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On the Strength Anisotropy of Bone
and Wood

Formulas for the tensile, compressive, and shear strengths along an axis off the grain axis

of a material with orthotropic symmetry are derived from the quadratic form of the Tsai-

Wu strength theory. The results are compared with some shear strength data on wood and

they are applied to data on human femoral bone and bovine Haversian bone. A strength

criterion consistent with the Tsai-Wu theory and with the existing experimental strength
’ data on bone is identified.

Introduction

Formulas are developed in this paper for the tensile, compressive,

and shear strengths along an axis off the grain axis of a material with.

orthotropic symmetry such as bone and wood. These formulas are
derived from a phenomenological strength theory.

The first formula for the strength along an axis off the grain axis
was reported by Hankinson [1] in 1921. This formula, which has come

to be known as Hankinson’s formula, was developed empirically from.

compressive strength tests on spruce and other woods. If o;~ denotes
the compressive strength along the grain, g5~ one of the compressive
strengths in a cardinal direction transverse 1o the grain, then Hank-
inson predicted the compressive strength in a direction inclined at
an angle # to the grain by the formula

01709

1)

o oy~ sin2 0+ g9~ cos? @
Hankinson noted that this empirical formula applied to the com-
pressive elastic limit as well as to the compressive ultimate
strength.

In 1923 Rowse [2] studied the behavior of Douglas-fir in compres-
sion. Noting that the compressive strength perpendicular to the grain
is difficult to determine because the wood crushes down indefinitely,
Rowse determined the proportional limit stresses rather than
strengths. He found that the formula of Hankinson fitted his exper-
imental data reasonably well.

The book of Kollmann and Co6té [3] presents Hankinson’s formula
with two differences from the original form given by Hankinson. First,
it is indicated that Hankinson’s formula applies only to tensile
strengths and, second, Kollmann and Cété replace the power 2 to
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which the trigonometric terms in (1) are raised by an arbitrary power
n, thus in the present notation (7.40) of [3] is
+ ot
ot = — 017039 . ©)
o1t sin” 8 + g9t cos™

Kollman and C6té 3] report that Kollman [4] has shown that values
of n between 1.5'and 2 are satisfactory. The analysis presented in the
present paper will show clearly that n must equal two as Hankinson
originally suggested. This fact is a direct consequence of the tensor
transformation law for stress.

In 1971 Goodman and Bodig [5] reported an experimental study
which concluded that, among the equations most often used to predict
the strength of wood, Hankinson’s formula was found to provide the
best two-dimensional fit for the maximum compressive strength of
the four species tested: Englemann spruce, Douglas-fir, oak, and
aspen.

In 1974 Reilly [6] and Reilly and Burstein [7] reported an experi-
mental study that involved the determination of the ultimate
strengths of bone. They found that all bone types they tested followed
Hankinson’s criterion for both ultimate tensile strength and ultimate
compressive strength. The type of bone tested included human
femoral and hovine Haversian femoral.

Hankinson’s formula predicts the strength along an axis off the
grain axis from the strengths along the grain axis and transverse to
the grain axis and it should be a derivable prediction from a complete
theory of strength for orthotropic materials. Norris [8], in a work
written in 1950 but not publishied until 1962, was the first to pursue
the derivation of a formula of the Hankinson type from a complete
strength theory. Norris [8] developed a strength theory of orthotropic
materials, but the subsequent comprehensive analysis of Wu [9] has
shown Norris’ theory to be unacceptable because of inappropriate
assumptions. The shortcomings of the Norris theory are also discussed
by Kobetz and Krueger [10]. Norris derived a formula for the off the
grain axis strength of orthotropic materials, but it was not Hankin-
son’s formula. Norris’ formula gave good results for plywood and a
glass fabric laminate, but it did not give as good a representation of
Rowse’s Douglas-fir data as Hankinson’s formula. ]

The present paper considers the same problem as Norris consid-
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ered, namely the derivation of formulas of the Hankinson type from
complete theories of strength. In the years since Norris did his work
there has been a great deal of work on theories of strength in con-
nection with composite materials, and the present paper has an ad-
vantage over Norris’ work in being able to draw upon these composite
materials studies. Formulas of the Hankinson type will be derived here
from special cases of the general theory of strength for anisotropic
materials presented by Tsai and Wu [11] in 1972. This strength theory
is phenomenological and contains a systematic scheme of approxi-
mation which permits any degree of accuracy desired. In the Appendix

it will be shown that the first or linear approximation of the Tsai-Wu.

strength theory for orthotropic materials predicts the formula (1) of
Hankinson. However, the linear approximation contains only terms
linear in the normal stresses and it does not, as indeed Hankinson’s
criterion does not, account for the shear strength of the material. For
this reason, and because of other deficiencies of the linear approxi-
mation, the quadratic approximation of the Tsai-Wu strength theory
for orthotropic materials will be employed here. This quadratic ap-
proximation is developed from first principles in the following sec-
tion.

