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Calculation of Turbulent Flow for 
an Enclosed Rotating Cone 
Prediction of the flow in the cavity between a rotating cone and an outer stationary 
cone with and without throughflow is considered. A momentum-integral method 
and a finite difference method for solution of the Reynolds-averaged Navier-Stokes 
equations with a mixing-length model of turbulence are applied. These two methods 
have previously been validated for flow between corotating and rotor-stator disk 
systems, but have not been properly tested for conical systems. Both methods have 
been evaluated by comparing predictions with the experimental measurements of 
other workers. There is good agreement for cone half-angles greater than or equal 
to 60 deg but discrepancies are evident for smaller angles. "Taylor-type" vortices, 
the existence of which has been postulated by other workers and which are not 
captured by the present steady, axisymmetric models, may contribute to these dis
crepancies. 

1 Introduction 
The need to improve design methods for turbomachinery 

has led to considerable effort being put into the development 
of predictive techniques for the flow in turbine and compressor 
disk cavities. Despite the variety of geometries of this type that 
occur in gas turbine engines, most predictive methods have 
been validated only for relatively simple plane disk geometries. 
In the present paper two predictive techniques that have been 
previously validated using data for turbulent flow in rotating 
disk cavities are evaluated using data for a shrouded rotating 
cone. The objective of this work is to clarify the range of 
validity of current methods and identify any particular prob
lems associated with the conical geometry. 

For a review of predictive methods for rotating disk flows 
the interested reader is referred to Chew (1990). However, to 
put the present contributions in context it is appropriate to 
mention some of the previous work on predictive methods. 
The earliest relevant publication is perhaps that of von Karman 
(1921). Von Karman derived a momentum-integral solution 
for turbulent flow induced by a disk rotating in a quiescent 
environment (the "free disk" problem). Many workers have 
subsequently used similar momentum-integral methods for a 
variety of rotating disk flows and the technique remains pop
ular because of its computational efficiency and convenience 
in analysis. Relatively recent applications of the momentum-
integral method include radial outflow and inflow between 
corotating disks (Owen et al., 1985; Chew and Rogers, 1988; 
Farthing et al., 1991) and flow in rotor-stator disk systems 
with or without an imposed throughflow (Owen and Rogers, 
1989; Chew, 1991). 
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Over the last decade or so use of finite difference methods 
to solve the Reynolds-averaged Navier-Stokes equations for 
rotating disk flows has become increasingly popular. Some 
difficulties have been encountered both with turbulence mod
eling and with numerical algorithms, but it has now been dem
onstrated that a variety of turbulence models and numerical 
schemes can be successfully applied to rotating disk flows. 
Examples for corotating disk systems are given by Chew (1985) 
and Morse (1988), and for rotor-stator disk systems by Chew 
and Vaughan (1988), Roscoe et al. (1988), and Morse (1991). 

In contrast to the disk problem, the rotating cone has re
ceived little attention. Tien (1960) showed that under laminar 
boundary layer assumptions the laminar free disk solution can 
be applied to the free cone problem. Kreith (1966) applied von 
Karman's momentum-integral method to the turbulent free 
cone problem and, as shown below, with appropriate nondi-
mensionalization, the momentum-integral equations become 
identical to those for the free disk. Koosinlin et al. (1974) 
applied boundary layer finite difference methods, with a mix
ing-length turbulence model, to flow on a spinning cone with 
and without an imposed axial flow. The authors are not aware 
of any previous attempts to predict the flow for the problem 
considered here, namely the enclosed rotating cone with 
throughflow. 

