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Abstract

The goal of the present note is to study intermittency properties for the
solution to the fractional heat equation

ou

at
with initial condition bounded above and below, where 8 € (0,2] and
the noise W behaves in time like a fractional Brownian motion of index
H > 1/2, and has a spatial covariance given by the Riesz kernel of index
a € (0,d). As a by-product, we obtain that the necessary and sufficient
condition for the existence of the solution is o < 3.
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1 Introduction

In this article we consider the fractional heat equation

Ou 9 .
a(t,x) = —(=A)2y(t,x) +ult,z)W(t,x), t>0,x€cR? )
uw(0,z) = wug(x), =x€R9

where 8 € (0,2], (—A)?/? denotes the fractional power of the Laplacian, and g
is a deterministic function such that

a<wug(x) <b foral zeR? (2)
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for some constants b > a > 0. We let W = {W(yp);¢ € H} be a zero-mean
Gaussian process with covariance

EW(@)W () = (¢, V).

Here H is a Hilbert space defined as the completion of the space C§° (R x R9)
of infinitely differentiable functions with compact support on R, x R? with
respect to the inner product (-, -} defined by:

(o) = am / ot z)Y(s,y)|t — sP 2|z —y| “dtdrdsdy, (3)
(Ry xRY)2

where ayy = H(2H — 1), H € (1/2,1) and « € (0,d). We denote by W the

formal derivative of W. The noise W is spatially homogeneous with spatial

covariance given by the Riesz kernel f(z) = |z|~® and behaves in time like a

fractional Brownian motion of index H. We refer to [2, 3, 5] for more details.
Let G(t,z) be the fundamental solution of %7; + (=A)P?y =0 and

wita) = [ w)Gt.a )y

be the solution of the equation 2% + (—A)#/2y = 0 with initial condition
u(0, ) = ug(x). Note that

G(t,-) is the density of X; (4)

where X = (X;);>0 is a symmetric Lévy process with values in R If 8 = 2,
then X coincides with a Brownian motion B = (B;);>0 in R? with variance 2.
If B < 2, then X is a S-stable Lévy process given by X; = Bg,, where (S;)¢>0
is a (8/2)-stable subordinator with Lévy measure

B/2
v(der) = =———=
N VO 7]
(See for instance the explanation on page 62 of [19] on how to construct a
new Lévy process from a Wiener process using subordination, and in particular
Example 4.38 of [19]). Due to (2) and (4), it follows that for all ¢ > 0 and
z € RY,

1‘75/2711{9;>0}d$.

a<w(t,z)<b. (5)

There is a rich literature dedicated to the case H = 1/2, when the noise W is
white in time. We refer to [10, 13] for some general properties, and to [12, 9, 7]
for intermittency properties of the solution to the heat equation with this type
of noise. Different methods have to be used for H > 1/2, since in this case the
noise is not a semi-martingale in time. The stochastic heat equation driven by
a fractional noise in time with index H € (i, %) was studied in [15], assuming
that the noise has a ~y-continuous spatial covariance function.

In the present article, we follow the approach of [16, 5] for defining the
concept of solution. We say that a process u = {u(t,z);t > 0,z € R%} defined



on a probability space (2, F, P) is a mild solution of (1) if it is square-integrable,
adapted with respect to the filtration induced by W, and satisfies:

u(t,z) = w(t,z) + /0 y Gt — s,z —y)u(s,y)W(ds, dy),

where the stochastic integral is interpreted as the divergence operator of W
(see ([18]). Using Malliavin calculus techniques, it can be shown that the mild
solution (if it exists) is unique and has the Wiener chaos decomposition:

u(t,x) = an(fn(',t,x)) (6)

n>0

where I,, denotes the multiple Wiener integral (with respect to W) of order n,
and the kernel f,(-,¢,z) is given by:

fn(thxla s atnaxnatax) =

Gt —tn,x —xp) ... Gta — t1, 02 — x1)w(t1, 1)L {o<t, <...<t, <t}

(see page 303 of [16]). By convention, fo(t,z) = w(t,x) and Ij is the identity
map on R.

The necessary and sufficient condition for the existence of the mild solution
is that the series in (6) converges in L%(), i.e.

