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Fig. 1 Two-layered shell subjected to impulsive load 
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The variables along the impulsive leading wave are now de
termined and the remainder solution domain is integrated by 
the characteristics finite-difference technique. 

An Initial Boundary-Value Problem 

An initial boundary-value problem is considered whore the 
developed scheme is demonstrated. The problem consists of a 
two-layered cylindrical membrane shell subjected to an im
pulsive axisymmetric load applied at one end of the finite shell, 
Fig. 1. The applied load is an exponential overpressure and is 
presented in the following'dimensionless form: 

Nx = NXoc^Rr/Gi^ 

where NXa is the peak magnitude taken to be unity and ^ is a 
damping factor taken to be 105 1/sec for this example. The 
dimensionless length of the first layer is taken to be 0.5 and the 
second layer is 0.125 long. Material properties are as follows: 
pi = p% = 2.4 X 10-* lb-sec2/in.4, Ghl = 2.45 X 106 ips, vi = 
Vs, Vi = 7o, Ei = 12.8 X 106 psi, Ei = 3.5 X 106 psi, and R = 
24.5 in. Time integration increment is taken to be AT = 0.01. 

Conclusions and Results 

The study presented a method for the solution of impulsive 
stress wave-propagation problems in layered shells. A two-
layered shell impacted by a longitudinal axisymmetric load was 
solved in detail. By examining the results, Fig. 2, it can be seen 
that the influence of the second layer in the shell on its deforma
tion is as follows: as the leading compression wave approaches 
the interface at r just < 0.5, Nx = 1. Upon its arrival at the 
interface (r = 0.5, x = 0.5) Nx = 2/3. Therefore, the refracted 
leading wave at r > 0.5 propagates into the second layer of the 
smaller impedance as a compression wave, but with a smaller 
amplitude in Nx. The reflected wave a t r > 0.5 propagates 
into the first layer as a tension wave having a smaller amplitude 
in AT

X than in the second layer. These events can be observed 
in Fig. 1, at T = 0.75. I t was also found tha t the radial particle 
velocity W is amplified largely at the interface only, due to the 
Love wave phenomenon which readily revealed itself through 
the presented method. 

References 
1 Berkowitz, II. M., "Longitudinal Impact of a Semi-Infinite 

Elastic Cylindrical Shell," JOURNAL OF APPLIED MECHANICS, Vol. 
30, No. 3, TRANS. ASME, Vol. 85, Series E, Sept. 1963, pp. 345-355. 

2 Chou, P. C , and Gordon, P. F., "Radial Propagation of Axial 
Shear Waves in Nonhomogeneous Elastic Media," Journal of the 
Acoustical Society of America, Vol. 42, No. 1, 1967, pp. 36-41. 

3 Spillers, W. R., "Wave Propagation in a Thin Cylindrical 
Shell," JOURNAL OF APPLIED MECHANICS, Vol. 32, No. 2, TRANS. 
ASME, Vol. 87, Series E, June 1965, pp. 346-350. 

4 Chou, I3. C , "Analysis of Axially Symmetric Motions of 

Fig. 2 Longitudinal stress resultant Nx at times T = 0.5, T = 0.75, and 
1 

Cylindrical Shells by the Method of Characteristics," AIAA Journal, 
Vol. 6, No. 8, 1968, pp. 1492-1497. 

5 Jahsman, W. E., "Propagation of Abrupt Circular Wave 
Fronts in Elastic Sheets and Plates," Proceedings of the 3rd U. S. 
National Congress of Applied Mechanics, 1958, pp. 195-202. 

6 Tapley, B. D., "The Propagation of Plastic Waves in Finite 
Specimens of a Strain-Rate-Dependent Material," Proceedings of the 
4th U. S. National Congress of Applied Mechanics, 1962, pp. 1137-
1146. 

7 King, W. W., "Axial Impact of an Elastic Conical Membrane," 
JOURNAL OF APPLIED MECHANICS, Vol. 34, No. 2, TRANS. ASME, 
Vol. 89, Series E, June 1967, pp. 496-497. 

8 Chou, P. C , and Mortimer, R. W., "Solution of One-Dimen
sional Elastic Wave Problems by the Method of Characteristics," 
JOURNAL OF APPLIED MECHANICS, Vol. 34, No. 3, TRANS. ASME, 
Vol. 89, Series E, Sept. 1967, pp. 745-750. 

9 Mortimer, R. W., Rose, J. L., and Blum, A., "Longitudinal 
Impact of Cylindrical Shells With Discontinuous Cross-Sectional 
Area," JOURNAL OF APPLIED MECHANICS, Vol. 39, No. 4, TRANS. 
ASME, Vol. 94, Series E, Dec. 1972, pp. 1005-1010. 