Using the quadratic strength theory for orthotropic materials,
formulas for the shear strength, the tensile strength, and the com-
pressive strength as functions of the angle to the grain are obtained.
The shear strength formula is compared with data on pine wood and
the tensile and compressive strength formulas are compared with
experimental data on bone. The shear strength formula is of the same
type as Hankinson’s formula except that normal stresses are replaced
by the squares of shear stresses. It follows the general trend of the data
on pine wood. The formulas for tensile and compressive strength are
not of the same form as Hankinson’s formula, but for the data on bone
considered here, these formulas yield curves extremely close to the
curves representing Hankinson’s formula, and represent the data
equally well or, in most cases, better. A form of a quadratic strength
theory for transversely 1sotrop1c materials is suggested for use with
bone in the conclusion.

The Quadratic Strength Theory for Orthotropic
Materials

In this section a phenomenological strength criterion or theory for
materials with orthotropic symmetry is developed. The criterion
developed contains terms linear and quadratic in the stress and it is
a special case of the anisotropic strength theory developed by Tsai
and Wu [11] and Wu [9]. The philosophy followed here in developing
the strength criterion for orthotropic materials is exactly the same
as that described by Tsai and Wu [11] and Wu [9], but a simpler and
more direct development is possible because it is assumed that the
material has orthotropic symmetry.

The basic hypothesis underlying a phenomenological strength
criterion is that there exists a function f of the stress state T, Ty,,
' Tozy Tey, Txz, Ty, such that, if the stress state is an ultimate stress

state, the value of the function is a constant and, without loss of
generality, the constant may be set equal to one, thus

f(Txx:Tyy:Tzz:Txy:sz,Tyz ) =1. R (3)

The strength function can also depend upon other material variables
such as moisture content, age, etc., but the inclusion of these addi-
tional variables will not influence the general nature of the results
obtained. It is required that the strength function f reflect the sym-
metry of the material to which it applies. If the material is assumed
to be isotropic with respect to strength as metals are often assumed
to be, then the function f depends upon the stress only through the
three isotropic invariants. Bone and wood are generally considered
to be orthotropic, that is to say they have three mutually perpendic-
ular axes of symmetry, or equivalently, three mutually perpendicular
planes of symmetry. In the present development a coordinate system
denoted by x1, x9, x3 is selected to coincide with the three mutually
perpendicular axes of material symmetry at each point in the material
body. In order that the function f reflect orthotropic symmetry, Green
and Atkins [12, p. 14] show that f must depend upon the normal

stresses T'11, T'29, and T'z3, the squares of the values of the shear

- stresses T3, T3, and T'a3 and the determinant of the stress tensor T;

thus for an orthotropic material (3) is replaced by
F(T'11,T29,T'33, T30, T3y, T, det T) = 1. 4

If the material has transversely isotropic symmetry about the x;
material axis, then (3) is replaced by

f(T11,Toe + T3, Th + Th T3 — TH det 1) = 1 (6)

and if the material has isotropic strength symmetry (3) is replaced
by

f(T11+ Top + T3, Th + Th + T3,

~ T11T9g — T9eT33 — T11T33, det T) = 1. (8)

