. The present paper provides an alternativeportfolio dominanceapproach to solving the
minimum-premium insurance portfolio problem. This affords remarkably rich and intuitive insights
to determining and describing the minimum-premium insurance portfolios.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Portfolio insurance guarantees a minimum payoff or floor on the downside while capturing
the upside. The desired insured payoff can be replicated by holding a riskless asset and fidu-
ciary call options. Alternatively, it can be replicated by holding the portfolio and protective
put options.

When derivative markets are not complete, the desired insured payoff need not be mar-
keted and a perfectly insuring portfolio may not be available. However, there always exist
tradable portfolios that pay at least as much in every state of the world as the desired payoff.
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These portfolios are candidates for portfolio insurance when markets are not complete. The
price of such asuper insuringportfolio is its insurance-premium. Therefore, an investor
who seeks portfolio insurance would be interested in the cheapest hedge that combines
available securities, even though it need not exactly replicate the desired insured payoff.
That is, an investor will strive to purchase a portfolio whose payoff dominates the desired
insured payoff and which has the lowest insurance-premium. Such a portfolio is termed a
minimum-premium insurance portfolio.

The problem of finding a minimum-premium insurance portfolio is a standard linear pro-
gramming problem. This paper presents an alternative approach to solving the minimum-
premium insurance portfolio problem in a general setting. This is done by taking advantage
of the order theoretic structure of portfolio dominance—whereby a portfolio dominates
another portfolio if it pays at least as much in each state of the world. As we shall see, the
portfolio dominance approach affords remarkably rich and intuitive insights to determining
and describing minimum-premium insurance portfolios.

The principal insight of this paper is that we can always obtain a minimum-premium
insurance portfolio by looking at portfolio dominance over a restricted number of states of
the world. In particular, its analysis focuses on the structure of portfolio dominance over as
many uncertain states as available securities.

Technically, the argument goes as follows. When markets are complete, it is easy to
determine the portfolio that replicates a desired insured payoff, since in such a setting there
are as many states of the world as the available (non-redundant) securities. In terms of
portfolio dominance, this portfolio is the least upper bound of the underlying portfolio and
the floor.1

In contrast, when markets are not complete there are more states in the world than available
securities and the desired insured payoff need not be marketed. In such a case, we construct
a number of different notions of portfolio dominance by discarding enough states of the
world. For instance, if there areJ securities, then we can say that a portfolio dominates
another portfolio if it pays at least as much in the firstJ states of the world. Likewise, a
portfolio dominates another portfolio if it pays at least as much in the lastJ states of the
world. Now for every such restricted notion of portfolio dominance, we can calculate the
least upper bound of the underlying portfolio and the floor giving us a finite number of
candidate portfolios. The main result of this paper asserts the following:

One of the finite number of the least upper bounds or candidate portfolios of the underlying
portfolio and the floor must be a minimum-premium insurance portfolio.

A characterization of investors that demand portfolio insurance has been presented in
the classical article ofLeland (1980); where it is assumed that option markets are complete
and, therefore, any desired insured payoff can be perfectly replicated through the purchase
of traded securities. Clearly, an investor that demands insurance in a complete market also
demands insurance in the case of an incomplete derivatives market. However, if she cannot
perfectly replicate the desired insured payoff, then why would she be interested in the
“exotic” insurance studied in the present paper? Why characterize the cheapest hedge?
Why the minimum cost criterion?

1 Here, the matrix of non-redundant contingent claims is non-singular and the replicating portfolio can be
calculated by taking the inverse value of the payoff matrix at the desired insured-payoff.
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The replication of derivatives in constrained markets using the minimum cost criterion
has been the subject of many articles in the literature. For instance,Naik and Uppal (1994)
use the minimum cost criterion to construct optimal hedging strategies in the presence of
leverage constraints. Their work determines the strategy that minimizes the initial cost of
hedging given leverage constraints. They argue that the criterion of minimum cost has sev-
eral advantages. First, for constrained institutions that need to hedge liabilities, this approach
is equivalent to maximizing profit. Second, the minimum cost approach also determines the
maximum price that a constrained investor would be willing to pay for a contingent claim for
exact portfolio insurance. That is, it is the maximum price that an investor is willing to pay for
a non-traded Over-The-Counter portfolio insurance. Third, the authors show how the mini-
mum cost criterion is related to utility maximization in the presence of leverage constraints.

The minimum cost criterion is by now a well studied in the literature on hedging and option
pricing under constraints. For example,Edirisinghe et al. (1993)study minimum-premium
hedging in the presence of transactions costs. Moreover,Broadie et al. (1998)use the
minimum cost criterion to determine the cheapest portfolio that dominates an option in the
presence of extremely general constraints. Our analysis is motivated by the issues considered
in these papers.

The cheapest hedge problems under portfolio constraints lend themselves comfortably
to the realm of linear optimization (see for instanceNaik and Uppal, 1994) and to convex
as well as to stochastic optimization approaches (see for instanceEdirisinghe et al., 1993
andKaratzas and Kou, 1996, 1998).

The order theoretic approach taken in this paper affords a new and intuitively appealing
characterization of the cheapest hedge. The idea is simple: portfolio dominance captures
an important mathematical aspect of options—the building blocks of hedging strategies.
Indeed, under the portfolio dominance approach an option is simply a vector lattice operation
in the portfolio space.2 Generally, when markets are not complete portfolio dominance
has no lattice structure.3 Fortunately, every “pseudo-complete” market defines a coarser
ordering that has a vector lattice structure;4 and generates its own “put options” and “call
options.” The main idea of this paper is that the cheapest hedge can always be constructed
using these new “options.”

The portfolio dominance approach has yielded several other results on portfolio trading.
See for instance the work ofBrown and Ross (1991)who extend Ross’ classical result
(Ross, 1976) on the role of options in completing markets (see alsoGreen and Jarrow,
1987). Hedging in the non-generic case in which portfolio dominance has a vector lattice
structure is studied inAliprantis et al. (2000). Possibly the most successful use of vector
ordering methods in economics is in general equilibrium theory. Indeed, the order theoretic
properties of commodity spaces—in particular their vector lattice properties—have proven
crucial for the development of the Arrow–Debreu–McKenzie general equilibrium model.

2 For an underlying security with replicating portfolioθ , the call option at strike pricek is replicated by the
portfolio (θ − k)+, wherek is the riskless portfolio payingk in each state of the world and the lattice operation
(θ − k)+ is taken in the space of portfolios. Similarly, the put option at strike pricek is replicated by the portfolio
(k − θ)+.

3 In fact, it is shown inAliprantis and Tourky (in press)that generically when there are less than half as many
assets as states of the world not a single non-trivial option can be replicated.

4 Under this ordering the portfolio space is called aminimal lattice subspace.
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The structure of this paper is as follows. The model is inSection 2. The main result regard-
ing the minimum-premium insurance portfolio is stated inSection 3. Section 4illustrates the
results with several examples. The mathematical background needed for establishing the
main result is presented inSection A.1of theAppendix A. Section A.2studies the concept
of portfolio dominance, while the proof of the main result of this work is inSection A.3.

2. Minimum-premium insurance portfolio

This section begins with a brief exposition of portfolio insurance in the standard state-space
assets markets model, see for example the models inRoss (1976)andMagill and Quiinzi
(1995). We then look at hedging when markets are complete. Using the insights gained from
the case of complete markets we extend the analysis to the case of incomplete markets.