S(t,2) = 3 Lan(t,a) < oo, 7)

n>0

where ~
an(t,x) = B L, (fo(, 1, 2)) [ = (0)?[| fu( 1, 2) [Fon

and f,(-,t,z) is the symmetrization of f,(-,t,2) in the n variables (t1, 1), ...,
(tn, @n). If the solution u exists, then E|u(t, z)|?> = S(t,z). We refer to Section
4.1 of [16] and Section 2 of [5] for the details. Note that if ug(z) = uo for all
x € RY, then the law of u(t, 2) does not depend on x, and hence a, (t, ) = ,(t).

The goal of the present work is to give an upper bound for the p-th moment
of the solution of (1) (for p > 2), and a lower bound for its second moment. In
particular, this will show that, if ug(z) does not depend on z, then the solution
u of (1) is weakly p-intermittent, in a sense which has been recently introduced
in [4], i.e. 7,(2) > 0 and v,(p) < oo for all p > 2, where

1
Yp(p) = limsup — log E|u(t, )P
t—o0 tP

is a modified Lyapunov exponent (which does not depend on z), and

_2HB -«
T B-a



As a by-product, we obtain that the necessary and sufficient condition for
the existence of the solution is o < 3. Note that this condition is equivalent to

T = [ <1+1|§|2>6/2u(d£) <o (9)

with u(d€) = ca.q|€| 74T *d¢, which is encountered in the study of equations with
white noise in time. When g = 2, (9) is called Dalang’s condition (see [10]). (If
B/2 = k was a positive integer, (9) would coincide with condition (3.3) of [11].)

In the case § = 2, a lower bound for the p-the moment of the solution has
been obtained in the recent preprint [14], for the equation interpreted in the
Skorohod sense (as in the present paper), and also in the Stratonovich sense.
The method of [14] is based on a Feynman-Kac (FK) type representation for
the moments of the solution. A similar approach may work in the case 5 < 2, as
this type of FK representations might still hold for the solution of the fractional
heat equation, under some additional constraints on the parameters H and « of
the noise. (This problem was considered in [8] for a noise with spatial covariance
f(@) = TIi-, |z;/*7~2 with H; € (3,1).) We do not investigate this problem
here.

2 The result

The goal of the present article is to prove the following result.

Theorem 2.1. The necessary and sufficient condition for equation (1) to have
a mild solution is o < (. If the solution u = {u(t,x);t > 0, € R} exists, then
for any p > 2, for any x € R% and for any t > 0 such that pt> /% > t,

Elu(t,z)|P <P exp(Clp(QB*a)/(Bfa)tp)
and for any x € R% and for any t > to,
E|U(t, $)|2 > 112 eXp(Ogtp)7

where p is given by (8), a,b are the constants given by (2), and t1,ty,C1,Cy are
some positive constants depending on d,«, 8 and H.

We suspect that the inequalities given by Theorem 2.1 cannot be improved,
except for possibly different constants C; and Cy. This problem is not investi-
gated in the present article.

Before giving the proof, we recall from [5] that

an(t.2) = ay [
[0,1]2n

n

[ty — 52240 (8, 5)dtds (10)
1

where

n
%L(t’ S) = / B H ‘-rj_yj|7afn(t17171, DRI tna mnat7x)fn(81ayl7 e 78n7ynat7x)dXdy
R2n N
Jj=1



and we denote t = (t1,...,tn), s = (S1,...,8,) with #;,s; € [0,t] and x =

(1,0, %0), Yy = (Y1, - - -, yn) With z;,y; € R
Note that the Fourier transform of G(t,-) is given by:

FG(t,)(&) := /R e CTQ(t, x)dr = exp(—t[¢]?), € €R? (11)

where | - | denotes the Euclidean norm in R?. Recall that for any ¢, € L*(R),

/ / D)) |z — Y|~ dzdy = cog / FoOFo©le~Hode  (12)
Rd JRd Rd

where F¢ is the Fourier transform of ¢, cqq = (277)"10(17(1 and Cq 4 is the
constant given by (21) (see Appendix A). This identity can be extended to
functions ¢, € L'(R"?):

L. 0 IL b - /-y = (13)

G [ Fe@r o )T 8 [ 166

j=1
We will use the following elementary inequality.

