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GENERALIZED WEAKLY CONTRACTIONS IN PARTIALLY
ORDERED FUZZY METRIC SPACES

S. VAEZZADEH AND S. M. VAEZPOUR

ABSTRACT. In this paper, a concept of generalized weakly contraction map-
pings in partially ordered fuzzy metric spaces is introduced and coincidence
point theorems on partially ordered fuzzy metric spaces are proved. Also, as
the corollary of these theorems, some common fixed point theorems on par-
tially ordered fuzzy metric spaces are presented.

1. Introduction and Preliminaries

It is well known that the fuzzy metric space is an important generalization of
metric space. Fixed point theory in fuzzy metric spaces can be considered as a part
of fuzzy analysis, which is a very dynamic area of mathematical research. Many
authors have generalized and extended fixed point, common fixed point, and coinci-
dence point theorems on fuzzy metric spaces [7], [3], [16], and [1]. Mishra et al. [9]
obtained several common fixed point theorems for asymptotically commuting maps
on fuzzy metric spaces. Singh et al. [13] by introducing the compatibility on fuzzy
metric spaces proved some common fixed point theorems. Recently Ciric et al. [4]
have presented a concept of monotone generalized contraction in partially ordered
probabilistic metric spaces and proved some fixed and common fixed point theo-
rems. The purpose of this work is to present theorems which are the improvement
of the results in [4] in partially ordered fuzzy metric spaces.

Definition 1.1. [15] A mapping T : [0,1] x [0,1] — [0,1] is a continuous t—norm
if T satisfies the following conditions:

(a) T is commutative and associative;

(b) T is continuous;

(c) T(a,1) = a for all a € [0, 1];

(d) T(a,b) < T(c,d) whenever a < ¢ and ¢ < d, and a,b,c,d € [0, 1].

Two typical examples of continuous t—norm are Tp(a,b) = ab and Tys(a,b) =
Min(a,b).

Now t-norms are recursively defined by T' = T and

Tn(xla e 7xn+1) = T(Tn_l(m17 e 7xn)7xn+1)

forn > 2 and z; € [0,1], for all i € {1,2,...,n+ 1}.
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A t-norm T is said to be of Hadzic¢ type if the family {T"},cn is equicontinuous

at x = 1, that is,
YVee (0,1)35€(0,1):a>1—-6=>T"(a)>1—¢ (n>1).

Ty is a trivial example of a t-norm of Hadzi¢ type, but there exist t-norms of
Hadzié¢ type weaker than Ty, [6].
Definition 1.2. [2] A fuzzy metric space is a triple (X, F,T), where X is a
nonempty set, T is a continuous t—norm, and F is a fuzzy set on X x X x [0, 00)
satisfying the following conditions: for all x,y € X and s, > 0,

(I) F(m7y70) =0,

IT) F(z,y,t) =1 for all t > 0, if and only if z =y,
II) F(x,y,t) = F(y,x,t),

IV) T(F(x,y,t), F(y,z,5)) < F(x,z,t + s),

V) F(z,y,.): [0,00) — [0,1) is left-continuous.

A~ N~

Let (X, F,T) be a fuzzy metric space.

(1) A sequence {x,}, in X is said to be convergent to x in X if, for every ¢ > 0
and A > 0, there exists positive integer N such that F(z,,z,€) > 1 — A whenever
n>N.

(2) A sequence {z,}, in X is called Cauchy sequence if, for every ¢ > 0 and
A > 0, there exists positive integer N such that F(z,,2,,€¢) > 1 — A whenever
n,m > N.

(3) A fuzzy metric space (X, F,T) is said to be complete if and only if every
Cauchy sequence in X is convergent to a point in X.

Let (X, F,T) be a fuzzy metric space. For each p in X and A > 0, the strong
A — neighborhood of p is the set

NP(/\) = {le:F(paqa)‘)>1_)‘}a
and the strong neighborhood system for X is the union UpEVNp where N, =
{Np(A) : A > 0}.

The strong neighborhood system for X determines a Hausdorff topology for X.
Theorem 1.3. [2] If (X,F,T) is a fuzzy metric space and {p,} and {q,} are
sequences such that p, — p and g, — q, then im, oo F(pn,qn,t) = F(p,q,t) for
every continuity point t of F(p,q,.).

Lemma 1.4. [6], also see [8]. Let (X,F,T) be a fuzzy metric space with T of
Hadzié-type and {x,} be a sequence in X such that, for some k € (0,1),

F(zp, Tny1,kt) > F(zp_1,2n,t) (n>1,1>0).
Then {zy} is a Cauchy sequence.
Lemma 1.5. [4] If F,G € D and, for some k € (0,1),
F(kt) > min{G(t), F(t)},Vt >0

then
F(kt) > G(t) Vt > 0,
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where DT is the set of left-continuous and non-decreasing functions on R such that
F(0) =0, F(co) =1, and lim,_,,~ F(t) = 1.