We consider the two-period securities model. There is a finite numberS of states of the
world. Agents tradeJ ≤ S non-redundant securitiesr1, r2, . . . , rJ in period-zero whose
period-one payoffs are state contingent claims. Therefore, we allow for incomplete markets
in which the number of no-redundant securitiesJ is smaller than the number of statesS. As
usual, theasset returns matrix(or thepayoff matrix) R is theS × J matrix whose columns
are the available no-redundant (i.e. linearly independent) security vectors:

R =




r1(1) r2(1) . . . rJ (1)

r1(2) r2(2) . . . rJ (2)

...
...

. . .
...

r1(S) r2(S) . . . rJ (S)




Portfolios are linear combinations of the available securities. A portfolio is therefore
represented by a vector inRJ . Portfolios are considered as column vectors and the payoff
of a portfolioθ is Rθ .

A state contingent claim, which is a vector inR
S , is said to be amarketed payoffif it

lies in the asset span (i.e. the range)M = 〈R〉 of the asset returns matrixR in R
S ; in

which case, there is a unique portfolio (called thereplicating portfolio) of the available
securities whose payoff is the state contingent claim. We shall assume that the riskless bond
1 = (1,1, . . . ,1) is marketed.

We shall also say that a portfolioθ super replicatesa state contingent claimx ∈ R
S if

Rθ ≥ x. That is,θ pays at least as much in each state asx. A portfolio θ (perfectly) replicates
a state contingent claimx ∈ R

S over a set of statesI if Rθ(s) = x(s) for everys ∈ I .
If the asset span equals the entire space of contingent claims (i.e. ifJ = S), then markets

arecomplete. WhenJ < S the markets areincompletein which case some state contingent
claims cannot be replicated by a portfolio.

We shall restrict our study toarbitrage-freesecurity prices. That is, we restrict our
attention to vectorsq ∈ R

J of security prices that give a non-zero positive valueq · θ > 0
to any non-zero portfolioθ with a positive payoffRθ ≥ 0. A priceq ∈ R

J is arbitrage
free(respectively,weakly arbitrage free) if q · θ > 0 (respectively,q · θ ≥ 0) whenever the
portfolio θ satisfiesRθ > 0 (respectively,Rθ ≥ 0).
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2.1. Portfolio insurance

Theinsured payoffof a portfolioθ = (θ1, θ2, . . . , θJ ) at afloork ∈ R is a state contingent
claim that captures the upside of the portfolio and insures against any downside below the
floor. In other words, the insured payoff is the state contingent claim

max{Rθ, k} =




max
{∑J

j=1 rj (1)θj , k
}

max
{∑J

j=1 rj (2)θj , k
}

...

max
{∑J

j=1 rj (S)θj , k
}



,

wherek = k1 is the riskless bond payingk in each state of the world. In a complete market
the insured payoff of a portfolio is the contingent claim that can be replicated by holding
the payoff of the portfolio and a put option with a strike pricek; or it can be replicated by
holdingk and a call option on the portfolio with a strike pricek. The basic problem is that
when markets are incomplete the insured payoff need not be a marketed payoff.

2.2. Minimum-premium insurance portfolios

Once again we consider a portfolioθ and a floork. Any portfolio η whose payoffRη

dominates the insured payoff max{Rθ, k} in each state is viewed as aninsurance portfolio.
There are many such portfolios. The cost of such a portfolio is theinsurance-premium. So,
if q is a securities price, then the insurance-premium associated with an insurance portfolio
η is q · η. We are, therefore, interested in aminimum-premium insurance portfolio(or a
cheapest hedge portfolio) of θ at the floork, which is the least costly portfolio whose payoff
dominates the insured payoff ofθ and the floork. That is, a minimum-premium insurance
portfolio is a solution to the following minimization problem:

(MP) minq · η
s.t. : η ∈ R

J , Rη ≥ Rθ, andRη ≥ k

A solution to this minimization problem always exists. As a matter of fact:
The solution set of the minimization problem (MP) is a non-empty, convex and compact

subset ofRJ .

3. Portfolio dominance and the cheapest hedge solution

In this section, we shall sketch briefly the basic ideas behind our solution to the hedging
problem. As mentioned before, our solution is based on the notion of portfolio dominance
that is related to the lattice structures of the spaces.

We shall say that a portfolioθ dominatesa portfolioη if Rθ ≥ Rη, in which case we
write θ � η. The portfolio dominance relation� makesRJ a partially ordered vector space.
We shall denote byC the (pointed convex) cone generated by�, i.e.

C = {θ ∈ R
J : θ � 0}.
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Now for any two portfoliosθ andη we writeθ ∨C η to mean the least upper bound of
the set{θ, η} relative to�. That is, the portfolioθ ∨C η, if it exists, has the property that
θ ∨C η � θ andθ ∨C η � η and ifµ � θ andµ � η, thenµ � θ ∨C η.

Whenever markets are complete, one can calculate a unique portfolio that is a minimum-
premium insurance portfolio for any arbitrage free securities price. However, when markets
are not complete the minimum-premium insurance portfolio depends on the prevailing price.
Nevertheless, as we shall see, the incomplete markets case is quite similar to the case of
complete markets. The details follow.

3.1. Complete markets

Assume for now that markets are complete. That is, assume that the payoff matrixR is
a J × J matrix. Recall that we have fixed a portfolioθ and a floork. When markets are
complete, it is easy to calculate a perfect hedge, or a portfolio that replicates the insured
payoff of θ at floork.

Indeed, if the portfolioκ replicatesk (i.e. if Rκ = k), then sinceR is invertible the
insured payoff is replicated by the portfolio:

θ∗ = θ ∨C κ = R−1max{Rθ, k}.
The portfolioθ∗ is clearly a minimum-premium insurance portfolio for any arbitrage free
price. In particular, it is independent of the prevailing arbitrage free security prices. That is,
we have the following result.

Theorem 1. If markets are complete, then for any arbitrage free price the unique minimum-
premium insurance portfolio is replicated by the portfolioθ ∨C κ, which exists(and is the
call option on the portfolioθ at strike pricek andk bonds1.)

3.2. Incomplete markets

Assume now that the market is incomplete. We shall see that discarding someS−J states
of the world allows us to use a procedure for calculating a minimum-premium portfolio
insurance as though the market is complete. We shall describe this method next.

For any collectionI of J elementary states letRI be theJ × J matrix whose rows are
the rows of the payoff matrixR corresponding to the states ofI . For instance, if there are
three securities and four states then

R(1,3,4) =



r1(1) r2(1) r3(1)

r1(3) r2(3) r3(3)

r1(4) r2(4) r3(4)


 .

If RI is invertible, then we say thatRI (or evenI ) defines apseudo-complete market.
Since the rank ofR is J there always exists at least one pseudo-complete market.

Before proceeding further, let us introduce some further notation. If a set of states
I = {s1 < s2 < · · · < sJ } defines a pseudo-complete market andθ is a portfolio, then we
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let θI = (θs1, θs2, . . . , θsJ ). If we view θI as a column vector, then we shall denoteRIθI by
RIθ , that is,RIθ = RIθI .