The systematic approach of T'sai and Wu [11] and Wu [9] is to ex-
pand the function f in a polynomial in the components of stress. The
first approximation for f is the polynomial that retains only the linear
terms, the nth approximation for f is the polynomial that retains
terms of order n and all lower order. It is assumed that the n + Ist
approximation to f will represent the data better than the nth ap-
proximation. It is found that the quadratic approximation is a rea-
sonable compromise between accuracy and the burden of an extensive
test program. Expanding (4) in a polynomial of its components, but
retaining only linear terms and terms of order two we find

a1+ asTos + asTas + aaTH + asTh + agTh + a7T%h
+ agTh + agTh + aroTuiTee + a11T11Tss + a19T22 T3 = 1, (7)
where a1 through a9 are constants. The constants a; through a1 can

be determined by mechanical strength tests described by Wu [9]; thus
(7) can be written
1 1 1 1 1 1
(—“——‘)Tn'i'( T _)T22+(—+—’—_)T33
a1t o gst oo g3t o3
T3 T T3, T3
ot brat ey
03703 O1s 013 033
+ 2F19T11Tog + 2F13T 11 T3g + 2F23T29Taz = 1, (8)

T%l + T%Z

o1tor”

+
oot ag”

where 011, 0o, a3* and 617, 097, 03~ are the tensile and compressive
strengths in the x1, x9, x3-directions, respectively; o139, 013, and o3
are the shear strengths and F1o, F13, and Fag are quantities that should
be determined in a biaxial normal stress situation and are called stress
interaction coefficients. The optimal experimental determination of
F15, Fi3, and Fog is discussed by Wu [13]. The shear strength on the
i plane in the j-direction is denoted by ¢;;. It should be noted that the
shear strengths are not necessarily symmetric in these indices like
shear stresses :
BCUEGR S AR N CO)F

It follows then that there are actually six shear strengths for an
orthotropic material. However, since the actual shear stress is sym-
metric it really does not matter if 019 > 091, 013 > 031 and 93 > 039
Or 021> 012, 031 > 013 and og2 > a3 since failure will occur on the
weakest of the two mutually perpendicular planes. The material could
be constrained to fail on the shear plane where the shear strength is
higher, but it will be assumed that this is not the case. Henceforth the
notation ¢;; will be used to denote the lesser of o;; and g;;.

In anticipation of a result to be obtained later the quantities o1 and
461 defined by

1 1 1
o1 =Vote~, —=———o7y (10)
51 ot o
are introduced. o1t and o1~ are given in terms of o7 and 8; by
1 1 1 1
— =tV —+—,
it 20 48,2 oy?
1 1 1 1
— =tV == 11
o1~ 261 4512 2 (1)
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Fig. 1 A plot of equation (24) for the shear strength as a function of angle

to the grain. The circles represent experimental data on pine from [14]. The
units of stress are percentages of the ultimate compressive strength

The quantities og, 03 and de, 63 are similarly defined and analogous
formulas can be obtained. Using these quantities the formula (8)
representing the quadratic approximation of the orthotropic strength
theory can be rewritten as

Ty, To Te , Th T% ThH Th Th Th

T T A R A i S S AT
0y 09 03 ) (T% o3 0o Oi3 033

+ 2F 19T 11T 99 + 2F13T11 T3 + 2F93T99Ts3 = 1. (12)

In order that the surface described by (12) be closed, that is to say

topologically equivalent to a sphere in six dimensions, T'sai and Wu .

[11] note that it must satisfy the following conditions:

Fi2> o0}, Fii> olo3, F3t > o303 (13)
These conditions insure that, for any two-dimensional stress state,
(12) will be an ellipsoid in the stress space whose axes are the two
nonzero normal stresses and the shear stress.

There are three special cases of (12) that are of interest, the case
where the symmetry increases from orthotropic to transversely iso-
tropic, the case where it increases from orthotropy to isotropy, and
the case where it is isotropic and, in addition, satisfies the condition

“that it be independent of the hydrostatic state of stress. For
transversely isotropic materials with an axis of symmetry in the x1-
direction the function f that must be considered is (5) rather than (4)

~and a similar analysis leads to an equation of the form (12) in
which

0g=03=20, say;, oa=0g3=0, say; 013= 012 =T,say;
1 1
Foy=———

Fiz=Fu=F, 02 203

say; (14)
For isotropic materials a similar argument leads to an equation of the

form (12) in which
01=0s=03=90, 01=03=03=0, C1a=0w=012=7

1 1
F12=F13=F23=;§~§;§. (15)
Finally, if it is required that the strength criterion be independent of
the hydrostatic pressure as well as reflecting the full isotropic sym-

metry, an equation of the form (12) is obtained in which

_ _ _ o
07'=03"=63"=0, s1=02=03=o0, 013=023=‘712=\/§,
Fip=Fiy=Fpy = — —

12= Fig=Fop = =05 (18)

Equation (12) with the coefficients (16) is the well-known von Mises
yield criterion for isotropic metals.

