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Abstract

We provide an extension to the infinitely-many marginals case of the martingale
version of the Fréchet-Hoeffding coupling (which corresponds to the one-dimensional
Brenier theorem). In the two-marginal context, this extension was obtained by Bei-
glbock & Juillet [7], and further developed by Henry-Labordeére & Touzi [40], see also

[6].

Our main result applies to a special class of reward functions and requires some
restrictions on the marginal distributions. We show that the optimal martingale trans-
ference plan is induced by a pure downward jump local Lévy model. In particular, this
provides a new martingale peacock process (PCOC “Processus Croissant pour I’Ordre
Convexe,” see Hirsch, Profeta, Roynette & Yor [43]), and a new remarkable example
of discontinuous fake Brownian motions. Further, as in [40], we also provide a duality
result together with the corresponding dual optimizer in explicit form.

As an application to financial mathematics, our results give the model-independent
optimal lower and upper bounds for variance swaps.

1 Introduction

The classical optimal transport (OT) problem was initially formulated by Monge in his
treatise “Théorie des déblais et des remblais” as follows. Let pg, p1 be two probability
measures on R%, ¢ : R? x R? — R be a cost function, then the optimal transport problem
consists in minimizing the cost [pq ¢(x, T(x))uo(dz) among all transference plans, i.e. all
measurable functions T : R? — R such that p; = pg o T~'. The relaxed formulation of
the problem, as introduced by Kantorovich, consists in minimizing the value EF[c(X, X1)]
among all probability measures P such that PP o X V= yp and Po X ' = 41, Under
the so-called Spence-Mirrlees or Twist condition, the optimal Monge transference plan is
characterized by the Brenier Theorem, and explicitly given by the Fréchet-Hoefding in the

*The authors gratefully acknowledge the financial support of the ERC 321111 Rofirm, the ANR Iso-
tace, and the Chairs Financial Risks (Risk Foundation, sponsored by Société Générale) and Finance and
Sustainable Development (IEF sponsored by EDF and CA).

fSociété Générale, Global Market Quantitative Research, pierre.henry-labordere@sgcib.com

#Université Paris Dauphine, Ceremade, tan@ceremade.dauphine.fr

$Ecole Polytechnique Paris, Centre de Mathématiques Appliquées, nizar.touzi@polytechnique.edu



one-dimensioanl setting. We refer to Rachev & Ruschendorf [71] and Villani [75] for a
detailed presentation.

The theory has been extended to the multiple marginals case by Gangbo & Swi@ch [33],
Carlier [15], Olkin & Rachev [65], Knott & Smith [60], Riischendorf & Uckelmann [72],
Heinich [38], and Pass [67, 68, 69], etc. We also refer to the full-marginals case addressed
by Pass [70].

Recently, a martingale transportation (MT) problem was introduced in Beiglbock, Henry-
Labordere & Penkner [5] and in Galichon, Henry-Labordere & Touzi [32]. Given two
probability measures pg and pp, the problem consists in minimizing some expected cost
among all probability measures P with fixed marginals P o Xj1 = g, Po X V— 4, and
such that the canonical process X is a P—martingale.

This new optimal transport problem is motivated by the problem of robust subhedging
exotic options in a frictionless financial market allowing for trading the underlying asset
and the corresponding vanilla options for the maturities 0 and 1. As observed by Breeden
& Litzenberger [12], the market values of vanilla options for all strikes allows to recover the
marginal distributions of the underlying asset price. This suggest a dual formulation of the
robust superhedging problem defined as the minimization of the P—expected payoff of the
exotic option over all martingale measures P satisfying the marginal distribution constraint.

Based on the fact that any martingale can be represented as a time-changed Brownian
motion, this problem was initially studied in the seminal paper of Hobson [44] by means of
the Skorokhod Embedding Problem (SEP) approach, which consists in finding a stopping
time 7 of Brownian motion B such that B, has some given distribution. This methodology
generated developments in many directions, namely for different derivative contracts and/or
multiple-marginals constraints, see e.g. Brown, Hobson & Rogers [13], Madan & Yor [62],
Cox, Hobson & Obldj [18], Cox & Obléj [19, 20], Davis, Obl6j & Raval [23], Cox & Wang
[22], Gassiat, Oberhauser & dos Reis [34], Cox, Obl6j & Touzi [21], Hobson & Neuberger
[51], and Hobson & Klimmek [47, 48, 49, 50]. We also refer to the survey papers by Obldj
[63] and Hobson [45] for more details.

Recently, a rich literature has emerged around the martingale optimal transport approach
to robust hedging. For models in discrete-time, we refer to Acciaio, Beiglbock, Penkner &
Schachermayer[1], Beiglbock & Nutz [8], Beiglbock, Henry-Labordere & Touzi [6], Bouchard
& Nutz [11], Campi, Laachir & Martini [14], Fahim & Huang [28], De Marco & Henry-
Labordere [24]. For models in continuous-time, we refer to Biagini, Bouchard, Kardaras
& Nutz [9], Dolinsky & Somer [25, 26, 27], Henry-Labordere, Obloj, Spoida & Touzi [39],
Kallblad, Tan & Touzi [57], Stebegg [73], Bonnans & Tan [10], Tan & Touzi [74], and Juillet
[56]. We finally mention the work by Beiglbock, Cox & Huesmann [3] which derives new
results on the Skorohod embedding problem by using the martingale transport approach,
see also Beiglbock, Cox, Huesmann, Perkovsky & Promel [4], and Guo, Tan & Touzi [35, 36].

In the context of a one-period and one-dimensional martingale transport problem, Bei-
glbock & Juillet [7] introduced the left/right monotone martingale transference plan by
formulating a martingale version of the so-called cyclic monotonicity in optimal transport
theory. When the starting measure o has no atoms, the left/right monotone martingale
transference is induced by a binomial model, called left/right curtain. More importantly,



it is proved in [7] that such a left/right monotone transference plan exists and is unique,
see also Beiglbock, Henry-Labordere & Touzi [6] for an alternative argument.

Under some technical conditions on the measures po and 1, Henry-Labordere & Touzi [40]
provide an explicit construction of this left/right monotone martingale transference plan,
which extends the Fréchet-Hoeffding coupling in standard one-dimensional optimal trans-
port. Moreover, they obtained an explicit expression of the solution of the dual problem,
and hence by the duality result, they showed the optimality of their constructed transfer-
ence plan for a class of cost/reward functions. An immediate extension to the multiple
marginals case follows for a family of cost/reward functions.

In this paper, we are interested in the continuous-time case, as the limit of the multiple
marginals MT problem. Let (u:)o<t<1 be a given family of probability measures on R
which is non-decreasing in convex ordering, i.e. t — p(¢) is non-decreasing for every
convex function ¢. Then for every time discretization of the interval [0, 1], we obtain a
finite number of marginal distributions along the discretization. Following the construction
in [40], there is a binomial model fitted to the corresponding multiple marginal distributions,
which is of course optimal for a class of cost/reward functions. Two natural questions can
then be addressed. The first is whether the discrete binomial process converges when the
time step converges to zero, and the second is whether the limit continuous-time process is
optimal for a corresponding MT problem with full marginals, when the limit exists.

Given a continuous family of marginal distributions which is non-decreasing in convex
ordering, a stochastic process fitting all the marginals is called a peacock process (or PCOC
“Processus Croissant pour I’Ordre Convexe” in French) in Hirsch, Profeta, Roynette & Yor
[43]. It follows by Kellerer’s theorem that a process is a peacock if and only if there is
a martingale with the same marginal distributions at each time, it is then interesting to
construct such martingales associated with a given peacock (or equivalently with a given
family of marginal distributions). In particular, when the marginal distributions are given
by those of a Brownian motion, such a martingale is called a fake Brownian motion. Some
examples of martingale peacock (or fake Brownian motion) have been provided by Albin
[2], Fan, Hamza & Klebaner [29], Hamza & Klebaner [37], Hirsch et al. [42], Hobson [46],
Oleszkiewicz [64], Pages [66].

Our procedure gives a new construction of martingales associated with some peacock
processes satisfying some technical conditions, and in particular a discontinuous fake Brow-
nian motion. Moreover, our constructed martingale is optimal among all martingales with
given marginal distributions for a class of cost/reward functions, i.e. it solves a martin-
gale transportation problem under technical conditions. We would like also refer to Juillet
[56] for more discussions on this approximation procedure of the family of discrete-time
martingales.

The rest of the paper is organized as follows. In Section 2, we recall the martingale
version of Brenier’s theorem for a discrete-time MT problem in two marginals case as
well as its extension in multi-marginals case, established in Beiglbéck and Juillet [7], and
Henry-Labordere & Touzi [40]. In Section 3, we formulate a continuous-time MT problem
under full marginals constraints. The problem is next solved in Section 4 under techni-
cal conditions. Namely, by taking the limit of the optimal martingale measure for the



multi-marginals MT problem, we obtain a continuous-time martingale fitted to the given
marginals, or equivalently, a martingale associated with peacock processes. Under addi-
tional conditions, we prove that this limit martingale is a local Lévy process and solves the
infinitely-many marginals MT problem for a class of cost/reward functions. In particular,
we provide an explicit characterization of this optimal solution as well as the dual opti-
mizer. In Section 5, we discuss some examples of extremal peacock processes following our
construction, including a discontinuous fake Brownian motion and a self-similar martingale.
As an application in finance, we provide an optimal robust hedging strategy for the variance
swap option in Section 6. Finally, we complete the proofs of our main results in Section
7, where the main idea is to approximate the infinitely-many marginals case by the multi
marginals case.

2 Discrete-time martingale transportation

This section recalls from [7, 40] the martingale version of the one-dimensional Brenier
theorem in a simplified context. The corresponding result in the standard optimal transport
theory is known as the Fréchet-Hoeffding coupling [31, 52], see also Rachev & Ruschendorf
[71].

2.1 The two marginals case

Let po, p1 be two probability measures on R with finite first moments, without atoms,
and such that up =< w1 in convex ordering, i.e. po(¢) < pi(¢) for every convex function,
where u(¢) := [ ¢(x)u(dz) for every Borel probability measure y and one-sided integrable
function ¢. For i = 0,1, we denote by —oco < [,, < r,, < +o0o the extreme left-point and
right-point of the support of u;, and by F; the cumulative distribution function of p;. We
assume that the function dF' := F} — Fj has a finite number of local maximizers in (1,,,, 7y, ):

M@F) :={m),....mY, 1, <m{<...<md <r,.