Lemma 2.2. For anyt >0 andn € R?
/ e ¢ — |~ < Ko st/
R4

where

1
Kiopi=sup [ ole tede.
’ nER Rd1+|§*7)‘ﬁ‘|

Proof: Using the change of variable z = t'/8(n — ¢), we have:

[ e al g = el [ et e
R4 Rd

The result follows using the inequality e™* < 1/(1 4+ z) for x > 0. O

Proof of Theorem 2.1: Step 1. (Sufficiency and upper bound for the second
moment) Suppose that a < 5. We will prove that the series (7) converges, by
providing upper bounds for v, (t,s) and «,(t,x).

By the Cauchy-Schwarz inequality, ¥, (t,s) < 9, (t,t)"/1,(s,s)/2. So it
is enough to consider the case t = s. Let u; = {,(j4+1) — t5(;) Where o is a
permutation of {1,...,n} such that t,1) < ... < ty(,) and ty(,41) = t. Using
(5), (11) and (13), and arguing as in the proof of Lemma 3.2 of [3], we obtain:

Yn(t,t) < bQCZ,d/d dny exp(—uy|n1|?)|my |~ /d dny exp(—usa|n2|?)np—m |74+
R R



N /d A, €xp(—tin 1| ) 100 — 1|4
R

(Since Lemma 3.2 of [3] refers to the wave equation, the argument has to be
adjusted by replacing the Fourier transform FGy(t,-)(§) = sin(¢|¢])/|€| of the
fundamental solution Gy, of the wave equation by (11).) By Lemma 2.2, it
follows that:

Un(t,8) < 0%l K7 g(ut. . un)~/P,

By inequality (26) (Appendix A), Ky o8 < I4a,p, Where

_ 1\ e, (@)%l (8 — a)/2)T(a/2)
”M'éxuﬂﬂ e = 2T(3/2)

(see relation (24) and Remark A.3, Appendix A). Hence,

Un(t,s) < B2CY, 58(t)B(s)] /P

where S(t) = uy...uyn, B(s) is defined similarly, and C4 4, > 0 is a constant
depending on d, v, 8. Similarly to the proof of Proposition 3.6 of [5], we have:

an(t,2) < V2CY 5. g () Py RH=/B) (14)

where Cyq.,m > 0 is a constant depending on d,«, 3, H. (The only change
compared to the proof mentioned above is the fact that 28 was equal to 4 in [5].
These authors worked with a different parametrization: their d — « is denoted
here by «.)

Since a < 3, it follows that the series (7) converges and

1 Ccr.,
Elu(t,z)|* = Z ﬁan(t,x) < b? Z ﬁt”@ff—a/ﬂ) < b2 exp(Cot?),
n>0 n>0

for all t > tg, where Cy > 0 and ¢y > 0 are constants depending in d,«, 3, H.
We used the fact that for any a > 0 and = > 0,

Z xl - < exp(coxl/a) for all =z > xg, (15)
= (n!)

where 29 > 0 and ¢y > 0 are some constants depending on a (see e.g. Lemma
A1 of [4]).

Step 2. (Upper bound for the p-th moment) Note that u(t, z) = ano In(t, )
in L?(Q), where J,(t,z) lies in the n-th order Wiener chaos H,, associated to
the Gaussian process W (see [18]). Hence,

Blu(t,2)P = 3 Bl (L) = 3 ~an(t, )

n>0 n>0



We denote by || - ||, the LP(Q2)-norm. We use the fact that for a fized Wiener
chaos H,, the || - ||, are equivalent, for all p > 2 (see the last line of page 62 of
[18] with ¢ = p and p = 2). Hence,
1 1/2
tally < =021l = - 0 (L)

n 1 n(2H B
< b[(p—1)Caap.H] “Wt (2HB—)/(28)

using (14) for the last inequality. Using Minkowski’s inequality for integrals (see
Appendix A.1 of [20]) and inequality (15), we obtain that:

lu(t, 2)ll, < S 1Tt @)l < bexp(Cip — 1)/ E=¢e)
n>0

if pt2#—/B > ¢, where the constants C; > 0 and ¢; > 0 depend on d,«, 8, H.