The two predictive methods that have been adopted here for 
the rotating cone problem are a von Karman-type momentum-
integral method and the finite difference method of Vaughan 
et al. (1989), which uses a mixing-length model of turbulence. 
The momentum-integral method is developed from that ap
plied previously to rotor-stator disk cavities and the turbulence 
model, which has been validated against data for free disks 
and cones, corotating disk cavities, and rotor-stator disk sys
tems, is based on that of Koosinlin et al. These two methods 
are described in Sections 2 and 3 below. Comparison of the
oretical predictions with the experimental results for moment 
coefficient of Yamada and Ito (1975, 1979) are then given in 
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Section 4. Also included in Section 4 is a comparison of the 
finite difference predictions with the measurements of Bilgen 
and Boulous (1973) for an enclosed rotating cylinder, as this 
flow configuration could be considered a limiting case of the 
cone problem. The conclusions from the present study are 
summarized in Section 5. 

2 The Momentum-Integral Method 

2.1 Assumptions. The geometry of the rotor-stator cone 
system considered and the assumed flow structure are shown 
in Fig. 1. The outer and inner radii of the cones are b and a, 
respectively. The perpendicular distance between the rotor and 
stator is denoted by d. The rotor is rotating about an axis at 
r = 0 with constant angular velocity fl and the orthogonal 
coordinate system (s, 6, n), shown in Fig. 1, is used. The cone 
half-angle is denoted by X and the nondimensional mass 
throughflow rate (which may be zero) is denoted by Cq. 
Throughout this paper, the flow is assumed to be turbulent 
and flow variables are assumed to have been averaged over a 
suitably large time scale, so that they denote turbulent mean 
quantities. The components of velocity are denoted by {u, v, 
w), the pressure by p, and the density by p. 

The flow pattern shown in Fig. 1 is postulated assuming that 
the flow develops in a similar way to that in rotor-stator disk 
systems. The pattern occurring in rotor-stator disk systems 
has been confirmed by experimental work (see, for example, 
Daily and Nece, 1960; Daily et al., 1964) and by finite differ
ence results (see, for example, Chew and Vaughan, 1988). In 
the "source" region, fluid is entrained into a boundary layer 

outer shroud 

stationary cone 

Fig. 1 Postulated flow pattern in rotor-stator cone system (—>— 
typical streamline, boundary layer edge) 

on the rotor; any flow on the stator up to this point is neglected. 
Outside the source region fluid is "centrifuged" radially out
ward in a boundary layer on the rotor and radially inward 
along the stator. Flow is channeled into the stator boundary 
layer through a boundary layer on the shroud. Between these 
boundary layers there is a core where there is a weak axial 
velocity toward the rotor and negligible radial velocity. The 
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flow throughout the cavity is assumed to be incompressible, 
steady, and axisymmetric and the flow external to the boundary 
layers in both the source region and the core region will be 
treated as inviscid. 

The application of boundary layer assumptions to the Na
vier-Stokes equations for the conical geometry is similar to 
that for disk systems but requires the additional assumption 

s sin \ » n cos X. (1) 
The physical interpretation of this assumption is that the change 
in radius across the boundary layer is small compared with the 
local radius. May (1990) has confirmed numerically that this 
assumption is appropriate for the conditions considered here. 

Applying the usual boundary layer assumptions, along with 
the above assumption, to the Reynolds-averaged Navier-Stokes 
equations, the following boundary layer equations are ob
tained: 

1 3 , , 1 3 , , n -—(pni) + -—(prw) = 0, 
r ds r an 

(2) 

1 d 1 d pv dp 1 d 
-{pru ) + - —(pruw) - — sin X + — = - —(rTs„), (3) 

r as r on r ds r on 

?^UV)+-rYniprWV)^?Yni^")' 

dp 

dn 
= 0. 

(4) 

(5) 

The shear stresses TS„ and T9„ in these equations represent the 
sum of the laminar and Reynolds stresses. 

2.2 Rotor Boundary Layer. The velocity profiles and sur
face shear stress formulae used for the rotor boundary layer 
at n = 0 are the following generalizations of those used by 
von Karman: 

v{s, n) = v(s) - (v(s) - v0(s))[l - (n/S)u\ 
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In Eqs. (6)-(9), 5 is the boundary layer thickness, v is the 
kinematic viscosity, the subscript 0 denotes wall value, and the 
overbar represents values at the boundary layer edge. 