We also denote
9(z,y) == FH(Fo(z) + 6F(y));

Let Pg2 be the collection of of all Borel probability measures on R?. We introduce the
set Ma(up, u1) of all martingale measures with marginals po and py by

Mo(pg, 1) == {P€Pge : Xo ~ po, X1~ pr and EF[X;]Xo] = Xo}.
The two-marginals MT problem is defined by

Po(po, 1) = sup  EF[e(Xo, X1)], (2.1)
PeMa(po,p1)

where ¢ : R? — R is a reward function such that ¢(z,y) < a(x) + b(y) for some a € L (uo)
and b € L' (pu1). The dual formulation of the MT problem (2.1) turns out to be

Do (po, p1) = (Wi%)fGDZ{Mo(SO)JFM(W}; (2.2)
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where the collection Dy of dual components is defined, with notations p* := o Vv 0, T :=
PV O, (p@¢)(z,y) = @(x) + ¥(y) and h¥(z,y) == h(z)(y — z), by

Dy = {(o,¥,h) ¢t €L (o), v €L (1), h €L? and p &) + h® > c}.

As a financial interpretation, Da (g, 1) is the robust superhedging cost for the derivative
with payoff ¢(Xo, X1) by means of static and dynamic trading strategies (¢, 1, h).

Under mild conditions, a strong duality (i.e. Pa(uo, 1) = Da(uo, 1)) is proved in Bei-
glbock, Henry-Labordere & Penkner [5].

In this section, we review the explicit construction of the solution to the last MT problem
(2.1) and the corresponding dual problem (2.2), as derived in [7] and [40] under the condition
Ceyy > 0. Let

xg := inf {x € R : F increasing on a right neighborhood of a:} and mj = m(f.
Define the two right-continuous functions T, Ty : R — R and Dg := Ug>o (g, mi1] by
Ty(w) =t (x,my), Tu(x):=g(x,Ty(z)) for my <z <y,

where:

o Aj = (w0, mi] \ (Uick {Tal[mi, zi)) Ulmi, i) }) = (w0, ma] \ { Ui (Talwi), 2] };
o for z > my, 4% (x,my,) is the unique point in A, such that

4k (z,my,)

/x [F (Fo(€)) — €] dFo(€) +/ 14, (&) (9(, &) — €)doF(g) = 0 (2.3)

—00 —00

e for k£ > 2, define
zp = inf {z > my, : g(w,tA"‘ (x,mg)) <z} and myyq = inf (M(6F) N [z, 00)).

By the continuity of Fy and Fi, it follows from the last construction, we see that T; and
T, take values in Do and D, respectively. Moreover, both functions are continuous except
on points (zx)r>1 and (Td_l(:vk—))k>1, where T, " denotes the right-continuous version of
the inverse function of Ty.

Remark 2.1. (i) In the case §F has only one local mazimizer my, we have Dy = (—o0, my]
and D§ = (my,00), Ty maps D§ to Dy and T,, maps D§ to DE.
(ii) In [40], the functions T,, and Ty are obtained by solving the ODE

d(6F oTy) = —(1 — q)dFy, d(FyoT,)=qdFy, where q(x) = ———"—,(24)

on the continuity domain of Tj.

With the two functions T, and T, one can then construct a discrete-time martingale
(X§, X7) satisfying the marginal constraints (po, p1) as follows: (i) X is a random variable
of distribution po; (ii) conditioned on X3 € Dy, we have X; := X{; (iii) conditioned on
Xy € Dg, X takes the value T, (X) with probability ¢(Xg) and the value Ty(X() with



probability 1 —¢(X¢). In other words, the above construction gives a probability kernel T
from R to R,

To(z,dy) = 1py()dz(dy) + 1pg(x)[q(x)dr, () (dy) + (1 — q(2))d7,@)(dy)].  (2.5)

Further, they construct a dual component (a superhedging strategy) (p«, ¥, hi) € Do. The
dynamic strategy h, and static strategy 1, are defined, up to a constant, by

cx(x, Ty (x)) — ez, Ty(x))
Ty (z) — Ty(x) ’
hy(x) = hy (Td_l(x)) + cy(z,z) — cy(Td_l(:v),x), for x € Dy,

Rl () for z € Dg, (2.6)

P, = cy(Tu_l,-)—h*oTu_]L on D§, . = cy(Td_l,-)—h*on_1 on Dy,

and
pu(x) = q(@)(c(z, Tu(@)) = u(Tu(@))) + (1 = q(2)) (c(z, Tu(x)) — $u(Ta(x))), Yz € R,
where we set g(x) := 1 for z € Dy. Moreover, h., 1, are chosen such that

(s Tu(-)) = Yu(Tul-)) = (s Ta()) + u(Ta(-)) = (Tu() = Tu(-)) () (2.7)
is a continuous function.

Theorem 2.2. [/0, Theorem 3.13] Suppose that the partial derivative czy, exists and cqyy >
0 on (g, muo) X (Luys 7y )- Then,

(i) the probability Py (dz, dy) := po(dx)Ti(x, dy) € Ma(po, p1) and (ps, Py, hy) € Da;

(ii) the martingale transference plan P, solves the primal problem (2.1) and (@, ¥y, hy)
solves the dual problem (2.2); moreover, we have the duality

E (X0, X1)] = Palpo, 1) = Dalpo, 1) = po(ps) + pa (i)

Remark 2.3. (i) By symmetry, one can also consider the c.d.f. Fj(z) := 1 — Fy(—z),
x € R, i=0,1, and construct a right monotone martingale transference plan which solves
the minimization transportation problem (see more discussions in Remark 3.14 of [40]).

(ii) When the condition ¢z, > 0 is not satisfied, the optimal transference plan is in general
different from P,. For example, when ¢(x,y) = |z —y|, Hobson & Klimmek [47] proved that
the optimal transference plan is induced by a trinomial tree model, under some technical
conditions on the marginal distributions.

2.2 The multi-marginals case

The above result are easily extended, in Section 4 of [40], to the multi-marginals case when
the reward function is given by c(z) := >_1; ¢'(wi—1, i), Vo € R"T1. More precisely, with
n + 1 given probability measures (g, , fn) € (Pr)""! such that pg < -+ < u, in the
convex ordering, the problem consists in maximizing

E[e(Xo, -, Xn)] = E[Zci(Xi_l,Xi) (2.8)
=1



among all martingales (Xo, --- , X,,) satisfying the marginal distribution constraints (X; ~

fiyi=0,---,n). For every (u;_1, i), we construct the corresponding functions (T35, T%) as
well as T and (i,%, hi) as in (2.5, 2.6). Assume céyy > 0 for every 1 < ¢ < mn, it follows

that the optimal martingale measure is given by P%(dz) := po(dwo) I Tt (x;—1, dx;), and
(¢, 9, hl)1<i<p is an optimal superhedging strategy, i.e. for all (zg,--- ,x,) € R**1

c(zo,- - an) <

(Ph(@ima) + i) + Y hi(wior) (@i — zica).
= i=1

=1

3 Continuous-time martingale transport under full marginals
constraints

We now introduce a continuous-time martingale transportation (MT) problem under full
marginals constraints, as the limit of the multi-marginals MT recalled in Section 2.2 above.
Namely, given a family of probability measures p = (j1t);(0,1], We consider all continuous-
time martingales satisfying the marginal constraints, and optimize w.r.t. a class of reward
functions. To avoid the problem of integration, we define, for every random variable &, the
expectation E[¢] := E[¢1] — E[£~] with the convention oo — 0o = —o0.

Let Q := D(]0,1],R) denote the canonical space of all cadlag paths on [0,1], X the
canonical process and F = (F;)o<¢<1 the canonical filtration generated by X, i.e. F; :=
0{Xs,0 < s < t}. We denote by M the collection of all martingale measures on €,
i.e. the collection of all probability measures on €2 under which the canonical process X
is a martingale. The set M, is equipped with the weak convergence topology throughout
the paper. By Karandikar [58], there is a non-decreasing process ([X]¢)¢c[,1) defined on €2
which coincides with the P-quadratic variation of X, P-a.s. for every martingale measure
P € M. Denote also by [X]¢ the continuous part of the non-decreasing process [X].

Given a family of probability measures p = (ut)o<t<i, denote by My (p) C Mo the
collection of all martingale measures on €2 such that X; ~F j; for all t € [0,1]. In particular,
following Kellerer [59] (see also Hirsch and Roynette [41]), M (p) is nonempty if and only if
the family (41)o<t<1 admits finite first order moment, is non-decreasing in convex ordering,
and t +— p; is right-continuous.

Finally, for all ¢ € [0,1], we denote by —oco < I < 1 < oo the left and right extreme
boundaries of the support of s, and we set

E:={(t,z):t€[0,1],x € (It,r:)}.
We next collect some properties of the functions (I,7) : [0,1] — (RU{—00}) X (RU {o0}).

Remark 3.1. (i) The functions [ and r are non-increasing and non-decreasing, respectively.
We only report the justification for the right boundary of the support r, a similar argument
applies to [. For 0 < s <t < 1, it follows from the increase in convex order that or all
constant ¢ € R, we have [(x — ¢)"py(dz) > [(x — ¢)T ps(dx), so that ps((c,00)) > 0
implies that u:((c,00)) > 0, and therefore r is non-decreasing.

(ii) Assume that p has a density function for all ¢ € [0, 1] and ¢ — i is continuous w.r.t the



weak convergence topology, then the functions 1(_ ) and 1(. ) (z) are ji;—a.s. continuous
for all t € [0, 1], and it follows that [ and r are continuous.

Similar to Hobson & Klimmek [47], our continuous-time MT problem is obtained as
a continuous-time limit of the multi-marginals MT problem, by considering the limit of
the reward function > ., ¢(x¢, ,,X¢,) as in (2.8), where (t;)1<i<n is a partition of the
interval [0, 1] with mesh size vanishing to zero. For this purpose, we formulate the following

assumption on the reward function.

Assumption 3.2. The reward function c : R?> — R is in C3(R?) and satisfies
c(z,z) =cy(z,x) =0 and cpyy(z,y) >0, VY(z,y) € (li,r1) % (I1,71). (3.1)

In order to obtain the convergence, we need to use the pathwise It6 calculus introduced
in Follmer [30], which is also used in Hobson & Klimmek [47] and Davis, Obléj & Raval
[23] (see in particular their Appendix B).

