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One of the challenges facing further utilization of Hall thrusters for space missions is
establishing valid lifetime predictions. A combination of the use of a hydrodynamic code
and a molecular dynamics code is presented for Hall thruster erosion modeling. The hydro-
dynamic model simulates the plasma flow within the acceleration channel of an SPT-100
thruster to calculate the ion flux to the walls. The molecular dynamics model simulates
the sputtering of boron nitride, a common Hall thruster wall material, to calculate sput-
ter yields at low ion impact energies. Results from both models are shown as well as a
qualitative comparison of sample erosion profiles with experimental data.

Nomenclature

Magnetic field [T]

Electric field [V/m]
Tonization energy [eV]
Discharge current [A]

Heat (power density) [W/m?]
Temperature [K]

Velocity [m/s]

Discharge voltage [V]

Sound speed [m/s]
Elementary charge [C]
Current density [A/m?]
Boltzmann constant [J/K]
Particle mass [kg]

Mass flow rate [mg/s]
Number density [m~3]
Pressure [N/m?]

Secondary electron emission coefficient
Time [s]

Tonization rate [m?3/s]
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o Mobility [m?/(V s)]

v Collision frequency [s™!]

p Density [kg/m3]

Oen Electron-atom collision cross section [m?]
Tion Electron impact ionization cross section [mz}
0] Potential [V]

Subscript

a Neutral atom

e Electron

) Ton

r Radial

s Sheath

z Axial

I. Introduction

HE high specific impulse of Hall thrusters makes them an attractive option for certain classes of space

missions due to their reduced propellant mass requirements. However, due to low thrust, the lifetime
requirements are higher, particularly for the propulsion system itself. For further acceptance and incorpo-
ration into future space missions, the lifetimes of these thrusters need to be validated. However, since these
lifetime requirements span into the thousands and tens of thousands of hours, the experimental demonstra-
tion of lifetime can be time-consuming as well as expensive. Thus computational modeling and prediction
of thruster lifetime is a useful tool for these purposes and has been under recent development.'™

For Hall thrusters, one of the main life-limiting factors is the erosion of the acceleration channel walls.
Tons from the discharge plasma gradually erode away the wall material until the softer components of the
thruster, such as the magnetic field coils, are exposed and eventually fail. To model this wall erosion, typically
the ion flux to the walls is calculated using some method and then angle and energy-dependent sputter yields
of the wall material are used to calculate the erosion rates. In this work, we present a hydrodynamic model
of the plasma flow within a Hall thruster to find the ion flux to the walls and a molecular dynamics model
of low energy xenon ion bombardment of boron nitride to calculate the sputter yields.

An overview of the hydrodynamic and molecular dynamics models is described in the next section.
Then, the following section will provide results from the two models and comparisons to experimental data.
Results of a sample erosion prediction for the SPT-100 thruster are also presented. Lastly, this is followed
by conclusions and areas of future improvement.

II. Methods

One of the eventual goals of this research is to provide a useful tool for erosion and lifetime prediction
that can be used in future Hall thruster design and development work. A hydrodynamic model of the
plasma flow within a Hall thruster offers fairly quick turnaround times for results while maintaining some
robustness across different types of thrusters under various operating conditions. It offers some balance
between semi-empirical models and particle-based methods and can be used in conjunction with these other
models as well as experimental results to obtain a more comprehensive analysis of channel wall erosion. The
hydrodynamic method presented here models the ions, neutral atoms, and electrons as separate fluids and
solves the associated equations on an axisymmetric mesh of the channel region. The ion fluxes to the walls
are calculated using this method.

The sputter yields used in erosion simulations are typically curve fits applied to existing experimental
data. However, experimental data is sparse, especially for very low energy ion impacts. Until very recently,
experimental data below 300 eV did not exist. Depending on the assumed threshold energy and the method
of curve fit extrapolation of the sputter yield into the low energy regime, the resulting erosion rates can
vary significantly.® Therefore, a molecular dynamics (MD) method is used to calculate the sputter yields of
boron nitride under very low energy xenon ion impacts. The MD method has been used before to simulate
sputtering processes for other systems.%7 An alternative to MD methods are Monte Carlo (MC) methods,
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which are also used for sputtering analyses.® 1! These methods are less computationally intensive than the
MD methods. At very low energies, however, some of the assumptions that these MC methods are based on,
such as binary collisions, do not necessarily hold. The sputter yield results from MC methods can also be
sensitive to certain input parameters such as the surface binding energy, which are sometimes uncertain.'?
Thus, the MD method is chosen here for very low energy sputter analyses.