Shear Correction Factors for Orthotropic 
Laminates Under Static Load1 

J. M . WHITNEY2 

Introduction 
BECAUSE of the increasing use of fiber-reinforced composites, 

their is considerable interest in laminated anisotropic plate 
analysis. Theories which include the effects of transverse shear 
deformation [1, 2],3 as well as bending-extensional coupling ef
fects, follow the basic approach used by Mindlin [3] for homoge
neous plates, including the use of a shear correction factor k. In 
the work of Yang, Norris, and Stavsky [1], the k factor is deter
mined from dynamic considerations. There are indications, 
however, tha t k factors calculated in this manner may not yield 
the closest approximation to the exact solution for laminates 
subjected to static loading [4]. This is due to the fact that the 
transverse shear stresses for static bending of laminated plates 
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the Nonmetallic Materials Division, Air Force Materials Laboratory, 
Wright-Patterson Air Force Base, Ohio. 
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Nonmetallic Materials Division, Air Force Materials Laboratory, 
Wright-Patterson AFB, Ohio. Mem. ASME. 

3 Numbers in brackets designate References at end of Note. 
Manuscript received by ASME Applied Mechanics Division, July 

1972. 

302 / M A R C H 1973 Transactions of the ASME Copyright © 1973 by ASMEDownloaded From: https://appliedmechanics.asmedigitalcollection.asme.org on 06/29/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use
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ore nearly parabolic [5], even at span-to-thickness ratios as small 
four, while in the dynamic case the presence of inertia forces 

can induce a more complicated shear distribution,. especially at 
intermediate or short wavelengths [4, 6]. In addition, practical 
laminates often consist of many plies in which the fiber direction 
varies from layer to layer. Thus it is desirable to t reat an ap- ~\fi 
nroach which does not require an exact solution, as they become 
vevy cumbersome for laminates with many layers. 

Chow [7] applied two k factors, kt associated with yxl and 7c2 

associated with y,/z, to symmetric laminates having an ortho-
tropic axis of symmetry in each ply parallel to the z-axis of the 
plate. A procedure which follows the approach of Reissher [8] 
for homogeneous isotropic plates is used to determine numerical 
values for the k factors. Chow's work does not, however, include 
an assessment of the validity of the proposed approach. 

In this Note the procedure of Chow is extended to orthotropic 
laminates of nonsymmetric construction, and the accuracy of the 
approach is demonstrated by comparing the static bending solu
tion for various laminated plates to solutions obtained by satisfy
ing exact theory of elasticity in each ply as well as the interface 
continuity conditions. Numerical results show the values of &i2, 
and fo2 depend on detailed laminate construction. Significant 
difference between kx

2 and 7c2
2 is also noted for symmetric lami

nates. 

Determination of t i 2 and <r2
2 

Denoting partial differentiation by a comma, the shear con
stitutive relations of reference [2] for orthotropic laminates take 
the form where 
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conditions and the requirement tha t T M ' S vanish on the bottom 
surface of the plate. Vanishing of T M on the upper surface is 
then assured by the governing equations of the laminated plate 
theory. 

The strain-energy density for each ply becomes 

2V> = g™(z)Qx (6) 

g'"(z) = &"• am + 
2D 

(2Bn - AnZ) 

whore Qx and Qv are shear resultants defined in the usual manner, 
and 

/

h/2 

-h/2 

An = Cudz 
•h/2 

The kinematic variables w and I/'; are plate deflections and rota" 
tions, respectively, while Cn are ply shear stiffnesses. Since the 
procedure to determining 7ci2 and 7c2

2 is the same, a detailed dis
cussion of ki2 is sufficient. 

Consider an orthotropic laminate subjected to the sta,tic 
cylindrical bending conditions 

tf> = \p„ = 0, u(x), i/>z = rj/x(.x), w = w(x) (2) 

where u" and v" axe the midplane displacements in the x, ?/-direc-
tions, respectively. According to the theory developed in 
reference [2] 

- 0 n m 

D 
(Bn - Auz)Qx (3) 

where 

D = ( Z M „ - Z V ) 

••h/2 

(An, Bii, Du) = 
/ : 

Qnm(l, z, z*)de 
h/2 

and Qu
m is a plane stress reduced stiffness of the mth layer. 