Formulas for the Shear Strength on Planes That Are
Not Planes of Material Symmetry ,

Let opm denote the shear strength in the n-direction on a plane
whose normal is in the m-direction, where n and m are orthogonal unit,
vqctors, o

(17

In keeping with the convention introduced previously, ¢, is the lesser
of two shear strengths, the one in the n-direction on the plane whose
normal is m and the one in the m-direction on the plane whose normal
is in the n-direction. The problem considered here is that of deter-
mining o,m from n, m and the strengths along the axes of material
symmetry: o1%, ..., 017, ..., 013, ..., F12 ... . The situation con-
sidered is that in which the orthotropic material is subjected to an
ultimate stress state by the application of o,,,, only. That is to say the
only stress at a point in the body is the stress ¢,n, and, using the
tensorial law for stress transformation, this stress state may be written
relative to the axes of material symmetry as

n'm=nymy + noms + ngmsy = 0.

T = 20nmnimy, Taea = 20umnoms,  Tsz = 20,mnams

T1o= gpm{ming + nimy), Toz = 0nm(mans + nams),
T13 = 6um(ming + nims). (18)

A formula for ¢, is obtained by substitution of (18) into the\qua-
dratic form of the strength criterion (12), thus

Acpm+ Bol, =1 (19)
or
A:i:\/l+(A)2 (20)
G = — — — | £
" 2B~ Y B \2B
where
n 9 nam
A=2( 1m1+n2m3+ 3 3) ©1)
01 02 03
and
nim?  4ndm2  4ndm)  (ming + nymg)?
B=.4 e + o2 9 2
1 2 ay (G50
mong + nomz)?  (ming + nymgy)?
+( 2n3 ' 2Mm3) +( 113 ' 1m3) + 8(Fyonamingms
093 013

+ F13n1m1n3m3 + ngnsz,Qn3m3). (22)

An interesting special case of the formula (19) occurs when one of
the directions, n or m, is an axis of material symmetry and the other
direction lies entirely in the perpendicular plane, for example, the case
where

mi=mge=0, mg=1 n;=cosf, ng=sinf, 'ng =0. (23)
If, in this special situation, the notation 7, for ¢, is introduced, then
(19) yields the following formula for 74

2 9
013093

7= (24)

0%, sin? 0 + o} cos2 8

This formula relates the shear strength on the ¢ plane to the shear
strengths o3 and 93 and it shows that the square of the shear stress
follows a Hankinson-type strength criterion. The only experimental
data on.shear strength as a function of angle to the grain located in
the literature is the data on pine given by Ashkenazi [14]. These data
are difficult to determine from the paper of Ashkenazi because they
are presented in an extremely small figure as a percentage of the
ultimate compressive strength. A least-squares fit of (24) to these data
yields a value of o3 as 32.6 percent and g3 as 77.6 percent of the

_ ultimate compressive strength. A plot of (24) with these values for a3

and gg3 is shown in Fig. 1 along with the data from [14]. The theory
represents the general trend of the data quite well.
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Formulas for Strength on Planes That Are Not Planes
of Material Symmetry

Let s, denote the tensile or compressive strength in the n-direction
where n does not, in general, coincide with any of the axes of material
symmetry. The problem considered in this section is that of deter-
mining s, from n and the strengths along the axes of material sym-
metry; o1%, ..., 017, ..., 013, - .., and Fyg, F13, Fos. The situation
considered is that in which the orthotropic material is subjected to
an ultimate stress state by the application of s,, only. That is to say,
the only stress ut a point in the material body is the normal stress s,

and, again using the tensorial law for stress transformation, this stress

state may be written relative to the axes of material symmetry as
Ty=sund Toa=sund, Tas=sand,
T13 = spning, (25)

T2 = spning, T3 = spnana.