Definition 1.6. [11] Let (X, <) be a partially ordered set, and T, 5, R : X — X
are given mappings, such that 7X C RX and SX C RX. We say that S and T
are weakly increasing with respect to R if for all x € X, we have

Tz < Sy, Vye R™Y(Tx)
and

Sz < Ty, Vyec R (Sx).

Definition 1.7. [14] Let (X, <) be a partially ordered set, and (X, F,T) be a fuzzy
metric space. The pair f,g : X — X is said to be F-compatible if and only if
lim F(f(gxn), g(fzn),t) = 1 for all ¢ > 0, whenever {z,} is a sequence in X such
that lim, o fr, = lim,_— o gz, = u for some u € X.

2. Main Results
In this section we present the following theorem:

Theorem 2.1. Let (X, <) be a partially ordered set and (X, F,T) be a fuzzy metric
space under a t-norm T of Hadzic-type. Let H,S, R : X — X be three continuous
self-mappings of X such that H(X) C R(X), S(X) C R(X) and H and S are
weakly increasing with respect to R such that for some k € (0, 1),
F(S(x), H(y), kt) = Min{F(R(x), R(y),t), F(R(x),5(x),t), F(R(y), H(y), 1)}
for allt > 0 and for all x,y € X for which R(x) and R(y) are comparable.
If the pairas {H,R} and {S,R} are F—compatible, then H, S, and R have a
coincidence point, that is, there exists u € X such that Ru = Hu = Su.
Proof. Let g € X be an arbitrary point, since H(X) C R(X), there exists 1 € X
such that Rxy = Hxg. Since S(X) C R(X), there exists x2 € X such that Rxy =
SI‘l.
Continuing this process, we can construct a sequence { Rz, } in X defined by
Rl‘2n+1 = Hl‘Qn, RJ?Q»,H_Q = S$2n+1, Vn € N. (1)
We claim that
Rz, = Rrpy1, VnéeN. (2)

To this aim, we will use the increasing property with respect to R for the map-
pings T and S. From (1), we have

Rz, = Hxg < Sy, Yy € R~ (Haxy).
Since Rx; = Hxg, 11 € R™1(Huxp), we get
Rx1 = Hxg <X Sr1 = Rxo.
Again,
Rxy = Sxy < Hy, Vy € R*I(Szl).
Since z3 € R71(Sz1), we get
Rxy = Sx1 X Hxy = Ruxs.
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Hence, by induction, (2) holds.
Now we show that {Rxz,} is a cauchy sequence. By (1) we have,
F(Rxont2, Rvoni1,kt) =

F(Szopy1, Hxon, kt) > Min{F(Rxont1, Rron,t), F(Rront1, STony1,t),

F(Rxoy,, Hxon,t)}
Min{F(Rxap+1, Rran,t), F(Rrant1, RTanio,t),
F(Rxoy, Rrani1,t)}
= Min{F(Rzan, Rxont1,t), F(Rxont+1, Rronta, t)},
So by lemma (1.5) we have:
F(Rzopi2, Rrony1, kt) > F(Rrony1, Rron, t) vt > 0. (3)

also,
F(R.’Egn, RxQn-‘rla kt)
F(Saignfl, HLUQn, kt)

V

Min{F(Rxap_1, Rropn,t), F(Rxan—_1,STon_1,t),
F(Rzoy, Hxop, t)}
Min{F(Rx2p—_1, Rxon,t), F(Rx2,_1, Rxon,t),
F(Rxzapn, Rront1,t)}

= Min{F(Rx2n—1, Rxon,t), F(Rxon, RTont1,t)},
So by lemma (1.5) we have:

F(RIQn, Rl‘gn+1, kt) > F(RSCQn, R.’,Egn_l, t) vt > 0. (4)
Now , by (3) and (4) we have:
ZPRL“RQJHJrl (I{it) > FRQ?’;L,an—l (t) Vvt > 0.

Hence, by lemma (1.4), {Rz,} is a cauchy sequence.
Since {Rx,} is cauchy, there exists u € X such that

lim Rx,, = u. (5)
n—oo
From the continuity of R, we get
lim R(Rz,) = Ru. (6)

n—oo

By definition of fuzzy metric space, i.e (IV), we have
t t
F(Ru,Hu,t) >T(F(Ru, R(Rxon11), g), F(R(Hxap), H(Rxay), g),

F(H(Rza,), Hu, %)). (7)

for all ¢ > 0. Since Rxs, — uv and Hxs, — u, by compatibility of R and H, this
implies that
lim F(R(Hzap), H(Rx2y),t) =1 Vit > 0. (8)
n—oo

Now from continuity of H and (5) we have,

ILm F(H(Rzay), Hu,t) =1 Yt > 0. (9)
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Combining (6), (8), and (9), and letting n — oo in (7), we obtain

F(Ru,Hu,t) >1 Vt>0,

that is
Ru = Hu. (10)