Definition 3.3 (Follmer [30]). Let (my)n>1 be a sequence of partitions of [0,1], i.e. mp =
0=ty <--- <t} =1), such that |m,| == maxi<p<y [t} —t7_1| = 0 as n — oco. A cadlag
path x : [0,1] — R has a finite quadratic variation along (7,)n>1 if the sequence of measures
on [0,1],

2
Z (XtZ - Xt’l’é—l) Oft, 3 (dt),
1<k<n
converges weakly to a measure [x]" on [0,1]. We then denote [x]I" := [x]¥'([0,t]) which is
clearly a non-decreasing process, and by [X].F’C its continuous part.

The following convergence result follows the same line of proof as in Lemma 7.4 of Hobson
& Klimmek [47].

Lemma 3.4. Let Assumption 3.2 hold true. Then for every path x € Q with finite quadratic
variation [x]F along a sequence of partitions (7, )n>1, we have

n—1 1

Zc thﬂ — ;/ Cyy (Xe, %¢)d fc + Z c(x¢—, X¢).

k=0 0 0<t<1
Notice that [x]*" depends on the sequence of partitions (m,),>1 and it is not defined for
every path x € Q. Therefore, we also use the non-decreasing process [x] introduced in
Karandikar [58] which is defined for every x € € and coincides “almost surely” with the
“quadratic variation” in the martingale case.

Motivated by the last convergence result, we introduce a reward function

1

C(x) = ;/ Cyy (X, X¢)d[x]§ + Z c(x4—,x¢), forall x e,
0 0<t<1

where the integral and the sum are defined as the difference of the positive and negative

parts, under the convention oo — co = —oo. We then formulate a continuous-time MT

problem under full marginals constraints by

Po(p) = sup EF [C(X)]. (3.2)
PEMoo (1)



Remark 3.5. (i) Under the condition c¢(z,z) = c¢y(x,2) = 0 in Assumption 3.2, we
have |c(z,7 + Az)| < K(x)Ax? for all Az € [—1,1] with some positive function K (z)
which is locally bounded. Since Y ., (AX;)? < oo, P—as. for all P € My, we have
Y o<r<q ¢(Xi—, Xy) < o0 P—aus. for all P € M.

(ii) Let us fix a martingale probability P € M, under which the canonical process X is a
martingale and hence Etk ey (th — th71)2 converges in probability to its quadratic vari-
ation. By considering a sub-sequence of (7,,)n>1, it follows that P-almost every path admits
finite quadratic variation, denoted by [X]F, along this sub-sequence in sense of Definition
3.3. Tt follows that [X] = [X]F, P-a.s.

Now, let us introduce the dual formulation of the above MT problem (3.2). We first
introduce the class of admissible dynamic and static strategies. Denote by Hy the class
of all F—predictable and locally bounded processes H : [0,1] x @ — R, i.e. there is an
increasing family of F—stopping times (7,),>1 taking value in [0,1] U {oo} such that the
process H.p;, is bounded for all n > 1 and 7,, — 0o as n — co. Then for every H € Hj and
under every martingale measure P € M, one can define the integral, denoted by H - X,
of H w.r.t. the martingale X (see e.g. Jacod & Shiryaev [54] Chapter 1.4). Define

H = {H€H : H-X is a P-supermartingale for every P € My }.

For the static strategy, we denote by M ([0,1]) the space of all finite signed measures on
[0, 1] which is a Polish space under the weak convergence topology, and by A the class of all
measurable maps A : R — M ([0, 1]) which admit a representation A\(x,dt) = Ao(t, z)~y(dt)
for some finite non-negative measure 7 on [0, 1] and measurable function Ag : [0,1] x R — R
which is bounded on [0, 1] x K for all compact K of R. We then denote

1
A(p) == {Xe A :pu(]A]) <oo}, where pu(|A]) = /0 /R‘/\O(t,x)‘ut(dx)”y(dt).

We also introduce a family of random measures 6% = (6;¥)p<;<1 on R, induced by the
canonical process X, by 6;% (dz) := 6x,(dz). In particular, we have

() = /01 ANXy,dt) = /01 Xo(t, Xe)y(dt).
Then the collection of all superhedging strategies is given by
Doolpt) = {(H, N eH XA 05O+ (H-X)1>C(X), P—as., VPe Moo},
and our dual problem is defined by

D = inf \). 3.3
oo (1) (H,)\)lenDoo(u)M() (3.3)

4 Main results

We first construct in Subsection 4.1 a martingale transport peacock corresponding to the
full-marginals (p1t).e[o,1)- This is obtained in Proposition 4.2 as an accumulation point of a
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sequence (P™),, of solutions of n—periods discrete martingale transport problems. In order
to further characterize such a martingale peacock, we next restrict our analysis to the one-
maximizer context of Assumption 4.3 below. Then, our second main result in Subsection
4.2 shows that the sequence (P"), converges to the distribution of a local Lévy process.
Finally our third main result is reported in Subsection 4.3. We show that this limit indeed
solves the continuous-time MT problem (3.2), and that the duality result holds with explicit
characterization of the solution of the dual problem under Assumption 4.3 below.

4.1 A martingale transport plan under full marginals constraint

For every t € [0, 1], we denote by F'(¢, -) the cumulative distribution function of the probabil-
ity measure p; on R, and F~!(¢,) the corresponding right-continuous inverse with respect
to the x—variable. We also denote for ¢t € [0,1), £ € (0,1 — ¢]:

SF(t,x):=F(t+e,x) — F(t,z), ¢;(z,y)=F'(t+e F(t,z)+6F(ty)).

Assumption 4.1. (i) The marginal distributions p = (fi¢)eo,1) are non-decreasing in
convex ordering and have finite first order moment.

(ii) For allt € [0, 1], the measure p has a density function f(t,-), and t — p; is continuous
w.r.t. the weak convergence topology. Moreover, F € Cy(E), and infye— K, k)Nl £ T) >
0 for all K > 0.

(iii) For every t € [0,1) and e € (0,1—¢], the set of local mazimizers M(6°F(t,x)) is finite.

We denote similarly
5 f(t,) = f(t+e,a) — f(t,), te[0,1), e € (0,11

Under Assumption 4.1 (iii), a unique left-monotone martingale measure corresponding to
the two marginals p; and py4c is obtained by following the construction recalled in Section
2. We denote the corresponding characteristics by (z5(t), miﬂ(t))kzo, and T (t,-),T5(t,-).
Similarly, denote D®(t) := Ug>1(25_1(t),m5(t)] and AL(t) = (2§(t),m(t)) \ { Uik
(T5(t, 25 (1)), z5(¢)] }. In particular, for every x € [m(t), 25 (1)),
e the function 77 (t,x) € Aj,(t) is uniquely determined by
x T5(t,x)
/’[F*@+aﬁw@»—dﬂu@@+/’ Lz () (6) [95 (2, €) €] 0° F (£, €)dE = 0, (4.1)
—0o —0oQ
e the function T is given by 7% (t,z) := gf (:U,Tj(t,x)).
Since the functions 75 and T¢ are (piecewise) monotone, we may introduce (75)~! and

(T2)~! as their right-continuous inverse function in x denotes the of z — T5(¢,z). We also
introduce the jump size function

Jzi(t,.’lf) = Ti(tvx) -, Jj(tvx) =T Tj(t,{t)

We recall that © := D(]0,1],R) is the canonical space of cadlag paths, which is a Polish
space (separable, complete metric space) equipped with the Skorokhod topology; and X
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is the canonical process. Let (m,)n,>1 be a sequence, where every m, = ({)o<i<n is a
partition of the interval [0,1], i.e. 0 = ¢f < --- < t = 1. Suppose in addition that
|Tn| := maxi<p<n(t} —t}_;) = 0. Then for every partition 7,, by considering the marginal
distributions (ptr )Jo<k<n, one obtains an (n+1)-marginals MT problem as recalled in Section
2.2, which consists in maximizing

El Y X X))
0<k<n—1

among all discrete-time martingales X™ = (X")o<k<, satisfying the marginal distribution
constraints. Under Assumptions 3.2 and 4.1, the left-monotone transference plan, recalled
in Section 2.2 and denoted by P*", is a solution of the last martingale transport problem.

Let Q%" := R™*! be the canonical space of discrete-time process, X" = (XP)o<k<n be
the canonical process, under P*™ X" is a discrete-time martingale and at the same time
a Markov chain, characterized by T (¢}, -) and T5(t},-) in (4.1). We extend the Markov
chain X™ to a continuous-time cadlag process X*" = (X,"")o<i<1 defined by

n
XP= Xy (), tE€[0,1].
k=1

We finally introduce P" := P*" o (X*")~! as the probability measure on € induced by X*"
under P*™.

Our first result establishes the tightness of the sequence (P"),>1, and shows that any
limiting probability measure provides a martingale transport plan under full marginals
constraint.

Proposition 4.2. Under Assumption 4.1, the sequence (P”)n>1 is tight (w.r.t. the Sko-
rokhod topology on Q). Moreover, every limit point PV satisfies P € Moo(p), i.e. X is a
martingale fitted to the marginal distributions pn = (ut)o<t<1 under PO,

4.2 A Local Lévy process characterization

We next seek for a further characterization of the limiting peacocks obtained in Proposition
4.2. The remaining part of our results is established under the following unique local
maximum condition.

Assumption 4.3. (i) There is a constant £g > 0 such that, for all t € [0,1] and 0 < € <
g0 A (1 —t), we have M(8°F(t,.)) = {m®(t)} and M(8:F(t,.)) = {mq}.

(i) Denote m®(t) := my, then (t,e) — m°(t) is continuous (hence uniformly continuous
with continuity modulus py) on {(t,e) :0<e<egy, 0<t<1—¢e}.

(iii) For every t € [0, 1], we have Oy f(t,my) < 0.

Example 4.4. (i) Let Fy : R — [0, 1] be a distribution function of random variable such

that its density function fo(x) := Fj(z) is strictly positive on R. Define F(t,x) := Fy(z/t)

and f(t,z) := }fo(z/t), then the associated marginal distribution is clearly a peacock.