A. Hydrodynamic Method

A hydrodynamic description of the quasi-neutral plasma flow within the thruster is used.® '3 The ions—only
singly charged ions are considered for this model-are modeled using a finite-volume flux-splitting method on
an axisymmetric Cartesian mesh.!* The governing ion equations can be written in conservative form as

dp [ 9 (pVz) | 9 (pV;) _
at e o ~Pnar (1)
(pV.) 9 (pa®+pVE)  9(pV.V,)
o L t— g, =enk: + fnaVap (2)
9(pVy) | 0(pV.Vy) | D (pa®+pV?)
o T o. T ar = enk, (3)

The ions are assumed to be unmagnetized since the Larmor radius is much larger than the length of the
channel. The ions are also assumed to be cold, eliminating the need for the ion energy equation as well as the
pressure term in the momentum equations. The source terms on the right hand side of the above equations
result from the effects of ionization and the electric field. The ionization rate is found from'3

kTe elz‘ion
ﬁ - Uion‘/;fh (1 + 26Eion> €xp (_ kTe ) (4)

where V}y, is the electron thermal velocity. The ionization cross section is dependent on electron energy,'®
but for simplicity it is approximated here as a constant.

The components of the electric field are calculated from the potential field. If the electrons are assumed to
be mainly constrained and in thermal equilibrium along the magnetic field lines, the concept of a thermalized
potential can be used to calculate the potential field within the thruster through

. KT n
6=0"+~—log () (5)
where the starred terms are reference values. In this case, the channel centerline values are chosen to be
the reference. A prescribed centerline electron temperature, based off of the centerline radial magnetic field
profile, is shown in Fig. 1 along with the rest of the electron temperature field ranging from the anode to the
thruster exit. The contours of Fig. 1 follow the magnetic field lines as per the assumptions of the thermalized
potential. The magnetic field data available for use for this work was initially on a rather coarse mesh, so a
simple interpolation scheme is used. Contour lines of the radial component of the magnetic field are shown
in Fig. 2.

For the neutral atoms, a one-dimensional flow is considered. The density of the neutrals is also governed
by a continuity equation similar to Eq. (1) except the source term is negative since ionization depletes the
neutrals. An axial momentum equation is used to calculate the velocity of the neutral atoms.

Since several of the assumptions of the governing equations, such as quasi-neutrality, break down within
the sheath, the lateral boundaries of the simulation are set at the plasma-sheath interface and not the actual
wall boundaries. At the sheath edge, a calculated relation between the ion velocity and the electric field is
used to set the density gradient through'” 18

kT,
enkE

Vn = (6)

The potential drop across the sheath also depends on the ion velocity entering the sheath and the secondary
electron emission.!?

kT, 1—s
= () "
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Figure 2. Contour lines of the radial component of

Figure 1. The electron temperature field. the magnetic field

The secondary electron emission coefficient is modeled after experimental observations.2°
1—0.54 kT,
=054+ ——— 8
’ + 40 e ®)

For the governing ion equations, Eqgs. (1)-(3), a Roe solver is used to calculate the fluxes across each of
the cell interfaces, which in turn are used to update the cell values at each time step.2! The mesh consists
of 25x30 square cells 1.0 mm on a side. The simulation is iterated until it converges to a representative
state. The simulation is run for an SPT-100 thruster operating with a discharge voltage of 300 V, discharge
current of 4.5 A, and a mass flow rate of 5.0 mg/s.

B. Molecular Dynamics Method

The molecular dynamics method solves Newton’s law of motion for a system of particles, which in this case
are atoms. The interactions among the particles are determined through interatomic potential functions
which depend on particle positions only. Since only conservative forces are considered, the negative gradient
of the potential function provides the forces on each particle arising from the particles around it. The forces
are used to calculate the particle velocities, which in turn are used to calculate the particle positions using
the traditional leapfrog method. Averaging over a sufficient number of timesteps and events, the macroscopic
quantities of interest, here specifically, the sputter yield of boron nitride from impacting xenon ions, can be
obtained.