Now eachpseudo-complete marketRI generates a new notion of portfolio dominance
�I by definingθ �I η wheneverRIθ ≥ RIη. It turns out that not only this portfolio
dominance relation�I partially orders the portfolio spaceRJ but it also induces a lattice
ordering. That is, for everypseudo-complete marketRI its portfolio dominance cone

CI = {θ ∈ R
J : θ �I 0}

is a lattice cone—which is also a super-cone ofC, i.e.C ⊆ CI . This means that ifη andθ
are two portfolios, then the�I -supremum of the two portfoliosθ ∨I η exists and is given by
θ ∨I η = R−1

I max{RIθ, RIη}. Assuming thatRκ = k, for each pseudo-complete market
RI we let

ηI = θ ∨I κ = R−1
I max{RIθ, k}.

If θ is any portfolio andk is a floor price, then apotentially insuring portfoliois any
portfolio of the formηI satisfyingRηI ≥ max{Rθ, k}. We shall denote the finite collection
of all potentially insuring portfolios ofθ at the floork byPθ,k, i.e.

Pθ,k = {η ∈ R
J : η = ηI for a pseudo− complete marketRI andRη ≥ Rθ ∨ k}.

Clearly, there is a finite number of potentially insuring portfolios that are calculated
independently of the arbitrage free security price.

The remarkable property is that one of the potentially insuring portfolios is a minimum-
insurance premium portfolio. This is the main result of this paper and it will be stated next.
Its proof is quite involved and it will be presented inSection A.3of theAppendix A.

Theorem 2 (The cheapest hedge theorem).For any portfolioθ , any arbitrage priceq, and
any floork we have the following:

1. There exists at least one potentially insuring portfolioθ∨I κ that is a minimum-premium
insurance portfolio forθ at floork.

2. A minimum-premium insurance portfolioθ ∨I κ is the i.e. potentially insuring portfolio.
That is, q · (θ ∨I κ) ≤ q · η for all η ∈ Pθ,k.

3. The portfolioη∗ = θ ∨C κ exists if and only ifPθ,k consists of one portfolioη∗, which
is automatically a minimum-premium insurance portfolio for any arbitrage free price.

The third statement in the theorem is an extension of the main result inAliprantis et al.
(2000), which shows that a price independent minimum-premium insurance portfolio
insurance exists for any portfolio–floor pair if and only if the portfolio dominance cone
is a lattice cone; i.e. it generates a vector lattice on the portfolio space.

Let us conclude this section with a final remark. There is an intuitively appealing way of
identifying the potentially insuring portfolios:

A portfolio is a potentially insuring portfolio if and only if it super replicates the insured
payoff and perfectly replicates the insured payoff over a setI of J states for whichRI is a
pseudo-complete market.
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4. Illustrative examples

The cheapest hedgeTheorem 2can be reformulated as follows.

Theorem 3. For any portfolioθ , any arbitrage free priceq, and any floork we have the
following:

1. There exists at least one potentially insuring portfolio that is a minimum-premium
insurance portfolio forθ at floork.

2. A minimum-premium insurance portfolio can be obtained by solving the finite minimiza-
tion problem:

(FMP) minq · η
s.t. : η ∈ Pθ,k

3. If Pθ,k consists of one portfolio, sayη∗, thenη∗ is automatically a minimum-premium
insurance portfolio.

That is:for any arbitrage free price, the cheapest potentially insuring portfolio is a mini-
mum-premium insurance portfolio.In other words, we have reduced the minimum-premium
insurance portfolio problem (MP) to the following minimization problem over a finite set:

min q · η
s.t. : η is a potentially insuring portfolio.

This section presents some illustrative examples of the preceding result. With this in
mind, letθ be a portfolio,k a floor, andq an arbitrage free price. Moreover, for each setI

of J states, letRI be theJ ×J matrix whose rows are the rows ofR determined byI . Now
consider the following steps:

1. For each invertibleRI find the portfolio

ηI = R−1
I max{Rθ, k},

and form the collectionPθ,k of all potentially insuring portfolios ofθ at the floork.
2. If Pθ,k consists of one portfolio, sayη∗, then we are done. The portfolioη∗ is the only

minimum-premium insurance portfolio for any arbitrage free price.
3. If Pθ,k contains more than one portfolio, then the least costly portfolioη in Pθ,k with

respect to the priceq is a minimum-premium insurance portfolio.

We are now ready to present three examples. The first example is an example of a complete
market.

Example 1 (A complete market). Suppose that there are four states of the world and that
the market has the following non-redundant securities:

1. A treasury bond with payoff1 = (1,1,1,1).
2. A corporate bond with payoff(0,1,1,1).
3. A share with payoff(0,1,2,4).
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4. A call option on the share with a strike price of 3.
That is, the security max{(0,1,2,4) − 3,0} = (0,0,0,1).
Therefore, the asset returns matrixR is

R =




1 0 0 0

1 1 1 0

1 1 2 0

1 1 4 1


 .

Keep in mind that the payoff of any portfolioθ is Rθ .
Now consider the portfolioθ = (1,2,3,0). The insured payoff on a portfolioθ at a floor

k = 10 is the contingent claim

max{Rθ,10} = max







1

6

9

15


 ,




10

10

10

10






=




10

10

10

15


 .

This contingent claim is obviously marketed and is the payoff of the portfolio

θ∗ = R−1max{Rθ,10} =




1 0 0 0

−1 2 −1 0

0 −1 1 0

0 2 −3 1






10

10

10

15


 =




10

0

0

5


 .

Clearly, for any arbitrage free securities priceq the portfolioθ∗ is the unique minim-premium
insurance portfolio.Fig. 1provides a graphical illustration of this example.

Example 2 (Incomplete markets with only one potentially insuring portfolio). We consider
the market in the previous example. But now we suppose that the call option is not available.
Thus, the market is described by the returns matrix

R =




1 0 0

1 1 1

1 1 2

1 1 4


 .

Consider the portfolioθ = (1,2,3). The insured payoff on the portfolioθ at a floor
k = 10 is once again the contingent claim

max{Rθ,10} = max







1

6

9

15


 ,




10

10

10

10






=




10

10

10

15


 .
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Fig. 1. When markets are complete the insured payoff can be replicated by a portfolio containing 10 treasury bonds
and five call options.

This contingent claim is not marketed since as we saw in the previous example it is the
payoff of a portfolio using the unavailable call option.

However, we can calculate (at most) four important portfolios by looking at the four
3 × 3 matrices whose rows are taken fromR. These are the matrices:

R(1,2,3) =




1 0 0

1 1 1

1 1 2


 , R(1,2,4) =




1 0 0

1 1 1

1 1 4


 ,

R(1,3,4) =




1 0 0

1 1 2

1 1 4


 , R(2,3,4) =




1 1 1

1 1 2

1 1 4


 .

Notice thatR(2,3,4) is a singular matrix. Therefore, we restrict our attention to the
remaining three pseudo-complete markets and obtain the following three portfolios:

η(1,2,3) = R−1
(1,2,3)max{R(1,2,3)θ,10} =




10

0

0


 ,
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η(1,2,4) = R−1
(1,2,4)max{R(1,2,4)θ,10} =




10

−5

3
5

3


 ,

η(1,3,4) = R−1
(1,3,4)max{R(1,3,4)θ,10} =




10

−5

5

2


 .

From these portfolios onlyη(1,2,4) has a payoff greater than the insured payoff ofθ with
floor 10. That is,

θ∗ = Rη(1,2,4) =




10

10

35

3
15




≥




10

10

10

15


 .

Therefore, for any arbitrage free securities priceq the portfolio η(1,2,4) is the only
minimum-premium insurance portfolio. Therefore, we have found a solution that is
independent of the arbitrage free security prices. This example is illustrated inFig. 2.