Using Eqs. (6)-(9), Eqs. (2)-(5) may be integrated from n 
= 0 to n = 5 and the resulting equations combined to give 
two momentum integral equations. These two equations, when 
nondimensionalized by the substitutions 
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Here Y\ = u^iX3 and Y2 = S^x. The constants /] to I5 in Eqs. 
(11) and (12) arise from the integration of the power law ve
locity profiles and are given by I\ = 49/120, I2 = 1/8, 73 = 
49/720, U = 343/1656, and 75 = 1/36. It may be noted that 
Eqs. (11) and (12)', and their initial conditions (see Section 2.5), 
are independent of X, and so their solutions are also inde
pendent of cone half angle. However, as will be seen from 
results presented in Section 4, the validity of the assumptions 
underlying the equations may well depend on cone half-angle 
X. 

2.3 Stator Boundary Layer. The equations describing the 
flow in the stator boundary layer are the same as those derived 
by Chew (1991) for rotor-stator disk systems. This model is 
based on finite difference predictions for a disk system, which 
show that the tangential velocity profile (Eq. (6) with v0 = 0) 
gives a reasonable representation of the flow on the stator, 
whereas the ^-velocity profile (Eq. (7)) gives a poor represen
tation. In a further finite difference study (May, 1990) it was 
shown that the conclusions for the disk system also applied to 
rotor-stator cone systems with X as small as 15 deg. As in the 
disk flow work the following equations are used for the stator 
boundary layer: 
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where I\ = Iit I\ = / 3 /2 and the superscript s denotes eval
uation for the stator boundary layer. Equation (14) expresses 
conservation of angular momentum. Equation (13) is based 
on an examination of finite difference predictions, which 
showed that the velocity vector of the flow close to the stator 
surface is at an angle of about 20 deg to the tangential direction. 
However, as described by May (1990), the value of the limiting 
flow angle becomes more erratic for cases with throughflow 
and the assumption that it is always 20 deg becomes ques
tionable. In an attempt to avoid the use of the limiting flow 
angle, momentum integral equations were derived by May 
(1990) using radial and tangential velocity profiles that more 
closely match the finite difference results. However, the equa
tions were more complex than Eq. (14) and the results obtained 
did not show sufficient improvement to justify their use. 

2.4 Shroud Treatment. The shroud channels fluid from 
the rotor boundary layer into the stator boundary layer, as 
shown in Fig. 1. Constant mass flow rate (mb) and friction 
factor, F, are assumed in this thin layer, as in the disk flow 
model. Conservation of angular momentum in the shroud layer 
then gives the equation 

mb4£ = 2*b?PVl (15) 

where Vb is the bulk tangential velocity and z = n sin X ^ 
s cos X. Equation (15) may be integrated directly to obtain Vs 

at x = 1 from the rotor boundary layer solution at x = 1. 

2.5 Solution Method. The solutions of the boundary layer 
equations for the rotor and stator are coupled through the 
shroud boundary layer and the inviscid flow region. The or
dinary differential Eqs. (11), (12), and (14) were solved using 

550/Vol . 116, JULY 1994 Transactions of the ASME Downloaded From: https://turbomachinery.asmedigitalcollection.asme.org on 06/29/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



a variable order, variable step-length Numerical Algorithms 
Group (NAG) library routine for the solution of a stiff system 
of ordinary differential equations. 

In_the source region, between r = a and_r = re, (see Fig. 
1), V(x) is given by the free vortex relation rV = const, which 
expresses conservation of angular momentum external to the 
rotor boundary layer. Equations (11) and (12) are then inte
grated from x = a/b to find Y\ and Y2. The initial conditions 
for Y{ and Y2 are Yx = Y2 = 0 at x - a/b, corresponding to 
zero mass flow rate and zero boundary layer thickness. In 
practice, to avoid singularities in Eqs. (11) and (12), Yx and 
Y2 were given initial values of 10"10. The end of the source 
region is defined as the point at which all the inlet throughflow 
has been entrained into the rotor boundary layer. Any bound
ary layer flow on the stator in the source region is neglected. 