N

Denote further fo(z) := log fo(z). Assume that f}(z) > 0 for € (—o0,0) and f}(z) < 0

11



for z € (0,00), then for every ¢t € (0,1) and € € (0,1 — t), the map y — fo(y) — fo(y + y)
is strictly increasing on (—o0,0) and strictly decreasing on (0,00). In this case, the set

) —h(asen)}

has exactly two points, and one can check that the smaller one is the maximizer m*(t) of
x +— 0°F(t,x), and the second one is the minimizer of z — 0°F(¢t,z). Denote by m; the

{z : fit,x) = f(t+e,2)} = {x :log(l—i—e/t):fo(

maximizer of z — 0, F (¢, z), which is also is the smallest solution of
4 [T\ X
—f0(¥>¥ —t = 8 f(t,x) =0, fora fixedt> 0. (4.2)
Then by the fact that

ﬁ(tis)_ﬁ(?igﬂ+fﬁg - _ﬁxtis>tis%4_0@ﬁ%

and f(’)(mt) # 0, we can also prove the convergence of m®(t) — my. In this case, Assumption
4.3 (i) and (ii) hold true.

(ii) In particular, when the marginals (ii)ic[5,146) are those of the Brownian motion for

1:2
some ¢ > 0, then both Assumptions 4.1 and 4.3 hold true with f(¢,z) = ﬁe‘ﬁ, me(t) =
t(t+e)

—\/7 log(1 +¢/t) and m; = —/t. See also Section 5 for more discussions.

)

(iii) For general function fo, it is clear that (4.2) may have more than two solutions, then
Assumption 4.3 is no more true.

Direct calculation suggests that the sequence (7). is expected to converge to the function
Ty obtained via the limiting equation

[ @-gaswow = o (43)

Td(t,x)
We also define j4(t, z) and j,(t, ) by

OF (t,Ty(t,x)) — O F(t, x)
f(t, )

We notice that j,(¢,-) and j4(¢,-) are both positive and continuous on D%°(t), where

Ja(t,x) :=x — Ty(t,z) and j,(t, z) := t€[0,1],z > m(4.4)

D(t) := (l,my], D = {(t,x):t€ 0,1,z € D(t)} and D°(t) := int(D(t)").

Lemma 4.5. Let Assumptions 4.1 and 4.3 hold true. Then for all x € (my,rt), the equation
(4.3) has a unique solution Ty(t,z) in (It,m¢). Moreover

(i) Ty is strictly decreasing in x

(ii) ja(t, x)losm,, Ju(t, ©)1gsm, and %(t,x)1x>mt are all locally Lipschitz in (t,x).

Our second main result is the following convergence result for the sequence (P"),, with
an explicit characterization of the limit as the law of a local Lévy process.

12



Theorem 4.6. Suppose that Assumptions 4.1 and 4.3 hold true, then P* — P°, where PV
is the unique weak solution of the SDE

t .
Xt = X()—/ 1{Xg_>m(s)}jd(57Xs*)(st_Vsds)a Vg = %(Sva*)le_>m(s)a (45)
0 ;
and (Ng)o<s<1 5 a jump process with unit jump size and with predictable compensated

process (Vs)o<s<i-

The pure jump process (4.5) is in the spirit of the local Lévy models introduced in Carr,
Geman, Madan & Yor [16]. Notice however that the intensity process (1t)o<t<1 in our
context is state-dependent.

We conclude this subsection by providing a point of view from the perspective of the
forward Kolmogorov-Fokker-Planck (KFP) equation. Recall that D%°(t) is defined below
(4.3), and denote D°(t) := Ty(t, D“°(t)).

Lemma 4.7. Under Assumptions 4.1 and 4.3, the density function f(t,xz) satisfies

atf(t, J,‘) = _]—{:E<mt} ; Juf ) (t’Td_l(t’ $)) - 1{m>mt} (]Uf

Ja(1 = 02ja) T 0iuf) ) (t,2),  (4.6)

for allt € [0,1) and x € R\ {my}.
The first order PDE (4.6) can be viewed as a KFP forward equation of SDE (4.5).

Proposition 4.8. Let Assumptions 4.1 and 4.3 hold true. Suppose that the SDE (4.5)
has a weak_solution X which is a martingale whose marginal distribution admits a density
function fX(t,x) € C1([0,1] x R). Suppose in addition that IEH)?l‘p] < oo for somep > 1,
and for every t € [0,1), there is some € € (0,1 — t] such that

t+eo R
E|:/ ju(S7XS)1)?SeDc(S)dS:| < 00. (47)
t
Then, the density function f)? of)E defined in (4.5) satisfies the KFP equation (4.6)

4.3 Optimality of the local Lévy process

The optimality results of this subsection are also obtained in the one-maximizer context
of Assumption 4.3. We first introduce the candidates of the optimal dual components for
the dual problem (3.3). For ease of presentation, we suppose that Iy = —oo and r; = 0.
Following Section 2, the optimal superhedging strategy (%, %, h%) for the two marginals
MT problem associated with initial distribution uy, terminal distribution p:y., and reward
function ¢ : R x R — R, is explicitly given by:
Cco(x, TE(t, x)) — cp(x, T5 (t, x
he(t,x) = ho(t, (Tj)_l(t,x)) - cy((Tj)_l(t,m),x), r < me(t);
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denoting (T¢) 71 (t, ) := (T5) 1 (t, 2) Lyspme 1y +(T5) (£, )1y 1), the function ¢ is given
by

o(t,x) = Cy((Ts)il(tﬂ x)vx) —h* (t) (Te)fl(t,x))a

and
x—T5 , T . . ;
O (t,x) = Te(t, ) f%(i’ 5 (c(a:,Tu(t, x)) — ¢ (t, Tu(t,;g)))
b ey (e Ti) — 0 (1. Ti(e ) ).

Clearly, h* and ¥° are unique up to a constant. More importantly, h® and ¢* can be chosen
continuous on [0, 1) x R so that (2.7) holds true, since T}, and T}; are both continuous under
Assumption 4.3.

We shall see later that Assumption 3.2 on the reward function ¢ implies that the continuous-
time limit of the optimal dual components is given as follows. The function A* : [0,1] x R
is defined, up to a constant, by

O h*(t,x) = (2, 7) - cx(x,Td(t,ac))’ when x > my, (4.8)
]d(t7 l‘)
h*(t,x) = h*(t,T;'(tx) — ey (T, (t,2),2),  when z < my. (4.9)

Finally, ¢* : [0,1] x R — R is defined, up to a constant, by

O™ (t,x) = — h*(t,z), (t,x) € [0,1] x R.
As an immediate consequence of Lemma 4.5 (ii), we obtain the following regularity results
Corollary 4.9. Under Assumptions 3.2, 4.1, and 4.3, we have ¢* € CH1(][0,1] x R).

Proof. We shall prove that d,9* = h* and 9;¢* are both continuous on [0, 1] x R. First,
by its definition below (4.8), h* is clearly continuous in (¢, z) for  # my, since the function
Tu(t,z)1z>m, is continuous. We can also easily check the continuity of h* at the point
(t,m¢) by (4.8), since T ' (t,z) — my as  — my and ¢y(z,x) = 0. Finally, by (4.8) with
direct computation, we get

Cay (2, Ty(t, 2)) ja(t, 2) — (calw, z) — co(z, Ty(t, z)))
(jd(tvx))Q

which is also locally bounded on D¢ since Ty(t,z) is locally bounded by Lemma 4.5. It
follows then that d,¢*(t,x) = [ 8:h*(t,£)dE is continuous in (¢, z). O

8t,xh* (t> l’) = 8tjd(t’ .’L‘)

)

In order to introduce a dual static strategy in A, we let v*(dt) := dy0y(dt) + dg13(dt) +
Leb(dt) be a finite measure on [0, 1], where Leb(dt) denotes the Lebesgue measure on [0, 1];
we define A and Ay by A5(0,2) 1= ¢*(0,2), M(1,2) := *(1,z), Ag(0,2) = [*(0, )|,
Ao(1,2) == supsefo,1] [¥* (¢, )]; and for all (¢,z) € (0,1) x R,

)\8 = atw* + 1pe (6a:¢*3u =+ VWJ* - w*(v Td) + C('7 Td)])?
o= [0+ 1pe (0ut*ju + vI* — 47 (., T)])| + Lpevle(., Ta)l,
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where we recall that D¢ = {(t,z) : > m;}. Finally, we denote \*(x,dt) := Aj(t, x)v*(dt)
and X" (z, dt) == Ag(t, z)v*(dt).

We are now ready for our third main result which states the optimality of the local Lévy
process (4.5), as well as that of the dual component introduced above. Similar to [40] and
[47], we obtain in addition a strong duality for the MT problem (3.2) and (3.3). Let H* be
the F-predictable process on () defined by

Hp :=h*(t,X,-), te0,1].

Theorem 4.10. Let Assumptions 3.2, 4.1 and 4.8 hold true, suppose in addition that
p(X) = fol fRX;(t,J:)ut(dx)ﬁy*(dt) < 00. Then the martingale transport problem (3.2) is
solved by the local Lévy process (4.5). Moreover, (H*, \*) € Doo(1) and we have the duality

0 *
E"[C(X)] = Poo(p) = Doo(p) = p(X),
where the optimal value is given by
1 re
) Ju(t, ) ,
AY) = // - cle,x — jg(t,x t,x) dx dt.
py =[] RS e ute ) S0.2)

Remark 4.11. The proofs of Theorems 4.6 and 4.10 are reported later in Section 7, the
main idea is to use the approximation technique, where we need in particular the continuity

property of the characteristic functions in Lemma 4.9. This is also the main reason for which
we restrict to the one maximizer case of Assumption 4.3. See also Remark 7.5 for more
discussions.

Remark 4.12. By symmetry, we can consider the right monotone martingale transference
plan as discussed in Remark 3.14 of [40]. This leads to an upward pure jump process with
explicit characterizations, assuming that x — 0,F(t,z) has only one local minimizer 7.
More precisely, we define

O F (t, ) — O F(t, T (t, )
f(t,x) ’

where T, (t, ) : (I;, 7] = [fg,7¢) is defined as the unique solution to

ju(tvx) = Tu(ta l‘) —x and jd(tvx) =

Tu(t,x)
/ (€~ 2)0f(t.E)dE = 0.