Again, by definition of fuzzy metric space, i.e. (IV), we have

t t
F(Ru, Su,t) > T(F(Ru, R(Rxant2), =), F(R(Sx2n+1), S(RTant1), §)’

'3
F(S(Raanss), Su, %)). (1)
for all ¢ > 0. On the other hand, we have
Rxopnt1 — u, Sxopy1 — u, as n — oo.
Since R and S are compatible mappings, this implies that
nh_)n;o F(R(Szant1), S(Rront1),t) =1 VE>0 (12)
Now from continuity of S and (5) we have,

nlin;o F(S(Rxany1),Hu,t) =1 YVt >0 (13)

Combining (6), (12), and (13), and letting n — oo in (7), we obtain
F(Ru,Su,t) >1 Vt>0,

that is
Ru = Su. (14)
Finally, from (10) and (14), we have
Hu = Ru = Su,
that is, u is a coincidence point of H, S, and R. This completes the proof. ([l

Definition 2.2. Let (X, <) be a partially ordered set and (X, F,T) be a fuzzy
metric space under a t-norm. We say that X is F'—regular if the following hypothesis
holds: if {z,} is a non-decreasing sequence in X with respect to < such that z, — z
as n — oo, then z, < z for all n € N.

Theorem 2.3. Let (X, <) be a partially ordered set and (X, F,T) be a F—regular
complete fuzzy metric space under a t-norm T of Hadzic-type. Let H .S, R: X — X
be three self-mappings of X such that H(X) C R(X),S(X) C R(X) and H and S
are weakly increasing with respect to R such that for some k € (0, 1),
F(S(x),H(y), kt) >Min{F(R(z), R(y),t), F(R(z), S(x),t),
F(R(y), H(y), 1)}, (15)

for allt > 0 and for all x,y € X for which R(x) and R(y) are comparable.
If RX is closed, then H,S, and R have a coincidence point, that is, there exists
u € X such that Ru = Hu = Su.
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Proof. From the proof of theorem (2.1), we have that { Rz, } is a cauchy sequence.
Since RX is closed, there exists v € X such that

lim Rz, = Rv. (16)

n—oo

Since { Rz, } is a non-decreasing sequence and X is F'—regular, it follows from (16)
that Rz, =< Rv for all n € N. Now we show that Rv = Sv, and also, Rv=Hv. For
T = Zay, and y = v, by inequality (15) we have:

F(Sv, Hxoyn, kt) > Min{F(Rv, Rxa,,t), F(Rv, Sv,t), F(Rxay,, Hron,t)}, (17)

for all ¢ > 0. Since Rxa, — Rv and Hzy, — Rv, and letting n — oo in (17) we
have

F(Sv, Rv, kt) > Min{F(Rv, Rv,t), F(Sv, Ru,t), F(Rv, Rv,t)},
for all ¢ > 0. Therefore,
t

F(Sv, Rv,t) > F(Rwv, Sv, %) t>0.

From here we get
t

F(Rv, Sv,t) > F(Rv, Sv, k—n) — 1.

so, Sv=Rv(x). Similarly, for x = x9,41 and y = v, we obtain
F(S$2n+1, H’U, k't) Z Min{F(RI2n+1, RU, t), F(R$2n+17 SI2n+1, t),
F(Rv,Hu,t)}, (18)

for all ¢ > 0. Since Rxs,4+1 — Rv and Hxs, — Rv, and by letting n — oo in
(18), we have
F(Rv,Hv,kt) > F(Rv,Hv,t) Vt>0.

therefore, ;
F(Rv,Hv,t) > F(Rv, Hv, E) vt > 0.
so Sv=Rv(* *). Now combining (x) and (* %), we obtain
Rv=Sv=Hv

Hence, v is a coincidence point of H and S and R. This completes the proof. (]

Corollary 2.4. Let (X, =) be a partially ordered set, and (X, F,T) be a complete
fuzzy metric space under a t-norm T of Hadzic-type. Let H and S be two continuous
and weakly increasing self mapping of X such that for some k € (0,1)

F(S(x), H(y), kt) =2 Min{F(x,y,t), F(x, S(x),t), F(y, H(y), 1)}

for all x,y € X that are comparable.
Then, H and S have a common fized point.

Proof. If R : X — X is the identity mapping in the theorem (2.1), we can easily
deduce the result. |
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Corollary 2.5. Let (X, =) be a partially ordered set, and (X, F,T) be a F—regular
complete fuzzy metric space under a t-norm T of Hadzic-type. Let H and S be two
weakly increasing self mapping of X such that for some k € (0,1)

F(S(x), H(y), kt) > Min{F(z,y,t), F(z,5(x),t), F(y, H(y), 1)}

for all x,y € X that are comparable.
Then, H and S have a common fixed point.

Proof. If R: X — X is the identity mapping in theorem (2.3), we can easily deduce
the result. g
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