In the core region, it is assumed that both the radial velocity 
component_and the_axial gradient of tangential velocity are 
zero (i.e., V(x) = Vix)) in the inviscid region between the 
boundary layers. An iterative solution procedure is used to 
find solutions to Eqs. (11), (12), and (14), which_satisfy con
servation of mass within the cavity. The velocity V{x) is spec
ified at Appoints xt (i = 1, . . . , N), equally spaced (radially) 
in the core region with X\ = re/b and xN = 1. A cubic spline 
curve fit is then used to interpolate V(x) between these points. 
Using a specified V distribution, the rotor equations may be 
solved from x = re/b to x = 1, using the solutions from the 
end of the source region as initial conditions. From a mass 
balance at x = 1, initial conditions may be obtained for the 
stator equation, which is then solved from x = 1 to x = rj 
b. The solutions thus obtained are then fed into mass balance 
equations at each radial location, giving rise to a set of (N -
1) nonlinear simultaneous equations of the form 

Fi(V)=LzI1: 
- Cq/(2irll Re4/5) 

0, «=1, , (JV- 1). 

(16) 

A final equation at x = 1 is obtained from the shroud con
dition: 

FN(V)--
V(l) 

= 0. (17) 

The V distribution is updated iteratively as described below 
and the solution procedure is repeated until max \F;( V) I < T, 
where T is a tolerance which, from numerical experiments, 
was given a value of 0.01. _ 

Several schemes were tried to update the Vdistribution. The 
best scheme in terms ofjpeed and robustness was found to be 
one where the values of V(x,) for they'th iteration are calculated 
from 

VJ(*,-) =VJ~l(*,) +uVJ~l(x,)F,( V). (18) 

In Eq. (18) co is an underrelaxation factor, which is normally 
taken to be 0.5. 

A typical run took about 30 iterations to converge and used 
about 30 seconds processing time on a Prime 6350 computer. 
Numerical experiments showed that a value of N = 10 was 
sufficient to give grid-independent solutions. This solution 
scheme is significantly faster than that used by Chew (1991), 
in which a linear variation of V between radial stations was 
assumed and the resulting equations were solved using a library 
routine for simultaneous nonlinear equations. 

3 The Finite Difference Method 
The finite difference code used in this work is a modified 

version of that written by Vaughan et al. (1989) to investigate 
flows in rotating disk systems. The modifications involved 
"tilting" the original plane disk cavity through an arbitrary 

stator 

Fig. 2 Solution domain for the tilted rotating cavity 

angle, X, to produce the computational domain shown in Fig. 
2. 

3.1 Governing Equat ions and Turbulence Mode l . F o r 
steady, axisymmetric flow, the Reynolds-averaged continuity 
and momentum equations may be written in terms of the (s, 
6, n) coordinate system as 

—(pru) + -—(prw) = 0, 
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where $ = u, v, or w. The density is assumed to be constant 
for the present studies. The source terms S$ for the u, v, and 
w momentum equations are given by 
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r ds Her 
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Jn - 2 - j cos X(M sin X+ w cos X). (23) 

The system of Eqs. (19)-(23) is closed using a mixing-length 
turbulence model as described by Chew and Vaughan (1988). 
Briefly, p.e is calculated as the sum of the laminar viscosity, p., 
and a turbulent viscosity, \x,t. The turbulent viscosity is cal
culated from 

Hi = pl 
dup 

dx„ + \r dx„ \r 
(24) 

where / is the mixing length, up is the velocity component 
parallel to the boundary surface in the s, n plane, and X/, is 
the direction normal to the surface. Close to the wall, 

/ = 0 . 4 2 x „ [ l - e x p ( -xn{pTw)W2/{26ix)}], 
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where rw is the wall shear stress, and elsewhere / = 0.0855. 
The influence of rotation on mixing length is accounted for 
by use of a Richardson number correction, as described by 
Koosinlin et al. (1974) and Chew and Vaughan (1988). 