Fig. 2. When the call option is not available the insured payoff cannot be replicated. However, the unique
minimum-premium insurance portfolio contains 10 treasury bonds, a short sale of one- and two-thirds of the
corporate bond, and one- and two-thirds of the share.
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Example 3 (Incomplete markets with price dependent insurance). Consider a market with
the payoff matrix

R =




1 2 1

1 1 5

1 0 3

1 0 0


 ,

and, once again we consider the portfolioθ = (1,2,3).
The insured payoff on the portfolioθ at a floork = 10 is the contingent claim

max{Rθ,10} = max







8

18

10

1


 ,




10

10

10

10







=




10

18

10

10


 .

This contingent claim is not marketed.
Next, we can calculate (at most) four portfolios by looking at the four 3× 3 matrices

whose rows are taken fromR. These are the matrices:

R(1,2,3) =




1 2 1

1 1 5

1 0 3


 , R(1,2,4) =




1 2 1

1 1 5

1 0 0


 ,

R(1,3,4) =




1 2 1

1 0 3

1 0 0


 , R(2,3,4) =




1 1 5

1 0 3

1 0 0


 .

All four matrices are invertible. So, we consider the portfolios:

η(1,2,3) = R−1
(1,2,3)max{R(1,2,3)θ,10} =




2

8

3
8

3


 ,

η(1,2,4) = R−1
(1,2,4)max{R(1,2,4)θ,10} =




10

−8

9
16

9


 ,
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Fig. 3. In this example the insured payoff which is a butterfly-spread cannot be replicated. However, there are two
choices for portfolio insurance; and the choice depends on the prevailing securities prices.

η(1,3,4) = R−1
(1,3,4)max{R(1,3,4)θ,10} =




10

0

0


 ,

η(2,3,4) = R−1
(2,3,4)max{R(2,3,4)θ,10} =




10

8

0


 .

Notice that the portfoliosη(1,2,4) andη(2,3,4) have a payoff greater than the insured payoff
of θ at floor 10. (seeFig. 3). That is,

Rη(1,2,4) =




10

18

15
1

3

10




≥




10

18

10

10



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and

Rη(2,3,4) =




26
18
10
10


 ≥




10
18
10
10


 .

Now let us take three arbitrage free prices.

1. Letq = (1,1,1) = 4
9(1,2,1) + 1

9(1,1,5) + 4
9(1,0,0). From

q · η(1,2,4) = 108
9 < q · η(2,3,4) = 18,

we see that the minimum-premium insurance portfolio for the priceq is η(1,2,4).
2. For the arbitrage free securities price

q = (4,1,12) = 1
3(1,2,1) + 1

3(1,1,5) + 10
3 (1,0,3),

we have

q · η(1,2,4) = 60+ 4
9 and q · η(2,3,4) = 48.

Thus,q ·η(1,2,4) > q ·η(2,3,4), and soη(2,3,4) is the minimum-premium insurance portfolio
for the priceq = (4,1,12).

3. For the priceq = (11,5,25) = 2(1,2,1) + 6(1,0,3) + 2(1,0,0) + (1,1,5), we get
q · η(1,2,4) = q · η(2,3,4) = 150. Therefore, both portfolios are minimum-premium
insurance portfolios for this priceq.
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Appendix A. Background and proofs

A.1. Mathematical preliminaries

We present here the basic concepts and results concerning cones in finite dimensional
spaces that are needed to prove the main theorem of this paper. The generic finite dimensional
vector space will beRJ .

Recall that apointed convex cone, or simply acone, is a non-empty subsetK of R
J such

that:

1. K + K ⊆ K,
2. αK ⊆ K for eachα ≥ 0, and
3. K ∩ (−K) = {0}.
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Every coneK induces a vector space order≥K (or ≤K ) on R
J by definingx ≥K y (or

y ≤K x) wheneverx−y ∈ K. The vectors ofK are precisely the vectors satisfyingx ≥K 0
and (if there is no other cone under consideration) they are referred to aspositive vectors. We
also writex >K 0 to meanx ≥K 0 andx �= 0. For each vectorx ∈ K, theK-order interval
{y ∈ R

J : 0 ≤K y ≤K x}will be denoted [0, x]K , i.e. [0, x]K = {y ∈ R
J : 0 ≤K y ≤K x}.

A coneK is said to begeneratingif R
J = K − K, i.e. if every vector inRJ can be

written as a difference of two vectors inK. The following result is well known and we state
it for completeness.

Lemma A.1. A cone inR
J is generating if and only if it has an interior point.

Thedual coneK ′ of a coneK is defined by

K ′ = {q ∈ (RJ )′ = R
J : q · x ≥ 0 for allx ∈ K}.

The members ofK ′ are calledpositive linear functionals.
Regarding dual cones, we have the following basic duality result.

Theorem A.1 (Duality theorem).If K is a closed generating cone inRJ , then:

1. The dual coneK ′ is also a closed and generating cone.
2. The dual cone ofK ′ coincides withK, i.e., K = K ′′ = (K ′)′.

In particular, we have:

(a) x ≥K y if and only if q · x ≥ q · y for eachq ∈ K ′, and
(b) q1 ≥K ′ q2 if and only if q1 · z ≥ q2 · z for eachz ∈ K.

Proof. It should be clear thatK ′ + K ′ ⊆ K ′, αK ′ ⊆ K ′ for eachα ≥ 0, and thatK ′ is
a closed subset ofRJ . To see thatK ′ is a cone, letq ∈ K ′ ∩ (−K ′). Then,q · x ≥ 0 and
q · x ≤ 0 both hold for allx ∈ K. That is,q · x = 0 for eachx ∈ K. SinceK is generating,
it follows thatq · x = 0 for all x ∈ R

J , i.e.q = 0.
Clearly,K ⊆ K ′′. To see thatK = K ′′ is indeed true, assume by way of contradiction

thatK is a proper subset ofK ′′. So, there exists somex ∈ K ′′ such thatx /∈ K. SinceK is
closed and convex, it follows (from the separation theorem) that there exist someq ∈ R

J

and some real numberc such thatq · y ≥ c > q · x for eachy ∈ K. SinceK is a cone,
we getc ≤ 0 andq · y ≥ 0 for all y ∈ K. This impliesq ∈ K ′, and soq · x ≥ 0, which
contradictsq · x < c ≤ 0. Hence,K = K ′′.

Finally, we show thatK ′ is generating, i.e. thatRJ = K ′ − K ′. To see this, assume that
someq ∈ R

J satisfiesq · y = 0 for all y ∈ K ′ − K ′. This impliesq ∈ K ′′ ∩ (−K ′′) =
K ∩ (−K) = {0}, i.e.q = 0. Thus, the closed vector subspaceK ′ −K ′ is dense inRJ , and
consequentlyRJ = K ′ − K ′. �

A vectorq ∈ (RJ )′ = R
J is said to beK-strictly positive(or simplystrictly positive),

denotedq �K 0, if x >K 0 impliesq · x > 0. The strictly positive vectors will play the
role of the arbitrage free prices.
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There are two more notions related to strict positivity. IfK is a cone in a vector spaceX,
then a vectorx ∈ K is said to be:

(a) internal, if for eachy ∈ X there exists someα0 > 0 such thatx + αy ∈ K for all
|α| ≤ α0, and

(b) an order unit, or simply aunit, if for eachy ∈ X there exists someα > 0 such that
y ≤K αx.

For the dual of a closed and generating cone inRJ all these notions coincide.

Lemma A.2. For a closed and generating coneK and someq ∈ K ′ the following statements
are equivalent.