For the interactions of the boron and nitrogen atoms with one another, the interatomic potential presented
by Albe et al. is used.?>23 This is a modified form of the bond-order potential first proposed by Tersoff for
multi-component systems.?* The Tersoff potential has been used to model other covalent systems successfully
and the general form is well suited for the purposes here. In particular, Albe et al. have used their potential
to model hexagonal boron nitride, which is the same form that is modeled here.?? They achieve good
agreement with values of structural and elastic properties, such as the bulk modulus and lattice constant,
recorded from other methods including experimental data. Bond-order potentials, in general, are better
suited than most other conventional potential functions to describe bond interactions based on different
bonding environments, such as the number and type of other bonds involved, rather than being optimized
for a particular lattice structure.?®

The potential is of the form

@Z%ch(ﬁj)[fz% (rij) = bijfa (ri;)] )
i#]

where f. is a cutoff function limiting the range of the potential. The fr and fa terms are the repulsive and
attractive parts of the potential, respectively. The b;; term is a modifier to the attractive force component
that takes into account third-body bond stretching and bending, and r;; is the distance from particle ¢ to
particle j. The potential is dependent on particle positions only.
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The repulsive and attractive components of this potential are similar in form and are based on a Morse
potential?®

fr(rij) = SD_Ol exp [*ﬂ\/ﬁ(ﬂ‘j = To)} (10)

fa(riy) = % exp [—ﬁ\/g(w - 7“0)] (11)

where Dy is the dimer energy and rg is the dimer separation. S and ( are fitting constants.
The flexibility of bond-order potentials stems from the modifier term b;;, which for this potential is given

as
bij _ (1 _|_,7an)—1/271 (12)
X = Y felrin)g(Oigi)hlrij, rir) (13)
ki
c? c?
9(0iji) =1+ FER (m — cos(8;,x)? (14)
h(rij,rir) = exp [N (ri; — rin)?] (15)

where the k£ index indicates the third particle under consideration (6;;; would be the angle between ¢j and
tk) and 7, n, ¢, d, m, and A are all constants.
The cutoff function, f., used in this work is2”

]., TijéR—D
fe(rij) = exp (a$§i1> , R—=D<riy <R+D (16)
0, TZ‘]‘ZR-FD
_rij —(R—D)
x = 5D (17)

where @ = 3 minimizes the magnitude of the local extremum of the first derivative. This function transitions
smoothly from unity, at the inner boundary, to zero, at the outer boundary, while both the first and second
derivatives are zero at both ends.

A modification is made to the potential function. Initial runs using the Albe potential did not conserve
energy successfully. This stemmed from the g component within the modifier b;;, as seen in Egs. (12) and
(13), for boron-boron interactions. The coefficients ¢ and d are adjusted from 0.52629 and 0.001587 to
3.316257 and 0.01 respectively, since the low value of d makes the third term in Eq. (14) very sensitive to
the angle 6;5. This is shown in Fig. 3. As can be seen, the original coeflicients create a very steep profile
that would require a much smaller timestep to traverse smoothly. The value ¢ is also altered to keep the
second term of g given in Eq. (14) the same value as it was originally. Table 1 lists the constants used for
this potential and their values depending on the identity of the pair 7 and j.

For the interactions involving the xenon ions, a Moliere potential is used. The Moliere potential is a
purely repulsive potential. Since the van der Waals attraction of the xenon with the boron and nitrogen
atoms is much weaker than the covalent attraction the boron nitride has within itself, a purely repulsive
force is acceptable.?® This potential is based on a screened Coulomb repulsion and has the form

[0.35 exp (—0.3”) + 0.55 exp (-1.22”) +0.10 exp (-6.0”")] (18)
F

Zi Zj 62 T
ar ar

47T607’ij

P

where ar is the Firsov screening length.

The boron nitride considered here is in hexagonal form, similar in structure to that of graphite. The
domain consists of 32 sheets of 12 x 24 hexagons, or 38400 particles arranged in a 10.4 nm x 10.4 nm
x 3.0 nm box. A smaller domain of 24 sheets of 10 x 18 hexagons, or 18144 particles in a 7.8 nm X 7.8 nm
x 2.5 nm box is used for ion energies below 150 eV since it reduces the computational time with no significant
effect on the results for those cases. Periodic boundary conditions are applied in the lateral directions. The
bottom layer of atoms is kept immobile to keep the structure as a whole from translating due to ion impacts.
The next two layers directly above the bottom immobile layer are designated as a thermostatted region.
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Figure 3. The g term in Eq. (14) for B-B bonds

using the original and modified coefficients.
Table 1. Coefficient values used for the boron ni-
tride potential function.

