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Fig. 1 Two-layered shell subjected to impulsive load

(W} =0 (9)

[N:] = —alU], (10)

[Not] = vi?[Ns], (11)
and

[Ne2] = we[N]. (12)

The variables along the impulsive leading wave are now de-
termined and the remainder solution domain is integrated by
the characteristics finite-difference technique.

An Initial Boundary-Value Problem

An initial boundary-value problem is considered where the
developed scheme is demonstrated. The problem consists of a
two-layered cylindrical membrane shell subjected to an im-
pulsive axisymmetric load applied at one end of the finite shell,
Fig. 1. The applied load is an exponential overpressure and is
presented in the following 'dimensionless form:

N, = ]\7100~~PR7/(¥1,l

where N, is the peak magnitude taken to be unity and ¢ is a
damping factor taken to be 105 1/sec for this example. The
dimensionless length of the first layer is taken to be 0.5 and the
second layer is 0.125 long. Material properties are as follows:
pr = p2 = 2.4 X 1074 lb-sec?/in.%, G, = 2.45 X 108 ips, vy =
s, ve = /g By = 12.8 X 108 psi, By = 3.5 X 108 psi, and B =
24.5 in. Time integration increment is taken to be dr = 0.01.

Conclusions and Results

The study presented a method for the solution of impulsive
stress wave-propagation problems in layered shells. A two-
layered shell impacted by a longitudinal axisymmetric load was
solved in detail. By examining the results, Fig. 2, it can be seen
that the influence of the second layer in the shell on its deforma-
tion is as follows: as the leading compression wave approaches
the interface at 7 just < 0.5, N, = 1. Upon its arrival at the
interface (r = 0.5,z = 0.3) N, = 2/;. Therefore, the refracted
leading wave at 7 > 0.5 propagates inlo the second layer of the
smaller impedance as a compression wave, but with a smaller
amplitude in N,. The reflected wave at 7 > 0.5 propagates
into the first layer as a tension wave having a smaller amplitude
in N, than in the second layer. These events can be observed
in Fig. 1, at 7 = 0.75. It was also found that the vadial particle
velocity W is amplified largely atl the interface only, due to the
Love wave phenomenon which readily revealed itself through
the presented method.

References

1 Berkowitz, II. M., “Longitudinal Impact of a Semi-Infinite
Elastic Cylindrical Shell,” JournaL or Appriep MEcHANICS, Vol.
30, No. 3, Trans. ASME, Vol. 85, Series E, Sept. 1963, pp. 345-355.

2 Chouy, P. C., and Gordon, P. F., “Radial Propagation of Axial
Shear Waves in Nonhomogeneous Elastic Media,” Journal of the
Acoustical Soctety of America, Vol. 42, No. 1, 1967, pp. 36-41.

3 Spillers, W. R., “Wave Propagation in a Thin Cylindrical
Shell,”” JournaL oF AppPLiED MEcHANICS, Vol. 32, No. 2, TraNS.
ASME, Vol. 87, Series K, June 1965, pp. 346-350.

4 Chou, P. C., “Analysis of Axially Symmetric Motions of

o 02 03 04

L

~

h
© 1 INTERFACE
a

T
06 0625 X

| stress resul N at times 7 = 0.5, 7 = 0.75, and

Fig. 2 Longitudi

Cylindrical Shells by the Method of Characteristics,” ATAA Journal,
Vol. 6, No. 8, 1968, pp. 1492-1497.

5 Jahsman, W. K., “Propagation of Abrupt Circular Wave
Fronts in Elastic Sheets and Plates,” Proceedings of the 3rd U. S,
National Congress of Applied M echanics, 1958, pp. 195-202,

6 Tapley, B. D., ““The Propagation of Plastic Waves in Finite
Specimens of a Strain-Rate-Dependent Material,”” Proceedings of the
4th U. S. National Congress of Applied Mechanics, 1962, pp. 1137
1146.

7 King, W. W., “Axial Impact of an Elastic Conical Membrane,”
JOURNAL or APPLIED MEcHANICE, Vol. 34, No. 2, Trans. ASME,
Vol. 89, Series B, June 1967, pp. 406-497,

8 Chou, P. C., and Mortimer, R. W., “Solution of One-Dimen-
sional Elastic Wave Problems by the Method of Characteristics,”
JOURNAL oF APPLIED MucHANICS, Vol. 34, No. 3, Trans. ASME,
Vol. 89, Series E, Sept. 1967, pp. 745-750.

9 Mortimer, R. W., Rose, J. L., and Blum, A., “Longitudinal
Impact of Cylindrical Shells With Discontinuous Cross-Sectional
Area,” JournaL or AppLiEp MEcHAWNICS, Vol. 39, No. 4, Trans,
ASME, Vol. 94, Series I, Dec. 1972, pp. 1005-1010.