1. q is K-strictly positive.
2. q is an interior point ofK ′.
3. q is an internal point ofK ′.
4. q is an order unit ofK ′.

Moreover, the interior ofK ′ is non-empty—and so the collection(K ′)◦
of all strictly

positive vectors is dense inK ′.

Proof. Notice first that fromTheorem A.1andLemma A.1we know that(K ′)◦
(the interior

of K ′) is non-empty. This easily implies that(K ′)◦
is dense inK ′.

(1) ⇒ (2) Let q be a strictly positive vector and assume by way of contradiction that
q /∈ (K ′)◦

. Since(K ′)◦
in non-empty and convex, there exists (in view of the separation

theorem) some non-zero vectorx ∈ R
J such thatq ·x ≤ p ·x for all p ∈ (K ′)◦

. Since(K ′)◦

is dense inK ′, it follows thatq ·x ≤ p·x holds for allp ∈ K ′. Taking into account thatK ′ is a
cone, we see thatq ·x ≤ 0 ≤ p ·x for allp ∈ K ′. This impliesx ∈ K ′′ = K, and sox >K 0.
But then, the strict positivity ofq impliesq · x > 0, contrary toq · x ≤ 0. Thus,q ∈ (K ′)◦

.
(2) ⇒ (3) This is obvious.
(3) ⇒ (4) Assume thatq in internal point ofK ′ and letp ∈ R

J . Pick someα > 0
such thatq + α(−p) ∈ K ′. This impliesp ≤K ′ (1/α)q, and soq is an order unit.

(4) ⇒ (1) Fix an interior vectorp in the dual coneK ′. Also, choose a symmetric
neighborhoodV of zero such thatp+V ⊆ K ′. Fromp±v ∈ K ′ for eachv ∈ V , it follows
that−p ≤K ′ v ≤K ′ p for eachv ∈ V , i.e.V ⊆ [−p, p]K ′ . Sinceq is an order unit, there
exists someα > 0 such thatαq ≥K ′ ±p, and hence,(1/α)[−p, p]K ′ ⊆ [−q, q]K ′ . So, if
we letW = (1/α)V , thenW ⊆ [−q, q]K ′ , and thus,q+W ⊆ [0,2p]K ′ ⊆ K ′. This shows
thatq is an interior point ofK ′.

Now let x >K 0 and assume by way of contradiction thatq · x = 0. If r ∈ K ′ is
arbitrary, then there exists someλ > 0 such that±λr ∈ W . This yieldsq ± λr ∈ K ′, and
so 0≤ (q ± λr) · x = ±λr · x. This impliesr · x = 0 for all r ∈ K ′, and consequently
r · x = 0 for all r ∈ R

J . Therefore,x = 0, which is impossible. This contradiction shows
thatq · x > 0, and soq is strictly positive. �

Lemma A.3. Let K be a closed and generating cone inR
J . If q is a strictly positive vector,

then a closed subset A of K is compact if and only if the set of real numbersq ·A = {q · a :
a ∈ A} is bounded.
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Proof. Let A be a closed subset ofK such thatq · A is bounded, whereq is a strictly
positive vector. Since (according toLemma A.2) q is an interior point ofK ′, there exists
an open neighborhoodV of zero such thatq + V ⊆ K ′. Now letp ∈ R

J be an arbitrary
vector. Choose someλ > 0 such that±(1/λ)p ∈ V , and soq ± (1/λ)p ∈ K ′. Therefore,
q± (1/λ)p ≥K ′ 0 or−λq ≤K ′ p ≤K ′ λp. This—and the fact thatq ·A is bounded—imply
that the setp ·A is bounded for eachp ∈ R

J . Consequently,A is a bounded subset ofR
J .

SinceA is also closed, it must be a compact set. �

Corollary A.1. If K is a closed and generating cone inRJ , then theK-order intervals
of R

J are compact.

Proof. Let [0, x]K = K ∩ (x + K) be an order interval. SinceK is closed, it should be
obvious that [0, x]K is also closed. Now fix some vectorq ∈ (K ′)◦

and note that 0≤ q ·y ≤
q · x for eachy ∈ [0, x]K , i.e. the setq · [0, x]K is bounded. ByLemma A.3, the order
interval [0, x]K is compact. �

Now letK be a cone inRJ . TheK-supremum of two pointsx, y ∈ R
J , if it exists, will

be denotedx ∨K y. We shall say thatK is a lattice coneif for any two pointsx, y ∈ R
J

the supremumx ∨K y exits. An immediate consequence of the basic dualityTheorem A.1
is the following.

Lemma A.4. A closed and generating cone inRJ is a lattice cone if and only if its dual
coneK ′ is likewise a lattice cone.

A non-zero vectorx in a coneK is called aK-extremal vectorif 0 ≤K y ≤K x implies
y = αx for someα ≥ 0. The half-lineL(x) = {αx : α ≥ 0} generated by aK-extremal
vectorx is called aK-extremal ray(or simply anextremal ray) of K.

Lemma A.5. For a coneK in R
J we have the following.

1. If K is a lattice cone, thenK has(aside of scalar multiples) exactlyJ extremal vectors
(which are necessarily linearly independent) that generate the coneK.

2. If K is generated byJ linearly independent vectors ofK, thenK is a lattice cone
and(aside of scalar multiples) these linearly independent vectors are the only extremal
vectors ofK.

In other words,K is a lattice cone if and only if there existJ linearly independent vectors
e1, e2, . . . , eJ in K that generateK, i.e.,

K =
{

J∑
i=1

λiei : λi ≥ 0 for all i = 1,2, . . . , J

}
.

Moreover, whenK is a lattice cone, the half raysL(e1), L(e2), . . . , L(eJ ) are the only
extremal rays ofK and for each pair of vectorsx = ∑J

i=1 λiei andx = ∑J
i=1µiei we have

x ∨K y =
J∑

i=1

max{λi, µi}ei and x ∧K y =
J∑

i=1

min{λi, µi}ei .
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Recall that a non-empty convex subsetB of a coneK is said to be abasefor K if for
each non-zerox ∈ K with x �= 0 there exist a unique vectorb ∈ B and a unique scalar
λ > 0 such thatx = λb. The following simple result follows easily from the definitions.

Lemma A.6. If B is a base for a coneK, then(aside from scalar multiples) the extremal
vectors of K are precisely the extreme points of the convex set B.

Regarding the existence of bases we have the following result ofKlee (1957). For a proof
seeJameson (1970, Theorem 3.12.8, p. 144 and Corollary 3.12.9, p. 145).

Lemma A.7 (Klee). If K is a closed cone inRJ , then:

(a) K has a compact base, and
(b) K coincides with the convex hull of its extremal vectors.

The proof of the existence of our cheapest hedge will be based upon the following duality
result that is a special case of a result inAliprantis and Tourky (2002).

Theorem A.2. Let K be a closed and generating cone inR
J . Then, for anyx, y ∈ R

J and
anyq ∈ K ′ we have

inf
z≥Kx, z≥Ky

q · z = max
p∈[0,q]K′

[p · (x − y) + q · y ] = max
p∈[0,q]K′

[p · x + (q − p) · y ].