A formula for s,, is obtained by substituting (25) into (12) and _solving

the resulting quadratic equation, thus
A
(sn — on*)sn + 0,7) = 0, (26)
‘where
26 26p0
U:=_n—"n) o7 =——nn @7
Vol + 462+ oy Va2t 462 — op
and 8, and a,, are given by
1 n} ni ni
ety 2, 73 , (28)
6p, 01 02 O3
1 nt ng nd ning nind nini
STttt
0, 01 0% 03 012 013 0713

+ 2(F12n%n% + F13n%n§ + Fzgngn%) (29)

In the special case when n lies completely in one plane of symmetry,
for example,

ny=cosfl, ng=sinf, nz=0, (30)
the formula for 6,2, (29), can be written as
2 9
o
0—'21 - g10g
1
o} sint 8 + o3 cos* 0 + oo} (ZFIZ + ——2—) sin2 0 cos? §
‘ 012
(31)
In the case when Fis is given by
1 1
Fiyp=———-, (32)
! 01062 203 -

the expression (31) is a perfect square of a formula similar to Hank-
inson’s formula (1). Since much of the data on the strength of bone
and wood can be represented by Hankinson’s criterion (1) reasonably
well, there is an implication that 2 is given approximately by (32).
It will be shown below that the data on bone satisfies this condition
roughly.

The results just obtained will now be compared and fitted to the
data on bone strength reported by Reilly [6] and Reilly and Burstein
[7]. This bone strength data is shown in Table 1. Reilly and Burstein
assumed that bone was transversely isotropic, so their data for ggget,
g3ge, ogoe T and ggge” was not all in one plane of symmetry, but it was
in a variety of directions making angles of 30° and 60° with the long
axis of the bone. Since Reilly and Burstein did not measure F5 their
data cannot be compared with the formula (31) directly. However,
the data of Reilly and Burstein can be used to estimate a value of Fyy
for both types of bone studied. In fact, two\predictions of Fig are
possible for each bone type because the tensile and compressive
strengths were determined for both types of bone at angles to the grain
of 30° and 60°. Substitution of the data from Table 1 into the formula
(31) yields for the bovine Haversian bone

F ! t  6=230 F !
19 = e a = °’ e
(147.2)2 T T (141.8)

Table 1 Table of bone strengths from reference [6]. All entries are stresses
in units of MPa; the numbers in parentheses are the standard deviations

Bovine Haversian Femur

M 144 (6.2) 132 (16)
o] 254 (25.5) 187 (28.8)
o; 46 (7.1) 58 (5.5)
o, 146 (21.8) 132 (11.4)
o4, 64 (6.9) 67 (3.7)
300 99 (7.5) 100 (8.8)
300 190 (12.7) 173 (13.8)
Ugoo 60 (4.1) 60.5 (4.8)
Tege 148 (2.5) 133 (15.0)
and for the human femoral bone

Fip=— L at 0= 30°,

(158.5)?
Fig= +-(24;J)2 0 = 60°, (34)

where Fys is in units of (MPa)~2, where MPa stands for mega pascals,
one mega pascal is equal to one N/m?2 X 108 or 145 psi. These results
show considerable consistency for the bovine Haversian bone as both
data points predict almost the same value of Fy5, a value not incon-
sistent with the value —(131 MPa)—2 estimated by (32). The same
degree of consistency is not so apparent for the various predictions
of Fis for human femoral bone. The value of Fis given by (32) is
—(160.9 MPa)~2. This number does coincide rather well with the
prediction of F12 by the 30° data previously given, but it diverges
considerably from the prediction of F15 based on the 60° data previ-
ously given, this latter value being of opposite sign. There are nu-
merous potential rationales for this discrepancy, in addition to the
fact that the quadratic strength theory may not be sufficiently flexible
to represent the bone strength data. For example, bone may be
orthotropic in strength rather than transversely isotropic as Reilly
and Burstein [7] assumed when they took their specimens. It is also
possible that, since bovine femurs are much larger than human fe-
murs, the bovine test specimens are more homogeneous than the
human and therefore have less scatter in the data.

The predicted tensile and compressive strengths, o, and o, for
bovine and human femoral bone will be plotted as a function of grain
angle for four cases. The case designated as Case 4 is Hankinson’s
empirical formula (1) where, for tensile strengths, the minus signs in
the formulas are replaced by plus signs. The other three cases are all
forms of the formulas (27) with different values of Fg being used in
the determination of ¢, by (31). In the first case the value of Fi5is
determined from the experimental data at the 30° grain angle and,
in the second case, at the 60° grain angle. In the third case F1ois de-
termined from the experimental data in Table 1 using the formula
(32). For each of these three cases g, is computed using the formula
(31) and 6, is computed from