Step 3. (Necessity and lower bound for the second moment) Suppose that
equation (1) has a mild solution u, i.e. the series (7) converges. In particular,

oo > aq(t,x) > a2aH/ / Ir — 8|27 =%y — 2|7*G(s,y)G(r, 2)dydzdrds
[0,6]2 JR24

t t
azaHCa,d/ (/ / |T — S|2H2€(T+S)I£Iﬁd’r’d,§) |£|7d+ad€
R4 0 JO

1 2H
2 —d+a
" QU Cop.dC —_ dg,
g ’”/Rd<1/t+|fﬂ) e

where we used (12) for the equality and Theorem 3.1 of [2] for the last inequality.
From here, we infer that

Y

a < 2Hp. (16)

(In particular, this implies that « < 2 since H < 1.)
Note that one can replace 1, (t,s) by ¥, (te —t,te —s) in the definition (10)
of a,(t,x), where e = (1,...,1) € R”. By Lemma 2.2 of [1], we have:

n
Yn(te—t te—s) = B |w(t — ",z + X )w(t — s, 2+ X2) [ 1X) - X2 7],
j=1

where t* = max{ty,...,t,}, s = max{sy,..., s, } and X!, X? are two indepen-

dent copies of the Lévy process X = (X;);>0 mentioned in the Introduction.

(Lemma 2.2 of [1] was proved for 8 = 2. The same proof is valid for 8 < 2,

the only change required for this case being to replace the fundamental solution

pe(x) = (27t) =42 exp(—|z|?/(2t)) of the heat equation by G(t,z) given by (4).)
Due to (5), it follows that

a’ M, (t) < an(t,z) < b2M,(t) (17)



M= B oy [ T s TG - X3 ~odas | = B0
T =1 j=1

and L(t) is a random variable defined by:

t ot
L(t) := aH/ / Ir — s 72| X} — X2~ “drds.
0 Jo

To prove that L(t) is finite a.s., we show that its mean is finite. Note that

X! - x2 4 Xris 4 (r + s)/8 X1, and hence

t t
BILO) = auCans [ [ 1= sPH 2 4 5) /v,
0 0

where
ciCa.d

Caap:=FEX1]"%= I'(a/pB).

(see (28), Appendix A). Due to (16), it follows that E[L(t)] < co.
By (17), we have:
1
a®B(e"") < Blu(t 2)* = Y —an(t,z) <O?B("0). (18)

n>0

We consider also the random variable

t t
¢(t) ::/ / |X! — X2|"%drds.
0 JO

Since |r — 8?7172 > (2t)22-2 for any r,s € [0,t], L(t) > But*1=2((t), where
B = arg2*7=2 Hence ((t) is finite a.s.

By the self-similarity (of index 1/3) of the processes X! and X?2, it follows
that for any ¢ > 0 and ¢ > 0,

C(t) £ PP (te).
In particular, for ¢ = t~2H=2)8/(26-2) e obtain that

2HB — «

2020 £ (1), with 6= 27 a

4

and for ¢ = t, we obtain that ¢(t) = t(26=2)/8¢(1). Hence,

BP0 > E(eﬁthH—zg(t)) _ E(eﬁHC(t5))_ (19)



The asymptotic behavior of the moments of ((t) was investigated in [6],
under the condition o < 28. More precisely, under this condition, by relation
(2.3) of [6], we know that:

) 1 1 26 (2B—a)/B
nlingonlog{WE[C(l) ]}log<26—a) + log,

where v > 0 is a constant depending on d, a, 3. Hence, there exists some ny > 1
such that for all n > ny, E[C(1)"] > ¢"(n!)*/#, where ¢ > 0 is a constant
depending on d, «, 5. Consequently, for any ¢ > 0,

E[C(t)"] = "B/ B ()8 for all n > ny.