The limit process solves SDE:

5 Y ~ ~ Jd
dXt = 1Xt_<fnt]u(t7 th)(dNt - tht) vy = 7(t7 th)].Xt_ <> (410)
u
where (Nt)ogtgl is an upward jump process with unit jump size and predictable compen-
sated process (I¢)o<t<1. Moreover, under Assumption 3.2 together with further technical
conditions on pu, this martingale solves a corresponding minimization MT problem with
optimal value

(

[
0 Ji ]u(t

a‘;; c(x,x—f—}u(t,x)) f(t,x) dx dt.
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5 Examples of extremal peacock processes

With the introduction of peacock (or PCOC “Processus Croissant pour ’Ordre Convexe”
in French) by Hirsch, Profeta, Roynette & Yor [43], the construction of martingales with
given marginal distributions becomes an interesting subject. When the marginals are given
by those of the Brownian motion, such a martingale is called a fake Brownian motion. The
above two jump processes provide two new constructions of martingale peacocks and in
particular two discontinuous fake Brownian motions if we take for f(¢,z) the density of
a Brownian motion. We also refer to Albin [2], Fan, Hamza & Klebaner [29], Hamza &
Klebaner [37], Hirsch et al. [42], Hobson [46], Oleszkiewicz [64], Pages [66] etc. for other
solutions and related results. Moreover, our two fake Brownian motions are remarkable
since they are optimal for a class of reward functions. Let us provide here some explicit
characterizations of the first discontinuous fake Brownian motion as well as that of a self-
similar martingale induced by Theorem 4.6.

5.1 A remarkable fake Brownian motion

Let p; := N(0,t) with ¢ € [0,1] for some 6 > 0, for which Assumptions 4.1 and 4.3 are

satisfied. In particular, by direct computation, we have m®(t) = —\/ @ log(1 4 ¢/t) and
my = —/t for all t € [§,1]. In this case, it follows that Ty(¢,z) is defined by the equation:

/ (z— (2 —t)e €/2dg =0 forall x> my.
Td(t,iB)

By direct change of variables, this provides the scaled solution Ty(t,x) := 1/ Qfd (t‘l/ 21‘),
where:

fd(x) < —1 is defined for all z > —1 by /A (x — &) (&% - 1)6752/26% =0.
Ta(z)

ie.
e—fd(x)z/Q <1 + fd(m)2 . l’fd(l‘)) _ €_w2/2-

Similarly, we see that j,(t,z) := t_l/qu (t‘l/Qa:), where

1 Ta(2) — } for all x > —1.

1 fa o8 2 2
w(z) = =[x —Ty(zx)eTal@) =272 x — =
) bz~ Tul) I =l 1+ Tu(w)? — oTa(x)

2
We also plot the maps Ty(z) and Ty,(z) := x + ju(z) in Fig. 1.

5.2 A new construction of self-similar martingales

In Hirsch, Profeta, Roynette & Yor [42], the authors construct martingales M; which enjoy
the (inhomogeneous) Markov property and the Brownian scaling property:

Ve>0,(Mag,t>0)~ (cM,t>0).
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Figure 1: Fake Brownian motion: Maps Td and Tu

When the marginals of M admit a density, this property means that the density function
f(t,x) scales as f (C2t, x) = %f (t, %), ie. f(t,z)= f(1,2/vt)/\/t. A first methodology for
constructing such martingales, initiated in [62], uses the Azéma-Yor embedding algorithm
under a condition on p = Law(Mj), which is equivalent to

T b2 is increasing on R,
1

(z)
with b; the Hardy-Littlewood barycenter function

1
bi(z) = 1(7,50)) /{LOO) yu(dy).
Their second method uses randomization techniques, and allows to reach any centered law
with finite moment of order 1.
Following our approximation approach, one can construct a self-similar martingale that
can reach marginals without using randomization. Assume that 0,F(¢,x) has a unique

maximizer which is given by m; = v/tm, where m is the smallest solution of
fLm) + mfam) = 0.

The scaling property of j; and j,, observed in the previous subsection, still applies; and fd
as well as }\u can be computed by

[ - BT s

Ta(x)
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6 Application: Robust sub/superhedging of variance swap

As an application, let us finally consider the reward function co(x,y) := (Inz — Iny)?,
corresponding to the payoff of a so-called “variance swap”. More precisely, the payoff of

_ Xt . . .
11 2 X"t“ in the discrete-time case, and by
k

La[xje X
In 2
/0 X2 + Z X

0<t<1 t

variance swap is given by > '~

in the continuous-time case, following the convergence result in Lemma 3.4. Note that in
practice, tx11 — tx= 1 day and the approximation of a discrete-monitored variance swap by
its continuous version is valid. Note that if we assume that X; is a continuous process, the
variance swap can be replicated by holding a static position in an European log contract
with payoff —21n X; /X at the maturity ¢, := 1 and a Delta hedging A; = 2/X;. Indeed,
from It6’s lemma, we have

Lalx X
/ dl 2]t:2 EAGEPIRES
o Xi 0 Xi Xo

This implies in particular that under the assumption of continuous processes, the arbitrage-
free price of a variance swap is model-independent modulo the information of T' = 1-vanilla

E[/O dgé]t} - —2Em[1n§§(1]].

The story is different if we assume that the process X; can jump. In this case, the replication

options:

is no more applicable and one needs to consider robust sub- and super-replication prices.
We can easily verify that ¢y satisfies Assumption 3.2. Therefore, given a continuous-time
family of marginals (u¢)o<t<1 which are all supported on (0,00) and satisfy Assumptions
4.1 and 4.3, we can then construct a left-monotone (resp. right-monotone) martingale with
characteristics m, j, and jg (resp. 1, j, and jg4). In addition, suppose that the constructed
optimal static strategy A* satisfies the integrability conditions in Theorem 4.10, we then
get the following result:

Proposition 6.1. With the same notations as in Theorem 4.10, suppose in addition that
Assumptions 4.1 and 4.3 hold true, and j(\ fo Je No(t, @) e (dz)y* (dt) < oo. Then the
optimal upper bound of the variance swap is given by

1 00 :
[ [ e e ),
0 me ]d(ta x) T — ]d(t7$)

and the optimal lower bound is given by

i
/dt/ dz Zd” 2 & du(t,) £t ),

Ju(t, ) z

where the optimal martingale measures are given by the local Lévy processes (4.5) and

(4.10).
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Figure 2: Market marginals 0,F(t, K) = 0;0xC(t, K) for different (liquid) maturities ¢ in-
ferred from DAX index (2-Feb-2013). For each ¢, 0.F(t,-) admits only one local maximizer.

We have compared these bounds against market values denoted VS, for the DAX index
(2-Feb-2013) and different maturities (see Table 1). Using the market prices C(¢, K) of call
options with strike K and maturity ¢ and setting p:(dz) = 6% C(¢,z)dx, we can obtain the
experience market marginals (ut)o<t<i. In practice, the Black-Scholes implied volatility
ops(t, K) of strike K and maturity ¢ € (¢1,t2), which is the volatility that must be plugged
into the Black-Scholes formula in order to get the market price of C(t, K), is interpolated
from the liquid maturities 1, to using

ops(t, K)2t = (O'BS(tZ,K)ZtQ — O'Bs(tl,K)Qtl) < —

t ttl > + ops(t1, K)2t1

This linear interpolation guarantees that C(t1, K) < C(t, K) < C(te, K) for all K.

In Figure 2, we have plotted market marginals 0,F (t, K) = 0,0xC(t, K) for different ma-
turities ¢ and checked that 9, F admits only one local maximizer.

The prices in Table 1 are quoted in volatility x100. Note that for maturities less than 1.5
years, our upper bound is below the market price, highlighting an arbitrage opportunity. In
practice, this arbitrage disappears if we include transaction costs for trading vanilla options
with low/high strikes. Moreover, we have assumed that vanilla options with all maturities
are traded.
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Maturity (years) | VSpkt | Upper | Lower
0.4 18.47 | 18.45 | 16.73
0.6 19.14 18.70 | 17.23
0.9 20.03 19.63 | 17.89
1.4 21.77 | 21.62 | 19.03
1.9 22.89 | 23.06 | 19.63

Table 1: Implied volatility for variance swap as a function of the maturity - DAX index
(2-Feb-2013). Lower/upper bounds versus market prices (quoted in volatility x100).

7 Proofs

7.1 Proof of Lemma 4.5

We first rewrite (4.3) into:
G(t,x,Td(t, x)) =0, where G(t,z,y):= /x(x —&)of(t,8)dE, . (7.1)
y

We shall use the following notations for 0 < § < K < oo,
Es = {(t,x) e D:my <x<my+0}, (7.2)
and
Esg = {(t,z) e D my+d<z<(m+ K)Ar}. (7.3)

Step 1: We first prove the existence and uniqueness of Ty. First, notice that (i), is
non-decreasing in convex ordering by Assumption 4.1, then by Jensen’s inequality,

Gt = [ (@-9aseoe = o
Since M(0.F(t,.)) = {m¢}, it follows that 0,F(t,x) is strictly increasing on the interval
(It,m¢], implying that the last inequality is strict, i.e.

G(t,z,—o0) > 0.

The same argument also implies that y — G(t, x,y) is strictly decreasing on (I, my).
Further, notice that G(t, m;, m;) = 0 and  — G(t,x,m;) is decreasing on interval (my, ;)
since

T

(%G(t,x,mt) = / 8tf(t,€)d£ = 8tF(t,a:)—8tF(t,mt) < 0.

m
In summary, for every = € (my,r), we have G(t,z,m;) < 0, G(t,x,—o00) > 0 and y —
G(t,z,y) is continuous, strictly decreasing on (I, m:). It follows that the equation (7.1)
has a unique solution Ty(t, z) and it takes values in (I, m;), which implies that the equation
(4.3) has a unique solution in (I, my).
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Step 2: We next prove (i). Differentiating both sides of equation (4.3) w.r.t. z for x €

(my,ry), it follows that

T

- (x_Td(ta$))8tf(taTd(ta‘r))ade(t?l') + / atf(t’g)dg = 0.

Td(t,$)
Therefore, for every = € (my,ry),

_ OF(t,x) — O F(t, Ta(t,x))
O, Ty(t,x) = o) 0l ) < 0, (7.4)

and hence z — Tjy(t, x) is strictly decreasing in x on interval (my, ;).