3.2 Numerical Method. The derivation of the finite dif
ference equations from Eqs. (19)-(24) follows the finite volume 
approach of Patankar (1980) using "hybrid" differencing for 
the convective terms. An iterative, nonlinear, multigrid method 
is used to solve the equations on a staggered nonuniform rec
tangular mesh. The continuity Eq. (19) is used to derive a 
pressure correction equation following the SIMPLEC for
mulation of van Doormal and Raithby (1984). Due to the 
nonlinearity of the equations, underrelaxation factors are used 
for the three velocity components, pressure, turbulent viscos
ity, and multigrid corrections. 

An additional damping term was included in the radial mo
mentum equation for disk flows by Vaughan et al. (1989). This 
approach was extended here to both the u and w momentum 
equations. For further details of the numerical scheme, see 
Vaughan et al. 

A typical run performed on a 65 x 65 grid took about three 
hours processing time on a Prime 6350. 

4 Results 
In this section, the moment coefficients Cm, predicted by 

the integral method of Section 2 and by the finite difference 
method of Section 3, will be compared with experimental data. 
The experimental data are those of Yamada and Ito (1975, 

1979) who considered the effects of gap width, d/b, Reynolds 
number, Re (where Re = Re9 sin X) and throughflow rate, 
Cq, on Cm for rotor-stator cone systems with X = 15, 30, 45, 
60, 75, and 90 deg. In addition the data of Bilgen and Boulos 
(1973) are used to compare the moment coefficient predicted 
by the finite difference program for a rotor-stator cylinder 
system (i.e., X = 0 deg). 

The effect of cone half-angle on moment coefficient is shown 
in Figs. 3(tf-/), for Cq = 0, where d/b decreases from 0.24 in 
Fig. 3(a) to 0.008 in Fig. 3(f). Figures 3(«-e) show excellent 
agreement between the predictions of the integral method and 
experiment for X > 60 deg, the relative error always being less 
than 5 percent. From the same figures it can be seen that the 
agreement between the integral method predictions and ex
periment is poor for X < 45 deg, where it is clear that the 
integral method is not reproducing the experimental trend. In 
Fig. 3(f), the agreement is poor for all X, which can be ex
plained by the experimentally observed fact that for such a 
small gap width the rotor and stator boundary layers are 
merged. The finite difference predictions shown in Figs. 3(a-
b) do not show any overall improvement over those of the 
integral method, the dependence of Cm on X being similar to 
that predicted by the integral method. (The differences between 
the finite difference and integral method results for X > 60 
deg may, in part, be attributed to the influence of the different 
solution domains near the outer shroud.) 

It is clear from Figs. 3(a-f) that the experimental trend of 
the Cm versus X curves is not well predicted over part of the 
range of X considered. This may be due to a change in secondary 
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Fig. 3 Comparison of predicted moment coefficients with the data of Yamada and Ito (1975): C, = 0, alb = 0, Re = 106 (0 data, finite 
difference, integral method) 
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Fig. 4 Streamline predictions lor zero throughflow: (a)-(c): dlb = 0.16, 
alb = 0, Re = 106; (d): dlb = 0.208, tlb = 0.59, Re = 6.6 x 106 

( axis of rotation) 

flow pattern, which is not predicted by the theoretical methods 
used in this work, occurring at smaller cone half angles. From 
visual flow studies, Yamada and Ito (1975) report that when 
X > 60 deg, any secondary flow will always be of the large-
scale "disk-type" as assumed in the integral method. However, 
for X < 45 deg, these authors observe that the secondary flow 
may consist of both the disk-type flow and "Taylor-type" 
vortices similar to those known to occur in rotor-stator cylinder 
systems. According to Yamada and Ito, the presence of these 
vortices, which may be nonaxisymmetric and unsteady, causes 
an increase in Cm, which would explain the experimental trends 
shown in Figs. 3(«-/). While it is clear that the theoretical 
models cannot be expected to capture large-scale three-dimen
sional and unsteady effects, it should be noted that there are 
other assumptions underlying the two models, which might be 
questioned at low values of X. These are, first, the assumed 
forms of the velocity profiles and shear stress laws for the 
integral method and, second, the mixing-length turbulence 
model for the finite difference method. 