Proof. Fix q ∈ K ′, and letx, y ∈ R
J = (RJ )′′. By Corollary A.1, theK ′-order intervals

of R
J = (RJ )′ are norm compact. Now the desired formula follows fromAliprantis and

Tourky (2002)(Theorem 7.6) applied to the partially ordered vector spaceL = (RJ ,K ′)
whose order dual isL∼ = (RJ ,K). �

A.2. Portfolio dominance

In this section, we shall discuss the two-period securities model when there areS states
andJ ≤ S non-redundant securities. The only information needed for our analysis is the
payoff matrix

R =




r1(1) r2(1) . . . rJ (1)

r1(2) r2(2) . . . rJ (2)

...
...

. . .
...

r1(S) r2(S) . . . rJ (S)


 ,

wherer1, r2, . . . , rJ are theJ non-redundant securities. As mentioned before, thesth row
of the matrixR will be denotedqs , i.e.,qs = (r1(s), r2(s), . . . , rJ (s)).

We shall consider the matrixR as a linear operatorR : Θ = R
J → R

S , whereΘ is
viewed as theportfolio spaceandR

S as the asset space. Since the rank of the matrixR is
J , the matrixR as an operator fromRJ to RS is one-to-one.



C.D. Aliprantis et al. / Journal of Mathematical Economics 37 (2002) 269–295 287

Theasset spanor themarketed spaceis the range of the operatorR, and is denotedM or
〈R〉. Clearly, the operatorR : R

J → M is one-to-one and surjective. We always consider
the marketed spaceM partially ordered by the closed coneM+ = R

S+ ∩ M. WhenM+ is
lattice cone ofM, thenM is called alattice-subspaceof R

S .
Although the non-redundant securitiesr1, r2, . . . , rJ are not assumed to be positive

vectors, we shall impose the following technical condition onM.

Assumption. The coneM+ is generating inM, i.e.M = M+ − M+.

If the riskless bond is marketed, then it should be clear thatM+ is generating. Also, if
each securityri is positive, thenM+ is automatically generating. We are now ready to define
the portfolio cone.

Definition A.1. The portfolio cone is the cone in the portfolio space defined by

C = {θ ∈ Θ = R
J : Rθ ≥ 0} = {θ ∈ R

J : qs · θ ≥ 0 for eachs = 1,2, . . . , J }.

That is, the portfolio coneC consists of all portfolios inRJ with non-negative payoff and
is the inverse image of the standard cone inR

S under the operatorR, i.e.C = R−1(RS+) =
R−1(M+). This easily implies thatC is a closed cone inΘ, and our basic assumption shows
that we have following.

Lemma A.8. The portfolio cone C is closed and generating.

Recall that the vectors inΘ ′ = (RJ )′ are also known assecurity prices. If p ∈ Θ ′ and
θ ∈ Θ, thenp · θ represents the value of the portfolioθ ate pricesp. The prices in the dual
cone ofC are known as weakly arbitrage prices.

Definition A.2. A weakly arbitrage free price is a price lying in the dual cone of the portfolio
coneC. That is, the weakly arbitrage free prices are the prices in

C′ = {q ∈ Θ ′ = R
J : q · θ ≥ 0 for all θ ∈ C}.

A priceq ∈ C′ is said to bearbitrage freeif θ ∈ C andθ �= 0 implyq ·θ > 0. That is, the
arbitrage free prices are theC-strictly positive vectors—which, according toLemma A.2,
they are precisely the vectors in(C′)◦

. Since(C′)◦
is dense inC′, we have the following

important property.

Lemma A.9. The cone of weakly arbitrage free pricesC′ is closed and generating and is
precisely the closure of the convex set(C′)◦

of all arbitrage free prices.

SpecializingLemma A.4to C andC′ we have the following.

Lemma A.10. The three statements below are equivalent.

1. The portfolio coneC is a lattice cone.
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2. The cone of weakly arbitrage free pricesC′ is a lattice cone.
3. The marketed space M is a lattice-subspace ofR

S .

We now come to the notions of dominance by portfolios and prices.

Definition A.3. A portfolio θ is said to dominate another portfolioη if θ ≥C η, i.e. if
Rθ ≥ Rη.

Similarly, a weakly arbitrage free priceq dominates another weakly arbitrage free price
p if q ≥C′ p, that is, if for any portfolioθ ∈ C we haveq · θ ≥ p · θ .

SinceRθ ≥ 0 is equivalent toRθ · y ≥ 0 for all y ∈ R
S+ andRθ · y = θ · Rty holds

(whereRt denotes the transpose of the matrixR), it follows thatRty belongs toC′ for each
y ∈ R

J+. That is, we have the inclusion{Rty : y ∈ R
J+} ⊆ C′, where{Rty : y ∈ R

J+} is
clearly the (closed) cone generated by the rows of the payoff matrixR. The next results
informs that, in fact, we have equality.

Lemma A.11. The cone of weakly arbitrage free pricesC′ is precisely the cone generated
by the rows of the payoff matrix R. That is,

C′ = {Rty : y ∈ R
J
+} =

{
S∑

s=1

λsqs : λs ≥ 0 for eachs = 1,2, . . . , S

}
.

Proof. Let C1 = {Rty : y ∈ R
J+}. As noticed above,C1 is the closed (convex) subcone of

C′ that is generated by the rows of the payoff matrixR. If C1 �= C′, then there exists some
q ∈ C′ such thatq /∈ C1. So, by the Separation Theorem, there exists someθ ∈ R

J such
thatr ·θ ≥ 0 > q ·θ holds for allr ∈ C1. In particular, we haveqs ·θ ≥ 0 for eachs, and so
θ ∈ C. This impliesq · θ ≥ 0, which contradictsq · θ < 0. This contradiction establishes
thatC1 = C′. �

The next result presents a connection between the extremal rays ofC′ and the rows of
the payoff matrixR. This is a basic result for our work.

Theorem A.3. The cone of weakly arbitrage free pricesC′ enjoys the following properties.

1. Every extremal ray ofC′ coincides with the half ray generated by some row of R(and
soC′ has a finite number of extremal rays).

2. The number+ of all extremal rays ofC′ satisfiesJ ≤ + ≤ S. In particular,C′ is a lattice
cone if and only if+ = J .

Proof.

1. Letq be an extremal vector ofC′ and letL(q) be its half-ray. ByLemma A.11, there
exist row vectorsqs1, . . . , qsk of the payoff matrixR and positive constantsα1, . . . , αk

such thatq = ∑k
i=1 αiqsi . From 0≤C′ α1qs1 ≤C′ q and the extremality ofq, there

exists someλ > 0 such thatα1qs1 = λq. Hence,q = µqs1 holds for someµ > 0, and
soL(q) = L(qs1). This shows thatC′ has a finite number of extremal rays.
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2. Let+ be the number of extremal rays ofC′. By part (1), it follows that+ ≤ S. Also, let
qs1, . . . , qs+ be+ rows ofR that generate all extremal rays ofC′.

By Lemma A.7, we know thatC′ is the convex hull of its extremal vectors. This implies
thatC′ is generated by the row vectorsqs1, . . . , qs+ . In particular, fromR

J = C′ − C′ it
follows that+ ≥ J . Otherwise, if+ < J were true, then the vector spaceC′ −C′ could not
be of dimensionJ .

For the last part, notice first that if+ = J , then the vectorsqs1, . . . , qs+ must be linearly
independent. This implies that the coneC′ must be a lattice cone. On the other hand, if
C′ is a lattice cone, then it must have exactlyJ extremal rays, in which case we infer that
+ = J . �

We are now ready to discuss the existence of cheapest hedging portfolios.