Step 3 It remains to prove (ii). We first prove that jzlpcis locally Lipschitz in x on

[m¢, 00), we shall verify that 0,Ty1pe is locally bounded. From (7.4), we have

. 8tF(t,13) - 8tF(t7Td(ta Jj)) c
8de(t,£L’) = (w _ Td(t, x)) atf(t,Td(t,iL'))’ (t,l’) € D"

It is clear that 0,T,(t,x) is continuous on D¢ and hence bounded on Ejs g for every 0 <
d < K. We then focus on the case (¢,z) € Es. Since 0,f(t,m;) = 0 and Oy, f(¢t,my) < 0 by
Assumption 4.3, we have

Oif(t,€) = Ol (t,my)(E—my) + Ci(t,€)(€—my)?,

where C1(t,&) is uniformly bounded for | — my| < 4. Inserting the above expression into
(7.1), it follows that

[ a-ge-myde = Caltn)le-Tate.0)"

Td(t,l’)

where Cj is also uniformly bounded on Ej since ming<¢<i ¢ o f(t, m¢) < 0 by Assumption
4.3. By direct computation, it follows that

(:): — Ty(t, x))2(x —my + 2(mt — Ty(t, w))) = Cy(t, ) (ac — Ty(t, :r))4,
which implies that

Ty(t,z) = my — %(a: - mt) + Co(t, x) (ac — Ty(t, x))2, (7.5)

Using again the expression (7.4), we have

OTultr) = —5 + Oslt,)(w — Tult, ),

where Cs is also uniformly bounded on Fs. Finally, by the uniqueness of solution T, of
(7.1), we get

0. Ty(t,z) = —% + Ca(t,z)(z — my), (7.6)
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for some Cj uniformly bounded on Ej, implying that Tylpe is locally Lipschitz in x.
Moreover, by the expression of j, in (4.4), i.e.

Juta) = 8tF(t,Td(1;;(=’1;))$)—3tF(t,x)’

together with (7.6), it is easy to check hat j,1pe and (j,/jq)1pe are also locally Lipschitz
in x.

To prove these functions are also locally Lipschitz in ¢, we consider 0;T4(t,z). By direct
computation, we obtain

S oy (@ — BRI (1,€)dE

O Ty(t, x) (x — Ta(t, 2))0rf (£, Talt, z))’

which is clearly continuous in (¢,z) on D¢ and hence uniformly bounded on FEj, for
K > 6 > 0. Using again (7.5), it is easy to verify that 0,7, is also uniformly bounded
on FEys, and hence 0;Ty(t,x) is also locally bounded on D¢ Therefore, ji(t,2)le>m,,
Ju(t, 2)1y>m, and ;—Z(t,x)lx>mt are all locally Lipschitz. O

Remark 7.1. In particular, we have

3 815215f(t7 mt)

Ty(t ) -
815 d( )mt+ ) — 2atzxf(t;mt)

uniformly for t € [0,1], as d \ 0.

7.2 Asymptotic estimates of the left-monotone transference plan

We recall that the left-monotone transference plan is described by T;; and T, which are
defined in and below (4.1). Moreover, J:(t,x) := T;(t,x) — x denotes the upward jump
size, J3(t,x) := x — Tj(t, z) the downward jump size and

Jo(t,x) TE(t,x) —x

(¢ = =
¢ () Jet,) + Jo(ta) | Te(ta) — T5(t )

the probability of a downward jump.

Lemma 7.2. Let Assumption 4.1 hold true. Then for every K > 0, there is a constant C
independent of (t,x,e) such that

Jo(t,x) + ¢°(t,x) < Ce,  Vrxe[-K,K|N(lr).
Proof. Differentiating g5 (defined below (4.1)), we have

5 f(t,y)
flt+e.gi(zy)

Notice that [6°F(t,x)| + [6°f(t,z)| < Cie for some constant Cy independent of (t,z,¢).
Then for € > 0 small enough, the value of ¢f(z,y) is uniformly bounded for all ¢ €
[0,1] and all z € [-K,K] N (lt,:) and y € R. Further, the density function satisfies

Oy g (z,y) =
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Inf,c_ g &N @,r) f(t,z) > 0 for every K > 0 large enough, by Assumption 4.1, then it
follows by the definition of T below (4.1) that

¢(tz) < =

L)~ g T ) —gile)
x—T5(t, ) z—T5(t, ) - 7

Finally, by the definition of T} below (4.1), we have
Ji(t,x) = F '(t+e F(t,x)+6°F(t, Tt x))) — F ' (t+e F(t,x) + 6°F(t,z))

|6°F (¢, T5(t,2))| + [0°F (¢, )|
T f(t+e Fl(t+e, F(t,z) +£))’

for some & between 6°F (t,T5(t, z)) and 6°F(t,z). We can then conclude the proof by the
fact that |§°F| < Cie for some constant Cf. ]

The next result uses the notations Es and Ejs i as defined in (7.2)-(7.3).
Lemma 7.3. Let Assumptions 4.1 and 4.3 hold true. Then J;, and J5 admit the expansion
Ji(tx) =ejS(t,x) + e (tx), and Ji(t,z) = ja(t,x) + (e V p(e)) €§(t, z), (7.7)
where jq is defined in (4.4), and

OF (t,x — J5(t,x)) — OF (¢, )
ft+e) '

Jultx) =

Moreover, for all 0 < 6 < K < oo, €5(t,x),e5(t,x) are uniformly bounded; and conse-
quently, there is constant Cs i such that ¢° admits the asymptotic expansion:
ju(tax)

¢“(t,z) = gjd(t,a:) + Csx e(eVpo(e)), for(t,z) € Esk. (7.8)

Proof. Let 6 < K be fixed. Notice that by its definition, the function Ty(t, z) is contin-
uous on compact set Fs i and hence it is uniformly bounded.

(i) By the definition of T, below (4.1), we have
Ti(t,x) = F ' (t+e, F(t+e,a)+ 6 F(tT5(t,z)) — °F(t,)).
By direct expansion, we see that the first equality in (7.7) holds true with

< sup 28“F<3’§)8a:f(37§)‘

t<s<t+e, T (s,2)<E<w f3(s,€)

len(t, )]

(ii) Let us now consider the second equality in (7.7). First,
T x F~Y(t+e,F(t,x))
| wiere o) - greoi= [ ¢sneo EF (¢ + <. €)de
= /x €6 f(t,&)dE — °F(t,x) (x + Cl(t,:c)e)
- [ -0 a9t + e

—00
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where |C1(t,7)| < |[F7Y(t + ¢, F(t,7)) — z|?| f|oo and |Ca(t, x)| < |Ca(t, 2)||0:F|co-
We next note that g (z, &) = 2+ Cs(t, x, &)e, where |C3(t, z, )| < 2%. Then it follows
by direct computation that Further, for every k& > 1,

Tete) T3 (t,x) . 9
where |Cy(t,z)| < 2%]&5]? |oo- Combining the above estimates with (4.1), it follows
that

/1- (q:—g)éésf(t,f) d& = (Colt,r)V Calt,z))e.

Tg(tw)

It follows then

[ @-9ast.ede = Csa)lev o)

Tg(t,w)

where |C5(t, 2)| < (24 K)(|0:f|oo + |02 f|oo). This implies the first estimation in (7.7) since
Ocf(t,z) > 0 for x € (I, my). O

Lemma 7.4. Under Assumptions 3.2, 4.1 and 4.3, we have
Tngg — Td]_DC, ht — h*, 6t¢5 — 6,5@[}*, and ¢6 — ’(ZJ*,
locally uniformly on {(t,z) :t € [0,1),x € (It,r)}.

Proof. (i) In the one local maximizer case under Assumption 4.3, the definition of T (¢, x)
in (4.1) is reduced to be

x T3 (t,x)
| [Ftereree) -dreodi + [ [g@o-¢eseod = o
or equivalently
xX Ti(tvx)
/ £ f(LE)IE + / Ef(t+e,6)dE = 0, (7.9)
T5(t,x) z

with TS (¢, ) := g (z,T5(t,x)). Differentiating (7.9), it follows that

e L A(t,x)
OTE(t,x) = T T 0] (t,z), (7.10)

with

T Tﬁ(trr)
A(tx) = / €0, f(t,€)dE + / EOLF(t + 2, €)de

T5(t,x) z

+TE(t ) (@F(t, 2) — OhF (t + &, TE(t @) + 0,0° F (, T (¢, x))),
= (TE(tx) — 2) (B F(t,z) — 0,6 F(t, T5 (t, )

xT

TE(t,z)
- / (T=(t, ) — €)Auf (t + &, €)dg — / (2 — €)1, €)de

T5(t,z)
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and

. o TE(t,x) —x -
0. T5(t,x) = T (0) — T 6,0) &/ T (60) f(t, ), (7.11)

where the last term is exactly the same as that induced by ODE (2.4).

(ii) Taking the limit € — 0, it follows by direct computation and the convergence T3 (¢, z) —
Ty(t,z) in Lemma 7.3 that 0,73 (t,x) — 0,Tq(t,x) and 0,T5(t,x) — 0;Tqy(t,x) for every
(t,z) € D¢. Moreover, by the local uniform convergence result in Lemma 7.3, we deduce
that 0,75 and 0;T; also converge locally uniformly. Denote TC? := Ty, it follows that the
mapping (t,z,e) — (8tT§(t,a:), 0,15 (t, x)) is continuous on

E = {(to,e) :te0,1], e€[0,1—1t], m*(t) <z <r(t)},

where m°(t) := my; and r°(¢) := 7.

(iii) By exactly the same computation as in Proposition 3.12 of [40], we have

(0 - me(t) - $(o— 1) + O(( — T2))
(z—me() — (x = T5) + O((x ~ T5)°)

% Tit,w) = (1+0()+0(x—13)) (t,2),

and it follows by similar arguments as in [40] that
Ti(t,x) —m(t) = — é(m —mf(t)) + O((z —mf)?),
and hence
0TS (8, m () + ) — —% uniformly for ¢ € [0,1) and € [0, 0 A (1 — )], as 6\, 0.(7.12)

Next, using the estimation (7.12) and the definition of 7%, we have

TS (t,x) —
T;(t,z) —xz = Ci(e,t,z)(z —Tj(t,x))2 and “(’:)x = Cy(e,t,z)(z — Tg(t, z)).
Therefore, by direct computation,
1 1 2.1 3
gAa(t,.%) = —i(w—Tj(t,m)) atgéaf(t,ma(t)) + Cs(e, t,z)(z —me(t))".