Typical predicted streamline plots obtained from the finite 
difference method, for cases in which there is no throughflow, 
are shown in Figs. 4(a-d). Figures 4(«-c) show that the pre
dicted secondary flow is similar to that assumed in the integral 
method (Fig. 1) and that the Taylor-type vortices reported in 
experiments are not predicted. However, Fig. 4(d) shows that 
for a rotor-stator cylinder case (X = 0 deg, Ree = 6.6 x 106, 
d/b = 0.208, t/b = 0.59), the finite difference method predicts 
two distinct vortices in the secondary flow. For this case the 
predicted moment coefficient (Cm') of 2.50 x 10-3 compares 
well with the value of 2.59 x 10~3 given by the empirical 
correlation of Bilgen and Boulos (1973). Of course, it should 
not be assumed that the finite difference method predicts the 
correct velocity field for X = 0, but the level of agreement 
between the moment coefficients is certainly encouraging. 

The effect of Reynolds number on Cm is shown in Figs. 
5(a-c). As is to be expected from the above discussion, the 
agreement between prediction and measurement for X = 30 
deg shown in Fig. 5(c) is generally poor. Figures 5(a) and 5(b) 
show good agreement between the integral method predictions 
and measurement for Re > 2 x 105. While the results of the 
integral method and finite difference method agree closely at 
high Reynolds numbers there is some discrepancy as the Reyn
olds number decreases. A slight overprediction of moment 
coefficient at low Reynolds numbers using the present mixing-
length turbulence model is consistent with earlier disk cavity 
studies. 

The effect of throughflow rate, Cq, on Cm is shown in Figs. 
6(a-c). The figures show that the agreement between theory 
and experiment generally improves a little as the throughflow 
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Fig. 5 A comparison of predicted moment coefficients with the data 
of Yamada and Ito (1975): Cq = 0, alb = 0, dip = 0.8 (o data; — finite 
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rate is increased. This is, perhaps, to be expected from the 
results of Yamada and Ito (1979) who found that if, for a 
particular case with no throughflow, Taylor-type vortices were 
expected in the secondary flow, then the application of 
throughflow suppresses their formation. 

5 Conclusions 
The following conclusions may be drawn from the present 

study of rotor-stator cone systems: 
(0 For systems where X > 60 deg, the integral method 

moment coefficient predictions are in excellent agreement with 
experiment. The finite difference predictions are in good agree
ment and discrepancies for X = 60 deg and X = 75 deg may 
be attributable to differences between the geometry of the 
experimental apparatus and the numerical solution domain. 

(if) The experimentally measured increase in moment coef
ficient as X decreases is not reproduced by either predictive 
method. This discrepancy may be due to Taylor-type vortices 
being present in the flow, which are not predicted by the finite 
difference method because they are nonaxisymmetric and/or 
unsteady. For 15 deg < X < 45 the finite difference predictions 
for moment coefficient are closer to the measured values than 
those of the integral method but, over the full range of values 
of X considered, the performance of both methods is similar. 

(Hi) The finite difference method predicts the same sec
ondary flow pattern as assumed in the integral method for 
conical systems where X > 15 deg. The finite difference results 
also indicate that the assumptions made in the stator model, 
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originally for rotor-stator disk systems, may be generalized to 
conical systems. For the limiting case of a rotating cylinder (X 
= 0 deg) the flow structure is quite different. For this case, 
moment coefficient predictions from the finite difference 
method are in good agreement with experiment. 

(iv) In addition to providing accurate predictions for X > 
60 deg, the speed of the integral method should be stressed. 
Comparing a typical computer processing time of tens of sec
onds with the several hours taken by the finite difference method 
shows that the integral method does provide an attractive de
sign aid. 
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