Theorem A.4. For any portfolioθ and any arbitrage free priceq there exists a portfolio
θ∗ such that: its payoff is positive, it is dominatingθ , and

q · θ∗ = min
η≥Cθ, η≥C0

q · η = max
0≤C′p≤C′q

p · θ.

Proof. Fix a portfolio θ and letq be an arbitrage free price. SinceC has interior points,
there exists someη1 ∈ C such thatη1 ≥C θ . Now consider the convex set

A = {η ∈ C : η ≥C θ and q · η ≤ q · η1}.
Clearly,A is a closed subset ofC andq ·A is bounded. ByLemma A.3, the setA is compact.
Now, fromη1 ∈ C andη1 ≥C θ , we see thatη1 ∈ A. To complete the proof notice that

inf
η∈A

q · η = inf
η≥Cθ, η≥C0

q · η,

and then useTheorem A.2and the compactness ofA. �

Corollary A.2. Let θ1 andθ2 be two portfolios, and letq be an arbitrage free price. Then
there exists a portfolioθ∗ dominatingθ1 andθ2 such that

q · θ∗ = min
η≥Cθ1, η≥Cθ2

q · η = max
0≤C′p≤C′q

[p · θ1 + (q − p) · θ2].

Proof. By Theorem A.4there exists some portfolioε such that

q · ε = min
η≥Cθ1−θ2, η≥C0

q · η = max
0≤C′p≤C′q

p · (θ1 − θ2).

Now if we let θ∗ = ε + θ2, then it is easy to check thatθ∗ satisfies the desired
properties. �

Any portfolioθ∗ dominatingθ1 andθ2 satisfying the optimality equation ofCorollary A.2
is known as acheapest hedging portfolio(or aminimum-premium insurance portfolio) for
θ1 andθ2 with respect to the arbitrage free priceq.
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In Aliprantis et al. (2000), it was shown that a unique minimum-premium insurance
portfolio exists for any pair of portfolios that is independent of the arbitrage free price if
and only ifC is a lattice cone. We can prove that result easily from our analysis here.

Lemma A.12 (Aliprantis–Brown–Werner).The following are equivalent:

1. Each pair of portfoliosθ1 andθ2 admits a unique minimum-premium insurance portfolio
θ∗ that is independent of the arbitrage free price. That is, for each pairθ1 and θ2 of
portfolios there exists a unique portfolioθ∗ dominatingθ1 and θ2 such that for each
arbitrage free priceq we have

q · θ∗ = min
η≥Cθ1, η≥Cθ2

q · η.

2. The portfolio cone C is a lattice cone inRJ or, equivalently, the marketed space M is a
lattice-subspace ofRS .

In particular, if C is a lattice cone, then the unique portfolioθ∗ that satisfies property(1)
is the portfolioθ∗ = θ1 ∨C θ2.

Proof. (1)⇒ (2) Assume thatθ∗ has the stated uniqueness property. If some portfolioη

satisfiesη ≥C θ1 andη ≥C θ2, then we haveq · η ≥ q · θ∗ for each arbitrage free priceq.
Since the arbitrage free prices are dense inC′, we see thatq · η ≥ q · θ∗ for eachq ∈ C′.
By Theorem A.1, we getη ≥ θ∗, and this shows thatθ∗ = θ1 ∨C θ2.

(1)⇒ (2) If C is a lattice cone, then it is easy to see that the portfolioθ∗ = θ1 ∨C θ2
satisfies the properties stated in(1). �

A.3. The proof ofTheorem 2

For any non-empty subsetI of the index set of states{1,2, . . . , S}, letHI be the vector
subspace generated inR

J by the collection of the row vectors{qs : s ∈ I }. Clearly, there is
a finite number of distinct vector subspaces of the formHI . Let

H =
⋃

{I :dimHI<J }
HI .

Thus, the setH is a (finite) union of vector subspaces. As expected, the closed setH has
an empty interior.

Lemma A.13. The setH is closed and has no interior points. In particular, the set of
arbitrage free prices not inH is open and dense in the set of arbitrage free prices.

Proof. Clearly, eachHI is a closed subspace ofR
J . Since dimHI < J impliesH

◦
I = ∅,

it follows thatH is a finite union of closed sets with empty interior. The conclusion now
follows from the following topological fact.

If C1, C2, . . . , Ck are closed subsets of a topological space such thatC
◦
i = ∅ holds for

each i, then the closed setC = ⋃k
i=1Ci has an empty interior.
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A proof of the preceding claim goes as follows. Assume thatx is an interior point of
C = ⋃k

i=1Ci . Pick an open neighborhoodN of x such thatN ⊆ C. Sincex is not an
interior point ofC1, there exists some pointx1 ∈ N such thatx1 /∈ C1. Thus,x belongs to
the open setCc

1, and so there exists an open neighborhoodN1 of x1 such thatN1 ∩C1 = ∅.
ReplacingN1 by N ∩ N1, we can assume thatN1 ⊆ N .

Similarly, sincex1 is not an interior point ofC2 there exists some pointx2 ∈ N1 and an
open neighborhoodN2 of x2 satisfyingN2 ⊆ N1 andN2 ∩ C2 = ∅. Proceeding this way,
we see that there exist pointsx1, x2, . . . , xk and open setsN1, N2, . . . , Nk such thatxi ∈ Ni

andNi ∩ Ci = ∅ for each 1≤ i ≤ k, and

Nk ⊆ Nk−1 ⊆ · · · ⊆ N2 ⊆ N1 ⊆ N ⊆ C.

Now notice that

∅ �= Nk = Nk ∩ C = Nk ∩
(

k⋃
i=1

Ci

)
=

k⋃
i=1

Nk ∩ Ci ⊆
k⋃

i=1

Ni ∩ Ci = ∅,

which is impossible. This contradiction completes the proof of the topological fact of
Lemma A.13.

For the last claim observe that the set of arbitrage free prices is(C′)◦
satisfies

(C′)
◦ = (C′)

◦ ∩Hc ⊆ (C′)◦ ∩Hc ⊆ (C′)◦ = C′.

Since(C′)◦
is dense inC′, we infer that(C′)◦ ∩Hc = C′. �

Recall that a subsetI = {s1, s2, . . . , sJ } of the set of states{1,2, . . . , S} defines a
pseudo-complete marketif the J × J matrixRI with rows the vectorsqs1, qs2, . . . , qsJ is
invertible. In this case, we also say thatRI is apseudo-complete market.

The basic result needed to proveTheorem 2is the following.

Lemma A.14. If θ is an arbitrary portfolio and q is an arbitrage free price, then there
exists a portfolioθ∗ such that:

1. θ∗ dominatesθ and has positive payoff, i.e., θ∗ ≥C θ andθ∗ ≥C 0.
2. θ∗ solves the optimization problem

q · θ∗ = min
η≥Cθ, η≥C0

q · η.

3. θ∗ = R−1
I max{RIθ,0} for some pseudo-complete marketRI .

Proof. If θ ∈ −C, i.e. if θ ≤C 0, then the conclusion should be obvious; the portfolio
θ∗ = 0 does the job. So, we can suppose thatθ /∈ −C. We shall assume first that the
arbitrage free priceq does not belong toH, i.e.q /∈ H.

By Theorem A.4there exists a portfolioθ∗ that satisfies(1) and

q · θ∗ = min
η≥Cθ, η≥C0

q · η = max
0≤C′p≤C′q

p · θ.
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Sinceθ /∈ −C, it follows from θ∗ ≥C θ andθ∗ ≥C 0 thatθ∗ >C 0. Consequently, the
strict positivity ofq impliesq · θ∗ > 0. Under the assumptionq /∈ H we shall verify next
that thisθ∗ also satisfies (3).