Shear Correction Factors for Orthotropic
Laminates Under Static Load'

J. M. WHITNEY?

Introduction

Brcause of the increasing use of fiber-reinforced composites,
their is considerable interest in laminated anisotropic plate
analysis. Theories which include the effects of transverse shear
deformation [1, 2],% as well as bending-extensional coupling ef-
fects, follow the basic approach used by Mindlin [3] for homoge-
neous plates, including the use of a shear correction factor k. In
the work of Yang, Norris, and Stavsky [1], the k factor is deter-
mined from dynamic considerations. There are indications,
however, that k factors caleulated in this manner may not yield
the closest approximation to the exact solution for laminates
subjected to static loading [4]. This is due to the fact that the
transverse shear stresses for static bending of laminated plates
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Wright-Patterson Air Force Base, Ohio.
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are nearly parabolic [5], even at span-to-thickness ratics as small
as four, while in the dynamic casé the presence of inertia forces
can induce a more complicated shear distribution, .especially at
inteymediate or short wavelengths [4, 6]. In addition, practical
|aminates often consist of many plies in which the fiber direction
varies from layer to layer. Thus it is desirable to treat an ap-
proach which does not require an exact solition, as they become
very cumbetsorme for laminates with many layers.

Chow [7] applied two k factors, ki associated with .. and k,
associated With vy, to symmetric laminates having an ortho-
tropic axis of symmetry in each ply parallel to the z-axis of the
plate- A procedure which follows the approach of Reissher [8]
for homogeneous isotropic plates is used to determine numerical
values for the k factors. Chow’s work does not, however, include
an assessment of the validity of the proposed approach.

In this Note the procedure of Chow is extended to orthotropic
laminates of nonsymmetric construction, and the accuracy of the
approach is demonstrated by comparing the static bending solu-
tion for various laminated plates to solutions obtained by satisfy-
ing exact theory of elasticity in each ply as well as the interface
continuity conditions. Numerical results show the values of k2,
and ks? depend on detailed laminate construction. Significant
difference between k2 and k,? is also noted for symmetric lami-

nates.

Determination of k2 and k2
Denoting partial differentiation by a comma, the shear con-
stitutive relations of reference [2] for orthotropic laminates take

the form
[Qi' B |:7c12A55 0 } [\I/@ + w‘x:l , .
Q 0 katdull vy + v, @)

where . and @ are shear resultants defined in the usual manner,

and
h/2
Ay = f Cudz
—h/2

The kinematic variables w and ¥; are plate deflections and rota
tions, respectively, while Ci; are ply shear stiffnesses. Since the
procedure to determining k2 and %»? is the same, a detailed dis-
cussion of k,? is sufficient. ,

Consider an orthotropic laminate subjected to the static
eylindrical bending conditions

P =y =0, w=w) (2)

lpz = lpz('fv))

where 29 and ¢° are the midplane displacements in the z, y-direc-
tions, respectively. According to the theory developed in
reference 2]

w® = y(x),

_ = Gn™

Oz,z™ =
D

(Bll - Allz)Qz (3)

where
D = (D'IAII - Bu2)
h/2

(A, By, Dy) = f

—h/2

Oum(Q, 2, 2%)dz

and (™ is a plane stress reduced stiffness of the mth layer.
Equation (3) in conjunction with the equilibrium equation of
elasticity

Ozx™ + Taz..™ = 0 (4)
yields the result

1
T = 2D [a” + Qu”2(2By — Anz)] Q= (5)

where g»’s are constants determined from interface continuity
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conditions and the requirement that 7,.’s vanish on the bottom
surface of the plate. Vanishing of 7., on the upper surface is
then assured by the governing equations of the laminated plate

theory.
The strain-energy density for each ply becomes ‘
2V = gn(2)Q. (6)
where
mz AZ
g (z) = Sp™ [am + QZHD (2B — Anz)]

and Sy™ is the shear compliance. Integrating equation (6)
across the plate thickness, and equating the result to an analogous
expression obtained from the constitutive relations, equation (1)
yields

h/2 -1
Iy? = [Assf gm(z)dz] )
—h/2

For symmetric laminates, B, = 0, and equation (7) reduces to
results obtained by Chow [7]. Tor homogeneous plates k> =
5/6, the classic value determined by Reissner [8].

Numericdl Examples

To illustrate the accuracy of the proposed procedure, consider
a rectangular orthotropic laminate of dimiensions @, b having
simply supported edge conditions, and subjected to the surface

Y

load p = po sin = sin 7 The laminated plate solution is found
o

in reference [2] and the exact elasticity solution in reference [5].
Numerical results for the maximum midplane deflection of a
graphite/epoxy laminate are shown in Fig. 1, where each ply has
the following unidirectional properties:

Er = 25 X 108 psi, vrr = 0.25,

Gre = 0.5 X 108 psi,

Er = 10° psi,
Grr = 0.2 X 1068 psi

where L signifies the direction parallel to the fibers, T' the trans-
verse direction, and vz is Poisson’s ratio measuring strain in the
transverse direction in the presence of uniaxial normal stress
parallel to the fibers. Both a 4-layer symmetric and a 2-layer
ungymmetric square plate are considered. Orientation of the
fibers in each layer relative to the x-axis of the plate is indicated.
The deflections are normalized by solutions obtained from
laminated plate theory with transverse shear deformation
neglected (CPT). Exact elasticity solutions (J88) are indicated
by the dots. Tor the two-ply laminate k? = k;> = 0.8212, and
for the four-ply laminate k> = 0.5952 and k;2 = 0.7205.
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To provide a more severe test for the proposed method of de-
termining the shear correction factors, a sandwhich plate (SW)
is also considered in Fig, 1, The face sheets are unidirectional
graphite/epoxy orviented at 0 deg with respect to the z-axis and
have a thickness of h/10. The core properties are as follows:

Eow = By = 0.04 X 108 psi, E,, = 0.5 X 108 psi,

Go: = Gy = 0.06 X 105 psi,  Gay = 0.016 X 10% psi,

Vog = Vay = Vzy = 0.25

In addition, &2 = 0.4098 and k.? = 0.6915. Xxcellent agree-
ment is obtained between the laminated plate theory and the
exact elasticity solution for all three examples shown in Fig. 1.
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Liapunov Functional for a Rectangular,
Nonuniform Density Membrane

M. W. DIXON!

The question of stability of equilibrium of o gemeral reclangular,
nonuniform density membrane adjacent to a supersonic airsiream
arbitrarily dirvected with respect to the edges of the membrane is con-
sidered using the direct method of Licpunov. The governing equa-
tion of the system, derived using piston theory, is used with the de-
veloped Liapunov functional to show that the equilibrium of the
system is stable in the absence of structural damping, or for structural
dawmping of a certain form.

Introduction

Asunuy and Zartarian [1]2 showed by solving the equation of
motion developed using piston theory that the equilibrium con-
figuration of the uniform density membrane of finite length and
infinite width adjacent to a supersonic airstream flowing parallel
to the length is stable when structural damping is not present.

1 Assistant Professor, Mechanical Engineering Department,
Clemson University, Clemson 8. C. Mem. ASME.
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Here the stability of equilibrium of the general rectangylg,
nonuniform density membrane adjacent to a supersonie airstrean
flowing in a arbitrary direction with respect to the edges of the
membrane will be studied using Liapunov’s direct method,
The membrane, considered as a distributed parameter system
will be studied with and without structural damping. !

There are two main problem areas in the application of Lia-~
punov’s direct method to distributed parameter systems. Wirgt
there is the problem of creating a theoretical basis which ig comi
parable to that now existing for discrete systems. The secong
problem area is the actual development of specific Linpungy
functionals for specific problems. This is in many ways the
more difficult problem and has never been fully solved even fqy
discrete systems. The area of concern here is the development,
of a Liapunov functional to be used with the equation of motigy
of the membrane and the existing theoretical basis to reach con.
clusions as to the stability of equilibrium of the membrane,

Statement of Problem

If a nonuniform density membrane, adjacent to a supersonie
airstream which is arbitrarily directed with respect to the edges
of the membrane, is tightly stretched such that the variation in
tension with lateral displacement is negligible, its equation of
motion becomes

i+Cy+Ky=0 yevCH, (1)

where y = 0y/dt, i == d%/o82, ' = (C + |U| Po/M)/p(z), 2y),
and Ky = —{(T/P(xl, 72))V2y — Pm|UI (mdy + uaBzy)/[Mp(xg,
x2)]}. € is the differential operator in the spatial coordinates
representing the structural damping, u; and u; are the components
of the free-stream velocity U in the z; and z:-directions respec-
tively, 01 = 0/0z1 and 0 == 0/0xs, po is free-stream density of
the air, and M is the Mach number. T > ¢ > 0 and p(z, z,) >
€2 > 0 are, respectively, the constant tension and variable density
of the membrane. For simplicity, —pm|U|(ul Ny + udy)/
Mp(zy, 2.) will be written as ¢- Vy, i.e.,

8-Vy = —pu|U|(w1dry + wadey)/IMp(z1, 7))

Defining the orthogonal axes z; and z, to be directed along any
pair of orthogonal edges of the rectangular membrane yield the
following boundary conditions:

Y(0, x2) = y(a, ) = y(x1, 0) = y(z:b) = 0

where a and b are the dimensions of the membrane. ¥ is defined
by the boundary conditions and appropriate smoothness condi-
tions, and H is defined to be the real Hilbert space.

Candidates for Energylike Liapunov Functionals

Tt should be noted that é- Vy is circulatory [2] therefore, an
energy functional does not exist for this system. linergylike
candidates for Liapunov functionals, called V-candidates, will
now be generated using methods recently developed [3, 4]. For
ease of writing

= —«TeR"‘[ble_R"‘ o+ sz_R‘x az]GR-x — )\P(xl, m?)ok‘x

and

B=c¢R*/p(z, x)
where B is defined on ¥ and maps ¥ into the range of B, R and
A is defined on Rz and maps Rpinto H. Y © Rz, R-x:==pol U[

(wy + w2)/(TM) and N is an arbitrary scalar constant.
V-candidates, Vi and Vs, are found to be

a b
v, = f f (jB-Y + yB-Ky)umde, wy €Y @
JO 0

and
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