1 cos?f sin?f

—= o 35
5, O 8 35

which follows from (28) and (30). The numerical values of ¢, and 6,

0 =60°, (33)
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Table 2 Table of tensile and compressive strength of bovine Haversian femur. All entries are stresses in units of MPa

(82 n o] :‘- g
0 6n Case 1 [Case 2 |Case 3 |Case 1 |Case 2 |Case 3 [Case 4 [Case 1 |Case 2 Cése 3 (Case 4
0 332.5 { 191.2 | 191.2 | 191.2 | 144.0 | 144.0 | 144.0 | 144.0 | 253.9 | 253.9 | 253.9 | 254.0
15 262.9 | 171.6 [ 172.7 | 175.5 | 124.5 | 125.1 | 126.4 | 126.0 | 236.5 | 238.5 | 243.6 | 242.0
30 167.3 | 137.2 [ 138.9 | 143.4 92.0 92.7 94.6 94.0 | 204.5 [ 208.0 | 217.5 | 214.4
45" 111.7 t 110.4 | 111.7 | 114.8 68.6 69.0 70.1 69.7 | 177.7 | 180.7 | 188.1 | 185.4
60o 83.9 93.7 94.3 95.7 55.0 55.2 55.6 55.4 | 159.6 | 161.2 | 164.7 | 163.4
750 71.0 84.8 84.9 85.3 48.1 48.1 48.3 48,2 [ 149.4 [ 149.7 [ 150.7 | 150.3
90o 67.2 82.0 82.0 82.0 46.0 46.0 46.0 6.0 [ 146.1 | 146.1 | 146.1 | 146.0
Table 3 Table of tensile and compressive strength of human femur. All entries are stresses in units of MPa
e o: o;
¢ 8, Case 1 Casé 2 |Case 3 {Case 1 |Case 2 |Case 3 [Case 4 [Case 1 [ase 2 l[Case 3 |Case 4
0 448.8 7 157.1 1 157.1 | 157.1 | 132.0 | 132.0 | 132.0 | 132.0 [187.0 |187.0 | 187.0 { 187.0
150 366.8 | 149.4 | 138.7 | 149.1 | 122.0 | 114.9 | 121.8 | 121.6 | 182.9 } 167.4 | 182.4 | 181.9
30 244.6 | 131.5} 112.3 | 131.0 | 100.8 89.4 | 100.5 | 100.1 {171.5 [ 141.0 | 170.7 | 169.4
45° 168.2 | 112.8 96.6 | 112.4 81.1 72.8 81.0 | 80.6 |156.8 }128.2 [ 156.1 | 154.7
60° 128.1 98.6 89.7 98.4 67.7 63.6 67.6 67.5 | 143.6 1 126.4 | 143.,2 | 142.5
75 109.1 90.2 87.7 90.2 60.3 59.3 60.3 60.3 134.9 1129.8 { 134.9 | 134.7
90’ 103.5 87.5} - 87.5 87.5 58.0 58.0 58.0 58.0 | 132.0 | 132.0 | 132.0 | 132.0

for various grain angles are given in Table 2 for bovine bone and in
Table 3 for human bone. The tensile strength ¢, * and the compres-
sive strength o, ~ are determined using (27) from the values of ¢, and
0p. These numerical results are presented in Tables 2 and 3. The re-
sults are represented graphically in Figs. 2-4. The bovine tensile
strength and the bovine compressive strength are plotted as a function
of grain angle in Figs. 2 and 3, respectively. Fig. 2 shows that the bo-
vine tensile strength curves for Case 1 (where Fy3 is given by (33)4)
and Case 2 (where Fygis given by (33)s) are so close that they are in-
distinguishable. They are also very close for the bovine compressive

strength as one can see from Fig. 3. For both bovine tensile and bovine
compressive strengths, Case 3 (where Fiq is determined from the data
in Table 1 using the formula (32)) and Case 4 (Hankinson’s formula)
predict greater strengths. It is only for bovine compressive strength
that the Cases 3 and 4 are distinguishable. For all other cases, in-
cluding human femoral tensile and compressive, these two cases
coincide. Thus, for practical purposes, a curve approximating the
curve obtained from Hankinson’s formula can be obtained from the
strength theory by assuming Fig to be given by (32). For human
femoral tensile and compressive strengths, Cases 3 and 4 lie below
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Fig. 2 The tensile strength of bovine bone as a function of angle to the grain.
Equation (27), is plotted using the experimental data on bovine bone from

6]

Case 1, but above Case 2 as shown in Fig. 4. The data from Table 1 for
the tensile and compressive strengths at grain angles of 30° and 60°
are shown in Figs. 2-4. Each data point is plotted as a dot with a ver-
tical line passing through it. The vertical line begins one standard
deviation below the datum and ends one standard deviation above
it. The quadratic strength theory, Cases 1 and 2, is seen to give con-
sistently a better representation of the data than Hankinson’s for-
mula, Case 4, and its approximation based on the quadratic strength
theory, Case 3.