Hence, for any 6 > 0,

1 n n 1 n nin(28—«a
E(GGC(t)) = Z ja E[C(t) ] > Z W@ c't (28 )/B (20)
n>0 n>ni ’

Using (18), (19) and (20), we obtain that:

ngn(2HB—a)/5
(nl)1=a/B

00 > Elu(t,z)> > a>E(e*®) > o’E (eBHC(tg)) > a? Z i

n>ni

This implies that o < 8. For any « > 0 and h € (0, 1), we note that

h

z" (fﬂl/h)n 1/h
Bn(x) =) iy > (> = exp(ha'/™).

n!
n>0 n>0

We denote x; = 0ct®#=*)/8 and h = 1 — a/B. Writing the last sum in (20) as
the sum for all terms n > 0, minus the sum S; with terms n < n, we see that
for all § > 0, and for all ¢t > g,

1
B0y > By(z,) -8 > exp(hxi/h) -5 > 3 eXP(hil?:/h)
¢ (5=0) (28 -)/(5=a))

V

> exp(

where ¢g = he'/? and to > 0 is a constant depending on 6, «, 8. Using this last
inequality with § = S5 and ¢° instead of ¢, we obtain that:

Elu(t,z)|* > o*F (eﬂHC(té)) > a? exp(Cat”),

where Cy = coﬁg/(ﬁfa) depends on d, o, 5, H. O



A Some useful identities

In this section, we give a result which was used in the proof of Theorem 2.1 for
finding an upper bound for v, (t,t). This result may be known, but we were
not able to find a reference. We state it in a general context.

Following Definition 5.1 of [17], we say that a function f : R? — [0, o0
is a kernel of positive type if it is locally integrable and its Fourier transform
in §'(R?) is a function g which is non-negative almost everywhere. Here we
denote by &'(R) the dual of the space S(R?) of rapidly decreasing, infinitely
differentiable functions on R<.

The Riesz kernel defined by f(x) = ||~ for z € RY\{0} and f(0) = o
(with a € (0,d)), is a kernel of positive type. Its Fourier transform in S’(R?) is
given by g(&) = Cqalé|~(*=) where

Coa = w—d/Qz—air((lfl (; /0;))/ 2 (21)

(see Lemma 1, page 117 of [20]).

Let f be a continuous symmetric kernel of positive type such that f(z) < oo
if and only if z # 0. By Lemma 5.6 of [17], for any Borel probability measures
p and v on RY, we have:

1
L L te=ntanmtin) = gy | Fu@Fo@aceas

where Fpu, Fv denote the Fourier transforms of u,v. In particular, if p(dx) =
o(z)dz and v(dy) = (y)dy for some density functions ¢, in R%, then

/ J(@ — y)p(@)p(y)dedy = —— / FoOFo©o€)de.  (22)
Rd JRd (277) R4

This relation holds for arbitrary non-negative functions ¢, € L'(R?). (To see
this, we consider the normalized functions /| ¢ll1 and ¥/[|9||1, where || - |1
denotes the L'(R?)-norm.) Using the decomposition ¢ = ¢+ — ¢~ with non-
negative functions o, o, we see that (22) holds for any functions ¢,% €
LY(R?). In fact, (22) holds for any functions ¢, € L&(R?), replacing 1 (y) by
its conjugate ¥ (y) on the left-hand side. (To see this, we write ¢ = @1 + i
where @1, o are the real and imaginary parts of ¢.)
We consider the Bessel kernel (in RY) of order 8 > 0:

1 1 2
- B/2=1p—u___ = —|=°/(4u)
Gap(x) T(3/2) /0 u e (47m)d/26 du.

Note that G4, is a density function (see Remark A.3 below) and

L \B2
F6ap(© = (115gz) o+ €<R (23)

Moreover, Gg o * Gag = Gg,a+p for any o, > 0 (see pages 130-135 of [20]).
The following result is an extension of relations (3.4) and (3.5) of [11] to the
case of arbitrary g > 0.

10



Lemma A.1. Let f be a continuous symmetric kernel of positive type such that
f(z) < oo if and only if x # 0. Let u(d¢) = (2m)~%g(€)d¢, where g is the
Fourier transform of f in S'(R%). Let 8 > 0 be arbitrary. Then

LNB
[ Gosrt= [ (Fem) #0 =10 @

If I5(p) < oo, then, for any a € R,

/Rd "Gy p(x) f(z)de = /Rd (M)B/Q p(de). (25)

Proof: Relation (24) follows from (22) with ¢ =1 = G4 5/2. On the left-hand
side (LHS), we use the fact that G4 g/2 * G4 3/2 = Ga,p. On the right-hand side
(RHS), we use (23) (with 8/2 instead of 3).