Start by observing that since the order interval of security prices [0, q]C′ is compact,
there exists somep∗ ∈ [0, q]C′ such that

p∗ · θ = max
0≤C′p≤C′q

p · θ. (1)

Fromp∗ ≤C′ q, θ ≤C θ∗ and (2), we getp∗ · θ∗ ≤ q · θ∗ = p∗ · θ ≤ p∗ · θ∗. Therefore,

p∗ · θ∗ = p∗ · θ = q · θ∗ > 0. (2)

In particular, we havep∗ �= 0.
Sincep∗ ∈ C′, there exist (in view ofLemma A.11) a non-empty set of statesI1 and

positive constants{αs : s ∈ I1} such thatp∗ = ∑
s∈I1

αsqs . We claim thatqs · θ ≥ 0
holds for eachs ∈ I1. To see this, assume that for somes0 ∈ I1 we haveqs0 · θ < 0. From∑

s∈I1
αs(qs · θ) = p∗ · θ = q · θ∗ > 0, it follows thatI1 must have at least two states. Now

notice that the inequalities


 ∑
s∈I1\{s0}

αsqs


 · θ =

∑
s∈I1\{s0}

αs(qs · θ) >
∑
s∈I1

αs(qs · θ) = p∗ · θ,

and 0≤C′
∑

s∈I1\{s0} αsqs ≤C′
∑

s∈I1
αsqs = p∗ ≤C′ q contradictEq. (1). So,qs · θ ≥ 0

for eachs ∈ I1.
From Eq. (2) we have

∑
s∈I1

αs(qs · θ) = ∑
s∈I1

αs(qs · θ∗). Taking into account
that θ ≤C θ∗ is equivalent toqs · θ ≤ qs · θ∗ for eachs = 1,2, . . . , S, it follows that
qs · θ = qs · θ∗ ≥ 0 for eachs ∈ I1. Therefore,

qs · θ∗ = max{qs · θ,0} for eachs ∈ I1. (3)

Next, notice thatp∗ ∈ [0, q]C′ implies q − p∗ ∈ [0, q]C′ . If q − p∗ = 0, let I2 =
∅. If q − p∗ >C′ 0, let I2 be a non-empty subset of{1,2, . . . , S} for which there ex-
ist positive scalars{βs : s ∈ I2} such thatq − p∗ = ∑

s∈I2
βsqs . From Eq. (2), it

follows that
∑

s∈I2
βs(qs · θ∗) = (q − p∗) · θ∗ = 0. Sinceθ∗ ≥C 0 is equivalent to

qs · θ∗ ≥ 0 for eachs, the latter impliesqs · θ∗ = 0 for eachs ∈ I2. In particular,
from θ ≤C θ∗ we infer thatqs · θ ≤ qs · θ∗ = 0 holds for alls ∈ I2. This shows
that

qs · θ∗ = max{qs · θ,0} for eachs ∈ I2. (4)

By assumptionq /∈ H. So, fromq = p∗ + (q−p∗) ∈ HI1∪I2, it follows that dimHI1∪I2 =
J . This guarantees the existence ofJ linearly independent row vectors in{qs : s ∈ I1 ∪ I2}.
Let I = {s1, s2, . . . , sJ } ⊆ I1 ∪ I2 be such a set ofJ states for which the set of vectors
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{qs : s ∈ I } is linearly independent. FromEqs. (3) and (4), we see that

RIθ
∗ =




qs1 · θ∗

qs2 · θ∗

...

qsJ · θ∗




=




max{qs1 · θ,0}
max{qs2 · θ,0}

...

max{qsJ · θ,0}




= max







qs1 · θ
qs2 · θ

...

qsJ · θ



,




0

0

...

0







= max{RIθ,0}.
Finally, notice that theJ × J square matrixRI has rankJ and so it is invertible. Conse-

quently,θ∗ = R−1
I max{RIθ,0}, and the validity of(3) has been established.

Next, we consider the caseq ∈ H. By Lemma A.13there exists a sequence{qn} of
arbitrage free prices such thatqn → q andqn /∈ H for eachn. By Theorem A.4, for eachn
there exists a portfolioθ∗

n dominatingθ with positive payoff satisfying

qn · θ∗
n = min

η≥Cθ, η≥C0
qn · η = min

0≤C′p≤C′qn
p · θ.

By the preceding case, for eachn there exists a setIn of J states such that

θ∗
n = R−1

In
max{RInθ,0}.

Since there is only a finite number of subsets of the set of states{1,2, . . . , S}, we can assume
(by passing to a subsequence if necessary) that there exists a fixed subsetI of J indices
such thatIn = I for eachn. This implies

θ∗
n = R−1

I max{RIθ,0} = θ∗

for eachn. We shall show thatθ∗ satisfies properties(1), (2), and(3). Clearly,(1) and(3)
are satisfied automatically. So, to finish the proof, we must prove the validity of(2).

To this end, take anyη ≥C 0 satisfyingη ≥C θ . Then, we haveqn ·η ≥ q ·θ∗
n = q ·θ∗ for

all n. Taking limits yieldsq ·η ≥ q · θ∗. This shows thatθ∗ is a solution to the optimization
problem

min
η≥Cθ, η≥C0

q · η,

and the proof is finished. �

Corollary A.3. If θ1 andθ2 are arbitrary portfolios andq is an arbitrage free price, then
there exists a portfolioθ∗ such that:

1. θ∗ dominatesθ1 andθ2.
2. θ∗ solves the optimization problem

q · θ∗ = min
η≥Cθ1, η≥Cθ2

q · η.

3. θ∗ = R−1
I max{RIθ1, RI θ2} for some pseudo-complete marketRI .
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Proof. Consider the portfolioθ = θ1−θ2. According toLemma A.14there exists a portfolio
ε∗ such that:

(a) ε∗ dominatesθ and has positive payoff.
(b) ε∗ solves the optimization problem

q · ε∗ = min
η≥Cθ, η≥C0

q · η = max
0≤C′p≤C′q

p · θ.

(c) ε∗ = R−1
I max{RIθ,0} for some pseudo-complete marketRI .

Now let θ∗ = ε∗ + θ2 and note thatθ∗ satisfies properties(1), (2), and(3). �

Finally, we are ready to prove the cheapest hedgeTheorem 2. Start by observing that
since the bondk is marketed, there exists some portfolioθ1 ∈ R

J such thatRθ1 = k. By
Corollary A.3there exists some portfolioθ∗ such that:

(i) θ∗ dominatesθ andθ1.
(ii) θ∗ solves the optimization problem

q · θ∗ = min
η≥Cθ, η≥Cθ1

q · η.

(iii) θ∗ = R−1
I max{RIθ, RI θ1} for some pseudo-complete marketRI .

Next, consider the finite minimization problem:

(FMP) min q · η
s.t. : η ∈ Pθ,k,

wherePθ,k is the set of all potentially insuring portfolios ofθ at the floork, i.e.

Pθ,k={η ∈ R
J : η=ηI small for some pseudo-complete marketRI andRη≥Rθ ∨ k}.

From (i), (ii), and (iii), we see that the portfolioθ∗ is a solution of the minimization
problem(FMP), and that any solution of(FMP) satisfies (i), (ii), and (iii). Now the validity
of all statements inTheorem 2follow from this equivalence.
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