It follows by the uniform convergence in (7.12) that

€ £

0T;(t,x) = —g W + Cu(e, t,z)(z — m°(t)), (7.13)
where we notice that Cy is uniformly bounded for € > 0 and x — T;(m*(t)) small enough.
Finally, the two uniform convergence results in (7.12) and (7.13) together with the continu-
ity of (t,z,e) = (0.T5(¢, ), 0,T5(t,)) implies that 9,T5 (¢, z) and 8,75 (¢, z) are uniformly
bounded on EN{(t,x,&) :|z| < m(t) + K} for every K > 0.
(iv) Therefore, it follows by Arzela-Ascoli’s theorem that T); converges to Ty locally uni-
formly. Finally, by the local uniform convergence of T — Tj, together with the estima-
tions in (7.6) and (7.12), it is easy to deduce the local uniform convergence of h® — h,
Oyp® — O™ and ¢ — Yp* as e — 0. O
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7.3 Weak convergence to the Peacock process

Proof of Proposition 4.2. We recall that P is a martingale measure on the canonical
space €2, induced by the continuous-time martingale X" under the probability P*". The
martingale X" jumps only on discrete time grid m, = (t}')i<k<n. Moreover, at time
thy1, the upward jump size is Jg(ff, Xin) and downward jump size is Jj(tZ7th) with
g =15, — t} (see Section 4.1). Let C, 6 be some positive constants, we define

En(C,0) = inf {Hf;jl(l —C(t},— 7)) : forsome s€[0,1) and 0< j <k <n
such that s < t;‘ <th < s+ 9}.

Ceasn—ﬂ)o.

Since |7, | := maxi<p<n(t} —t}_,) — 0, it follows that &£,(C,0) — e~
(i) To prove the tightness of (P"),>1, we shall use Theorem VI.4.5 of Jacod & Shiryaev [54,
P. 356].

First, Doob’s martingale inequality implies that

| < Eln
K

Ly

1
P"| sup |X¢ > K = K/R]x\ul(dx) = VK >0. (7.14)

0<t<1

Let 7 > 0 be an arbitrary small real number, then there is some K > 0 such that

IP’”[ sup |X¢| > K} < n, foralln>1.
0<t<1
We can assume K large enough so that —K < m; < K for all t € [0,1]. Denote then
K () :=r AK and 15 (t) ==, V (- K).

Let 6 > 0, it follows by Lemma 7.2 that the upward jump size J:(¢,x) is uniformly
bounded by Cée for some constant C on DE := {(t,z) :m; <z <r&(t) —§/2}. We then
consider > 0 small enough such that 6 < % and |15 (t40) =15 () |+ |rE (t4+-0)—rK (1) < §/2
forall t € [0,1—0]. Let S,T be two stopping times w.r.t to the filtration generated by X*"
such that 0 < S < T < S+60 < 1. When supy<;<; | X" < K and X*" only increases
between S and S + 6, then clearly | X" — Xg"| < §. Therefore

P*"[ sup |X;"| <K,

X x5 2 0

0<t<1

< P*"[ sup |X;"| < K, and there is a down jump of X*" on [S, S + 6]]
0<t<1

S 1 - g’n(C7 9)5

where the last inequality follows by the estimate of ¢° in Lemma 7.2. Then it follows that

lim sup lim sup P*"™ HX;’" — X;’n‘ > (5]

6—0 n—ro0

< limsup lim sup (IP’*”[ sup | X" < K, |X7" = X" > 6] + PY"[ sup | X" > K])
00  n—oo 0<t<1 0<t<1
< limsup lim sup (1—€n(C,0)) +n =7

6—0 n—00

Since 17 > 0 is an arbitrary small real number, we then obtain that

lim limsup P*"[|X7" — Xg"| > 6] = 0.

0—0 npnooco
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Then it follows by Theorem VI.4.5 of [54] that the sequence (X™™,P*™),> is tight, and
hence (IP’")n>1 is tight.

(ii) Let PP be a limit of (P™),,>1, let us now check that P?o X; ! =y for every t € [0, 1]. By
extracting the sub-sequence, we suppose that P* — P?, then P*" o (Xt"“’")*1 =P"o Xt_1 —
IP’OoXt_l. By the construction of X*" there is a sequence (sy)p>1 in [0, 1] such that s, — ¢
and X" = X" ~ ps, under P*™. It follows by the continuity of the distribution function
F(t,x) that ps, — ¢, and hence PY o X1 = y;.

(iii) Finally, let us show that X is still a martingale under PY. For every K > 0, denote
XK= (-K)VX;ANK. Let s <t and (s, X.) be a bounded continuous, Fs-measurable

function, by weak convergence, we have
E™" [ip(s, X)(XF = X)) — B [p(s, X) (X[ = X[)].

Moreover, since the marginals ( Mt)te[o,l] form a peacock, and hence are uniformly integrable,
it follows that

}Epn [gp(s,X.)(XtK—XSK)H < 2|90’oosgll)/|33|1{|x21<}#r(d$) — 0, as K — oo,
r<

uniformly in n. Then, by the fact that X is a P"—martingale, we have EF’ [(p(s, X)(Xy —
X s)] = 0. By the arbitrariness of ¢, this proves that X is a P®—martingale. O

To show that a limit of (P"),>; provides a weak solution of (4.5), we shall consider the
associated martingale problem. Let

t
Mi(p,%) = plxi)— /0 a5 %4 ) D, Vs (e

¢ .

+ /(; [[@(Xs* - jd(S, Xs*)) - (P(Xs* )] %(S, Xs— )} 1xs_ >m(s)ds7 (7'15)
for all x € Q := D([0,1],R) and ¢ € C'(R). Then the process M (p, X) is clearly progres-
sively measurable w.r.t. the canonical filtration F. For the martingale problem, we also
need to use the standard localization technique in Jacod & Shiryaev [54]. In preparation, let
us introduce, for every constant p > 0, an F-stopping time and the corresponding stopped
canonical process

Tpi=inf {t >0 :|Xy|>p or [X—| >p}, XP:=Xinr,.
Following [54], denote also J(x) := {t > 0 : Ax(t) # 0},
Vi(x):={a>0 :7,(x) < 7o+ (x)} and V'(x) := {a > 0 : 7,(x) € J(x) and |x(7,(x))| = a}.

O
Proof of Theorem 4.6. By extracting subsequences, we can suppose without loss of
generality that P? — P? weakly. To prove that P? is a weak solution of SDE (4.5), it is
sufficient to show that (M (¢, X))te[o,l]
Since the functions j, and jg are only locally Lipschitz (not uniformly bounded) by Lemma

is a local martingale under P for every ¢ € C} (R).
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4.9, we need to adapt the localization technique in Jacod & Shiryaev [54], by using the
stopping time 7,. Our proof will be very similar to that of Theorem IX.3.39 in [54].

First, for every n > 1, P" is induced by the Markov chain (X", P*"), denote e} :=
thiq — Uy, then

E%L [90(th+1) - <P(Xt;;)]

n 14 J
_ P €L (4 d
= Epn [{@(th + Juh (7, Xep))—p(Xien) } (1 - mﬁ&zzms?(t@]
n n J
P € n d
+ Et; [{‘P(th - Jdk( kvXt};)) - SD(th)}letzstz(tz)}

= «a+ B
By (7.8) in Lemma 7.3 and the uniform continuity of m? (), we have
pPn fe . n(.n n
o = B[ [T DeX)iuls Xo) L smiods] + O(ER(ERY po(ef),
t

where py is the continuity modulus of (¢,}) — m® (t) in Assumption 4.3. We also estimate
similarly that

Tt ]
B=Ef| / ($0Xs = als, X)) = @(X0)) 2 (5 X)Ly mgeyds] + O(RR V po(e))):

Therefore, let 0 < s <t <1, p €N, ¢5(X.) be a Fs-measurable bounded random variable
on {2 such that ¢ : Q2 — R is continuous under the Skorokhod topology, we have

EF" [00(X) (Ming, (. X) = Mongy (0, X))| < Gy (imal V pullmal)),  (7:16)

for some constant C, > 0.

To proceed, we follow the same localization arguments as in the proof of Theorem 1X.3.39
of Jacod & Shiryaev [54]. Since P* — PY as n — oo, then for every p € N, the distribution of
the stopped process X” under P™ also converges, i.e. there is PP such that £%" (XP) — POP
as n — 0o0. Due to the proof of Proposition IX.1.17 of [54], there are at most countably-
many a > 0 such that

PP (w :a € V(w)UV'(w)) >0.
So we can choose a, € [p — 1, p] such that
PPlw :a, € V(w)UV' (w)] =0.

It follows by Theorem 2.11 of [54] that w +— 74, (w) is P*P-a.s. continuous and the law
£ (XP, X™) converges to LB (X, XTer).

Denote by PP the law of X™» on (Q, F,P%), we then have w — Ta, (W) is POP-a.s.
continuous and £ (X%) — PYP. In particular, since there is a countable set T* C [0, 1]
such that

X Mt/\‘rap (SO7 X) - Ms/\‘l'ap (90, X) (717)
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is POP-almost surely continuous for all s < t such that s,¢ ¢ T*. Therefore, by taking the
limit of (7.16), we obtain

EP [6s(X.) (M (¢, X) — My(, X))] = 0,

whenever s < t and ¢ ¢ T*. Combining with the right-continuity of M;(p,x), we know PP
is a solution of the martingale problem (7.15) between 0 and 7,,,, i.e. (Mt/\Tap (o, X))O<t<1 is
a martingale under PO?. Moreover, since P%? = PY in restriction to (Q, Fr,,) and 74, — 00
as p — 00, it follows by taking the limit p — oo that (Mt(cp, X>)O<t<1
under P, i.e. PY is a solution to the martingale problem (7.15) and hence a weak solution
to SDE (4.5).

Finally, for uniqueness of solutions to SDE (4.5), it is enough to use Theorem III-4 of
Lepeltier & Marchal [61] (see also Theorem 14.18 of Jacod [53, P. 453]) together with

localization technique to conclude the proof. O

is a local martingale

Remark 7.5. In the multiple local maximizers case under Assumption 4.1, the functions
Ju and jq are no more continuous, then the mapping (7.17) may not be a.s. continuous and
the limiting argument thereafter does not hold true. This is the main reason for which we
restrict to the one maximizer case under Assumption 4.3 in Theorem 4.6.