Conclusion

The initial objective of this study, namely, the derivation of
Hankinson’s formula from a complete strength theory, has been re-
‘alized. From the quadratic strength theory for orthotropic materials,
formulas for the shear strength, the tensile strength, and the com-
pressive strength as functions of the angle to the grain have been
obtained. The formulas for the tensile and compressive strength as
a function of the angle to the grain have a greater flexibility than
Hankinson’s formula and they represent the data better. More im-
portantly, they are related to a general theory of strength rather than
being empirically based.

Certain conclusions that apply only to bone can be made. Most
experimental studies of the mechanical properties of bone have in-
dicated that it is satisfactory to consider bone to be a transversely
isotropic material. If (14) is substituted into (8) the following strength
criterion for transversely isotropic materials is obtained:

1 1 1 1
(—Jr*—_) T11+(—+——_) (T'e2 + T'33)
01 o1 (] o
TH -~ (Tea+Ts)? 1
+_In +( 22 + T'33) (T T
T

or1tor” oto~

1
+ =y (T35 — ToaTss) + 2F(Tgg + Tyg)Tri = 1. (36)
%

The analysis of this paper shows that this strength criterion is con-

sistent with the Tsai-Wu theory and with the experimental data on
bone. It has also been shown that (36) predicts a Hankinson-type
formula for the shear strength dependence on grain angle and that
(36) can improve upon the prediction of the original Hankinson for-
mula (1) for ultimate strengths.
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APPENDIX

A Derivation of Hankinson’s Formula
Hankinson’s formula (1) can be derived from the first or linear
approximation to the strength theory for orthotropic materials. This
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linear approximation can be determined by -inspection from (7),
thus

a1T11 + agT9s + asTa3 = 1. (37)

The coefficients a1, ag, and a3 must be determined differently in each
of the eight octants of the Cartesian normal stress space. In each oc-
tant a different plane will be determined and the resulting surface in
the three-dimensional normal stress space will be an octahedron. If
an orthotropic material is subjected to a tensile test in the x;-direction
and its ultimate strength is found to be o1, then since all the stresses
in (37) excpet Ty are zero, it follows from (37) that a7',is o1*.In a
similar way the coefficients a3 and az~! are found to be g5+ and a3*
in the first octant. This argument must be modified for each octant
of the three-dimensional Cartesian normal stress space. Thus, for
example, in an octant in which 7'1; is negative the coefficient a;~! will
be —oy1™. It follows then that in the octant where all the normal
stresses are compressive (37) has the form:

Ty To T
A2y 8o g

(4] 02 o3
Let o7 denote the compressive strength in the direction making an
angle 6 with the x1-axis in the x1, x2 plane. The problem considered
here is then to express g4~ in terms of 617, 627, 037, and . Observing
that a uniaxial compressive stress in the -direction of magnitude o7
corresponds to the following stresses in the x1, xg, x5 material coor-
dinate system

Ti=—0gg~ cos? 0, Tog = —ay~ sin? 0,

T12 = —gy sin # cos 0, Ta3 = Tog=Ti3=0, (39)
Hankinson’s formula (1) follows from (38).

The fact that the linear approximation of the strength theory for
orthotropic materials predicts Hankinson’s formula and the fact that
many investigators report that the experimental data on bone and

wood strength follows Hankinson’s formula should not be combined

(38)

to conclude that the linear approximation of the strength theory for
orthotropic materials will suffice for bone and wood. The linear ap-
proximation has many deficiencies, primary among them is the fact
that it does not account for the shear strength nor the normal stress
interaction. It has been shown in the text that the quadratic ap-
proximation yields formulas similar in predictions to Hankinson’s
which can be made to fit the same data. )
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