Equation (3) in conjunction with the equilibrium equation of 
elasticity 

+ TW>» = 0 (4) 

yields the result 

T**'» = — [o» + Qu'»z(2Bu - Auz)} Qx (5) 

where am's are constants determined from interface continuity 

and jS6r."' is the shear compliance. Integrating equation (6) 
across the plate thickness, and equating the result to an analogous 
expression obtained from the constitutive relations, equation (1) 
yields 

h' 
r ph/2 

L J -h/2 

n(z)dz (7) 

For symmetric laminates, Blt = 0, and equation (7) reduces to 
results obtained by Chow [7j. For homogeneous plates ki2 = 
5/6, the classic value determined by Reissnei' [8]. 

Numerical Examples 

. To illustrate the accuracy of the proposed procedure, consider 
a rectangular orthotropic laminate of dimensions a, b having 
simply supported edge conditions, and subjected to the surface 

load p 
wx 7n/ 

Pt> sm — sin — • 
a b 

The laminated plate solution is found 

in reference [2] and the exact elasticity solution in reference [5]. 
Numerical results for the maximum midplane deflection of a 
graphite/epoxy laminate are shown in Fig. 1, where each ply has 
the following unidirectional properties: 

EL = 25 X 106 psi, ET = iO6 psi, VLT = 0.25, 

0LT = 0.5 X 10° psi, OTT = 0.2 X 10« psi 

where L signifies the direction parallel to the fibers, T the trans
verse direction, and VLT is Poisson's ratio measuring strain in the 
transverse direction in the presence of Uniaxial normal stress 
parallel to the fibers. Both a 4-layer symmetric and a 2-layer 
unsymmetric square plate are considered. Orientation of the 
fibers in each layer relative to the a>axis of the plate is indicated. 
The deflections are normalized by solutions obtained from 
laminated plate theory with transverse shear deformation 
neglected (CPT). Exact elasticity solutions (ES) are indicated 
by the dots. For the two-ply laminate /d2 = fc2

2 = 0.8212, and 
for the four-ply laminate V = 0.5952 and V = 0.7205. 
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To provide a more severe test for the proposed method of de
termining the shear correction factors, a sandwhich plate (SW) 
is also considered in Fig. 1. The face sheets are unidirectional 
graphite/epoxy oriented at 0 deg with respect to the z-axis and 
have a thickness of ft/10. The core properties are as follows: 

Exx = Evy = 0.04 X 10« p s i j E„ = 0.5 X 10« psi, 

Gt, = Gy, = 0.06 X 106 psi, Gxy = 0.016 X 10" psi, 

Vtx = Vzy = Vxy = 0.25 

In addition, W = 0.4008 and fe2 = 0.6915. Excellent agree
ment is obtained between the laminated plate theory and the 
exact elasticity solution for all three examples shown in Fig. 1. 

Acknowledgment 

The author wishes to acknowledge Prof. C. T. Sun of Purdue 
University for his helpful comments concerning this work. 

References 
1 Yang, P. C , Norris, C. H., and Stavsky, Y., "Elastic Wave 

Propagation in Heterogeneous Plates," International Journal of 
Solids and Structures, Vol. 2, 1966, pp. 665-684. 

2 Whitney, J. M., and Pagano, N. J., "Shear Deformation in 
Heterogeneous Anisotropic Plates," JOURNAL or APPLIED M E 
CHANICS, Vol. 37, No. 4, TRANS. ASME, Vol. 92, Series E, Dec. 1970, 
pp.1031-1036. 

3 Mindlin, R. D., "Influence of Rotatory Inertia and Shear on 
Flexural Motions of Isotropic, Elastic Plates," JOURNAL OF APPLIED 
MECHANICS, Vol. 18, No. 1, TRANS. ASME, Vol. 73, Mar. 1951, pp. 
31-38. 

4 Kulkarni, S. V., and Pagano, N. J., "Dynamic Characteristics of 
Composite Laminates," Journal of Sound and Vibrations, Vol. 23, No. 
1, 1972, pp. 127-143. 

5 Pagano, N. J., "Exact Solutions for Rectangular Bidirectional 
Composites and Sandwich Plates," Journal of Composite Materials, 
Vol. 4, No. 1, Jan. 1970, pp. 20-34. 

6 Jones, A. T., "Exact Natural Frequencies for Cross-Ply Lami
nates," Journal of Composite Materials, Vol. 4, No. 4, Oct. 1970, pp. 
476-492. 

7 Chow, T. S., "On the Propagation of Flexural Waves in an 
Orthotropic Laminated Plate and Its Response to an Impulsive 
Load," Journal of Composite Materials, Vol. 5, No. 3, July 1971, pp. 
306-319. 