Proof of Lemma 4.7. We recall that by Theorem 3.8 in [40] (ii), the corresponding maps
T;(t,.) and T5(t,.) solve the following ODEs:

% FE(t+eT5te) = (1-q)t2)f(ta), (7.18)
%F(t +e,Ty(t,x)) = q(t,z)f(t,x) forall ze (D)), (7.19)

where 0°F(t +¢,.) := F(t +¢,.) — F(t,.). With the asymptotic estimates
Ti(t,x) —x = —ja(t,z) +o(e) and T (t,z) — x = ejyu(t,z) + O(e),

which is locally uniform by Lemma 7.3. By direct substitution of this expression in the
system of ODEs (7.18-7.19), we see that the limiting maps (jq, ju) of (T,73), as € \, 0,
satisfy the following system of first order partial differential equations (PDEs):

: Ju(t, ) f(t,z) : Jult, )
Opja(t,x) =14 = - , O{gufHt,x) = =0 f(t,x) — = t, ).
Since x € D¢(t) and x — jq(t,x) € D(t), it follows directly that (4.6) holds true. O

Proof of Proposition 4.8. By Lemma 4.7, item (ii) of Proposition 4.8 is a direct conse-
quence of item (i), then we only need to prove (i).

Let z € R, the function y — (y — )" is continuous and smooth on both (—oo, z| and
[x,00), then it follows by It6’s lemma that

d(Xy—2)" = dMy + L (7.20)
%+ ((Ki-2)" = (X —a)"

1{5€t—>$}
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where (M;)o<t<1 is a local martingale. Notice that 1{)%7”} is bounded and )A(l € P for

some p > 1. Using BDG inequality and then Doob’s inequality, it is a standard result
that (M;)o<t<1 is a real martingale. Further, the local Lévy process X is clearly quasi left
continuous. Moreover, since

~

Ls = (x_Td(S’Xs_))l{Td(s,)?s_) §x<)?s_,)?s_€Dc(s)} < jd(‘S?XS_)l{)?S_eDc(S)}

by direct computation, it follows by (4.7) together with dominated convergence theorem
that

t+ ~ .u ~
E[t<sz<;+g L] - E{/t 6 (v~ Tals. Xs‘)>;§(s’ X g (0%, )<aex, . fg-eDc(s)}dS] ’

for every € < eg, where g9 € (0,1 — t]. Then, integrating (7.20) between ¢ and ¢t + ¢, and
taking expectations, it follows that

o{(F=) 5[0’
B /t /R (- Td(&y))%(s’y)l{Td(Svy)Sw@, yeDC(s)}f)?(s’y) dy ds. (7.21)

Let us now differentiate both sides of (7.21). For the left hand side, since the density
function fX(t,.) of X; is continuous, the function z — E[(X;— )| = [ (y—=) fX(t,y)dy
is differentiable and

OE[ (X —2)"] = /;O—f)?(t,y)dy, RE(X, —2)" = fFAta). (122

We now consider the rhs of (7.21) and denote

,_ Ju e
l(S,l‘) = A (l’ - Td(s’y))ﬂ(s’y)l{Td(s,y)§x<y, yEDC(S)}f (Say) dy

Let us fix s € [0,1) and = € D°(s) := (m(s),r(s)), then it is clear that

o) = [ =T 2 ) e

where the integrand is smooth in z for every y € R. Hence for every x € D%°(s),
o b3 ™ Ju b3
0ds.0) = g S + [ R e,
and
83361(8,;3) = 0, (juf)?)(s,x) — ‘;—uf)?(s,x). (7.23)
d

We now consider the case © € D° := (l;,m;). Notice that Ty(s,:) : D(s) — D(s) is a
bijection and X admits a density function. It follows that the random variable Ty(s, X;)
also admits a density function on D(s), given by

f)?

T(s0) = 5o (0, Yy € Dis).
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Then by the expression that

I(s,z) = / (x — z)‘j—u(s,Td_l(s, Z))l{nggl(z)}fT(S’ z)dz,

—00 Jd

we get

D2 1(x) = %(S,Tgl(s,x))ﬁ(s,z) = %(S,Tgl(s,x))aﬁid(s,x), Vo € D°(s). (7.24)

Finally, differentiating both sides of (7.21) (with (7.22), (7.23) and (7.24)), then dividing
them by € and sending € \ 0, it follows that

af~ () = Lizeper)y (ax(f)?ju) — ju.fX>(t,90) - 1{xeD(t)}¢(t7Td_l(t7x))y
Jd Ja(1 — Ozja)
for every t € [0,1) and z € D°(t) U D%°(t). O

7.4 Convergence of the robust superhedging strategy

To prove Theorem 4.10, we will consider a special sequence of partitions of [0, 1], m, =
(t})o<k<n, where t}! := ke with e = % To avoid heavy notation, we will omit the superscript
and simplify ¢} to t;. We also recall that under every P", we have P"-a.s. that

n—1 n—1

Z (@E(tkv th) + dje(tkv thJrl)) + Z hs(tka th) (thJrl - th) 2 C(thvth+1)(7‘25)
k=0 k=0 0

i
L

B
Il

By taking the limit of every term, we obtain a superhedging strategy for the continuous-
time reward function, and we can then check that this superhedging strategy induces a
duality of the transportation problem as well as the optimality of the local Lévy process
(4.5).
Let us first introduce ¥* : Q@ — R by
1

W) = 0k = 0x0) — [ (0060 4 30 Lo D (830 )t (7:20

0

1 -
+ iﬁ;‘i Lo (0 (0:30) =0 (1, 30 = alt x0)) + e, %0 — fult.x2)) )

Lemma 7.6. Let Assumptions 4.1 and 4.3 hold true. Then for every cadlag path x €
D([0,1]) taking value in (¢1,71), we have

n—1
71113;@ Z(gog(tk,xtk)+1/15(tk,xtk+1)) — U*(x) as ¢ — 0.
k=0

Proof. By direct computation, we have for every n > 1,

-1

7
.
3

(@s(tkaxtk) + wg(tkaxthrl)) = (we(tk_l,th) - we(tk,th)) + djs(tnflaxl)
k=0 k=1
n—1
+ (@E(tk,th) +¢E(tk,th)) _1/}5(07}{0)‘
k=0



First, we have ¥*(t,,—1,x1) — ¥*(1,x1) and by Lemma 7.4,

n—1 1n—1 1
Z tk 1 th w tk; th / Z aﬂ/JE(S, th)lse[tk,thrl)dS — = / &W*(S, XS)dS
k=1 0 k=1 0

Further, when = > my,
Ju
Ji+J3

= _5juax¢€ + 5]:7“ (1/}6 - ¢6('7 Td) + C('a Td)) + 0(5)'
Jd

O = (T + (V5 T) + e T3) = ¥7( T5) ) + o)

It follows that Zz;é (¢°(tk, x¢, ) + V= (tg, Xy, )) converges to

1
/Oﬁxw*(t,xt)ju(t,xt)dt

1 .
I P (07 (130) = 0 (131 = Gt 30) + 30 — Gl ) ).
0 ]d(tvxt)

which concludes the proof. O

Lemma 7.7. Let Assumptions 4.1 and 4.8 hold true, and M(X*) < o0. Then for the limit
probability measure PO given in Theorem 4.6, we have

1 Tt 5 t
EF [C(X)] = EP[WH(X)] = p(A*) = / / ].“( @) c(z,z — ja(t, z)) f(t, z)dxdt.
0 me jd(t7x)
Proof. We notice that under the limit probability measure P, X is a pure jump mar-

tingale with 1nten51ty (s X,-). Then by Itd’s formula, the following process is a local
martingale

(8, X2) — (0, Xo) — / Ear
0 .
= s X000 (5.0 2 X[ 5K i X) = 0 5 ) s

Moreover, since ) < 00, it follows by dominated convergence theorem that
I

Jd

= / / Jult, @) @ — ja(t, x)) f(t, z)dzdt,

Ja(t, )

1 .
B [0 (X)] = EPO[/O Jl(s,xs)lxsm(s)c(xs,xs—jd(s,Xs))ds}

since the marginals of X under P are (u)o<t<1-
To computer EF’[C(X.)], we notice that [X]¢ = 0, PY — a.s., and the process

! . ju($, Xs-
Z |C(Xs—7XS)| - / |C(Xs—aXs— ]d(sts—))H-(;le_zmtdSa
0

s<t jd(saXs—
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is a local martingale. Since u(X") < oo, we have

1 .
. Ju(s; Xs-)
Xoo Xo —jals, Xy )25 2s7) g g
/O|C(S’ s ]d(S ))|]dSX)X> S

1 re s
/0/ jzgi’g (@, 2 — ja(t,2))| f(t,x)dxdt < oo,

which implies that Y is a martingale and hence E[Y;] = 0. Finally, using similar arguments
together with dominated convergence theorem, we get that

E[ZC(XS,,XS)} - /01 /m: Zgg c(x, 2 — jalt, ) f(t, z)dwdt,

s<t

which concludes the proof. O

Next, let us consider the limit of the second term on the left hand side of (7.25).
Lemma 7.8. Let Assumptions 4.1 and 4.3 hold true. Then we have the following conver-
gence in probability under every martingale measure P € M

n—1

1
> btk X)) (X, — X)) — / h*(t, X,-)dX;.
k=1 0

Proof. The functions h® are all locally Lipschitz uniformly in € and h®* — h* locally
uniformly, as € — 0, by Lemma 7.4. By the right continuity of martingale X, the above
lemma is then a direct application of Theorem 1.4.31 of Jacod & Shiryaev [54]. O

Proof of Theorem 4.10. Using (7.25), together with Lemmas 3.4, 7.6 and 7.8, it follows
that under every P € M, (i.e. the canonical process X is a martingale under P), we have
the superhedging property

1 1
1
\IJ*(X.)—I—/ h*(t, X )dXey > /cyy(Xt,Xt ¢+ E o(Xp-, Xy), P-as.
0 0 2 0<t<1

Further, by weak duality, we have
0 *
EV[C(X)] < Po(p) < Doo(p) < p(X),

Since EF [C(X.)] = p(A*) by Lemma 7.7, this implies the strong duality as well as the opti-
mality of the local Lévy process (4.5) and the semi-static superhedging strategy described

by (h*,1*). O
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