To prove (25), we apply (22) to the complex-valued functions:

p(x) = () = e Gyp/a(w).
The term on the LHS is
LG p@)Gapa) o~ gydady = [ e f()Gup(a)da
Rd JRd Rd
using Fubini’s theorem. The application of Fubini’s theorem is justified since
[ 166006 a) o = ldndy = [ Gusla)f(a)da < o
Rd JR4 Rd

For the term on the RHS, we use the fact that

B/4
—i(E—a)x !
Fo(&) = /]R TGy g p(@)dr = FGappal€ —a) = (1+|5a2> '

O

Corollary A.2. Let (f, ) be as in Lemma A.1 and B > 0 be arbitrary. Assume
that Ig(p) < oco. Then

1 B/2
acka /Rd (Hg_a|2> (d€) = Ig(p).

sup /Rd ﬁﬂ(df) < In(p). (26)

acR4

Consequently,

Proof: The fact that I5(u) is smaller than the supremum is obvious. To prove
the other inequality, we take absolute values on both sides of (25) and we use
the fact that | [---] < []---]. For the last statement, we use the fact that
(1416 —a|?)P/? <1+ |¢—al?, since B/2 € (0,1] and the following inequality
holds: (a + b)P < a? + P for any a,b > 0 and p € (0,1]. O

11



Remark A.3. The Bessel kernel Gy g(x) arises in statistics as the density of
the random vector X given by the following hierarchical model:

X|U =wu ~ Ng(0,2ul) U ~ Gamma(3/2,1)

where Ny (0, 2ul) denotes the d-dimensional normal distribution with covariance
matrix 2ul, I being the identity matrix. Hence, the term on the LHS of (24) is

1 o 2—1_—u _
[ Gup(@)f@)de = BUO] = g [ w7 BACOIU = .

This can be computed explicitly if f(x) = |z|~* with « € (0,d). First, note
that if Z ~ Ny4(0,2tI), then its negative moment of order —« is:

E(|1Z|7) = %ca,dcdr(a/z)t—a/2 (27)

where ¢q = 2n%/2/T'(d/2) is the surface area of the unit sphere in R%. To see
this, we use the fact that Ff(£) = Cy 4/¢|79Td¢ in S’ (R?). Hence,

1 2 2
BE(Z|7) = —a ~[2?/(0) gy — 1, / —dba,—tlel?
(1217 /Rd ] ) 72° = Coa | €77 3

and (27) follows by passing to the polar coordinates. We obtain that

sl—ogy — Cad€al(@/2) (= (5 o)1 —uy _ Caacal((B = a)/2)T(a/2)
| Gaslalcdz Tar(G) A a 2T(5/2) '

(Note that the integral is finite if and only if o < 3.)

Remark A.4. A relation similar to (27) for stable random variables was used
in the proof of Theorem 2.1 (Step 3). More precisely, if X is a d-dimensional
random variable with a symmetric stable distribution with index 8 € (0,2) (i.e.
E(e"6X) = ¢~ €1 for all £ € RY), then

1

E(X[™) = 3 adcal’'(e/B). (28)

We include the proof of (28) for the sake of completeness. We denote by
fx the density of X. Recall that Ff(¢) = C, q|¢|74T2d¢ in §'(RY) i.e. for any

¢ € S(RY),
/ 2|~ p(x)dz = Cag / €0 Fp(€)de
R4 Rd

Using a regularization technique, one can show that the previous relation also
holds for ¢ = fx, since F fx(§) — 0 rapidly as |{| — oo and fx is bounded and
infinitely differentiable (see page 13 of [21]). Hence,

E(X]™%) :/ |$\7(d7a)fx($)d:z: = Ca,d/ |§|*d+046*|§|5d€_
R4 Rd

12



We now pass to the polar coordinates £ = rz with » > 0 and z € S, where Sy
is the unit sphere in R%. Let ¢g be the area of Sy. We have

E(X[™%) = Ca,dcd/ prdtag—r’ d=1g,
0

and relation (28) follows using the change of variable s = .
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