8 Reissner, E., "The Effect of Transverse Shear Deformation on 
the Bending Elastic Plates," JOURNAL OP APPLIED MECHANICS, Vol. 
12, No. 2, TRANS. ASME, Vol. 67, June 1945, pp. A-69-77. 

Liapunov Functional for a Rectangular, 
Nonuniform Density Membrane 

M . W. D I X O N 1 

The question of stability of equilibrium of a general rectangular, 
nonuniform density membrane adjacent to a supersonic airstream 
arbitrarily directed with respect to the edges of the membrane is con
sidered using the direct method of Liapunov. The governing equa
tion of the system, derived using piston theory, is used with the de
veloped Liapunov functional to show that the equilibrium of the 
system is stable in the absence of structural damping, or for structural 
damping of a certain form. 

Introduction 

ASHLEY and Zartarian [I] 2 showed by solving the equation of 
motion developed using piston theory tha t the equilibrium con
figuration of the uniform density membrane of finite length and 
infinite width adjacent to a supersonic airstream flowing parallel 
to the length is stable when structural damping is not present. 

1 Assistant Professor, Mechanical Engineering Department, 
Clemson University, Clemson S. C. Mem. ASME. 

2 Numbers in brackets designate References at end of Note. 
Manuscript received by ASME Applied Mechanics Division, 

June, 1972; final revision, October, 1972. 

Here the stability of equilibrium of the general rectangular 

nonuniform density membrane adjacent to a supersonic airstream 
flowing in a arbitrary direction with respect to the edges of the 
membrane will be studied using Liapunov's direct method 
The membrane, considered as a distributed parameter system 
will be studied with and without structural damping. 

There are two main problem areas in the application of Lia_ 
punov's direct method to distributed parameter systems. First 
there is the problem of creating a theoretical basis which is com
parable to that now existing for discrete systems. The second 
problem area is the actual development of specific Liapunov 
functionals for specific problems. This is in many ways the 
more difficult problem and has never been fully solved even for 
discrete systems. The area of concern here is the development 
of a Liapunov functional to be \ised with the equation of motion 
of the membrane and the existing theoretical basis to reach con
clusions as to the stability of equilibrium of the membrane. 

Statement of Problem 

If a nonuniform density membrane, adjacent to a supersonic 
airstream which is arbitrarily directed with respect to the edges 
of the membrane, is tightly stretched such that the variation in 
tension with lateral displacement is negligible, its equation of 
motion becomes 

y + Cy + Ky = 0, y G Y <=• H, (l) 

where y = Dy/Ht, y SH Wy/U\ C = (C + |U| pJM)/p(xh x,), 
and Ky = -\(T/p{x1, x2))Vhj - p„|U| (u&y + «*£>*?/)/[Mpf.*,, 
£2)]}. G is the differential operator in the spatial coordinates 
representing the structural damping, u\ and u% are the components 
of the free-stream velocity U in the X\ and .^-directions respec
tively, di = d/dxi and £>i = d/dxz, p„ is free-stream density of 
the air, and M is the Mach number. T > et > 0 and p(xh xt) > 
62 > 0 are, respectively, the constant tension and variable density 
of the membrane. For simplicity, — p<„|U|(widij/ + u*itey)/ 
Mp(.-Ci, Xi) will be written as d • Vy, i.e., 

d - V ? / = —Pco|U|(Mic)i?y + uidiy)/[Mp(xi, xi)]. 

Defining the orthogonal axes X\ and x?. to be directed along any 
pair of orthogonal edges of the rectangular membrane yield the 
following boundary conditions: 

3/(0, Xi) = 1/(0, xi) = y(x,, 0) = y{xib) = 0 

where a and 6 are the dimensions of the membrane. Y is defined 
by the boundary conditions and appropriate smoothness condi
tions, and H is defined to be the real Hilbert space. 

Candidates for Energylike Liapunov Functionals 
I t should be noted tha t 6-Vy is circulatory [2] therefore, an 

energy functional does not exist for this system. Energy like 
candidates for Liapunov functionals, called F-candidates, will 
now be generated using methods recently developed [3, 4]. For 
ease of writing 

A = -TeR"[dle-K" cH + bte-** d2]eR * - Xp(xh .T2)BR'X 

and 

B EEE e~R'"/p(xi, xi) 

where B is defined on Y and maps Y into the range of B, B11, "-'"J 
A is defined on RB and maps Rn into H. Y c RB. R • x == p„|U| 
{u\Xi -+- Uix%)/{TM) and X is an arbitrary scalar constant. 

F-candidates, Vi and Vi, are found to be 

V, = I I (yB-h) + yB-iKyWxdxz V.V&Y (Z) 

J o Jo 

and 
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