The two thermostatted layers are regulated using a Berendsen thermostat which rescales the velocities of the
particles involved.?®:2? The temperature of the rest of the boron nitride is regulated through conduction. The
boron nitride is initialized and regulated at a temperature of 150°C, which is approximately the temperature
of boron nitride samples in experimental sputtering studies.?%:3! This temperature is set through the initial
velocities, which are randomized in such a way as to remove any bulk motion. Since the instantaneous
temperature of the block incurs large statistical scatter, a method to evaluate the average temperature of
the block is needed. A sub-relaxation technique is used to monitor the macroscopic temperature of the BN
system.32

After the boron nitride surface equilibrates, a xenon ion is injected far above the surface with a specified
energy. The angle incident to the surface normal is set to 45 degrees, where experimental data exist from
different studies. The other angular component is randomized to minimize the effects of lattice orientation in
the lateral directions. In addition, the upper regions of boron nitride form an amorphous layer that contains
no observable orientation for the structure after a sufficient number of ion impact events. After each ion
impact, the boron nitride system is re-equilibrated to the proper temperature before proceeding with the
next ion impact.

In order to speed up the calculations, several computational techniques are employed. Neighbor lists,
both Verlet neighbor and linked cell lists, are used so that each possible particle pair did not need to be
evaluated at each timestep.?3 Especially for a short range potential, such as the modified Tersoff described
above, this removes the need to perform O(N?) calculations for every timestep. The simulation code is also
parallelized with OpenMP directives for use on multi-processor machines. A timestep of 0.1 fs is used to run
the simulation.

The simulation is first run for a number of ion impacts until a representative form of boron nitride is
formed with the amorphous layers near the surface. This state is then used as the initial block to test a
sufficient number of individual ion impact events. The ion initial positions and velocities are randomized,
but the energy and incident angle are kept the same. From these impact events, the statistics are gathered
and analyzed to calculate the sputter yields. The properties of the ejected atoms are also kept track of to
produce differential sputtering data. The ion energies examined varies from 350 eV, in order to compare to
experimental data, to 50 eV, which is near where the sputter threshold energy for this system is expected
to lie.

In a previous report, the sputter yields calculated with this method were much higher than expected.?*
This has been corrected for, in part, with use of a larger domain and better temperature regulation. With
periodic boundaries, the energy of an impacting ion might cross over back into the simulation domain and
artificially increase the energy of the region, thus leading towards a greater possibility of ejected atoms.
Damped periodic boundary conditions may alleviate this problem, but due to the random ion injection
location, the periodic boundaries are kept undamped so as to not affect particle trajectories if the ions
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happen to impact near a boundary. The temperature of the atoms near the surface were also observed to
be much higher than the bulk reading. Thus, proper monitoring of the temperature of the atoms nearest
to the surface is used to ensure the temperature is near the desired value before every ion injection into the
system.

A quantum-statistical approach presented by Wilhelm is also used for comparison of the sputter yields at
very low energies.?® With this approach, a three-body interaction of the ion and two atoms of a polycrystalline
solid is considered and the probabilities of the ion scattering versus an atom sputtering are used to calculate
the rate of sputter. Wilhelm’s approximation for the sputter yield at energies between the threshold energy
and about 100 eV is given by

2\ 3/2 2

1
S(E) = gghapo(F)N¥? (1 oM /m 2

where S is the sputter yield, E and Ejy are the ion energy and threshold energy respectively, hy/; is a
dimensionless coefficient dependent on the perturbation operator of the Hamiltonian of the system between
the initial and final states and their corresponding volumes, o is the total scattering cross section, N is
the number density of the atoms in the solid, and m and M are the mass of the ion and the target atom
respectively. Since not all of the parameters required for Eq. (19) are known, only a qualitative form of the
equation is used in this work for comparative purposes. Equation (19) is proportional to

S(E) ~ a(E — Ey)* (20)

where a is a fitting coefficient.

III. Results and Discussion

The hydrodynamic model is used to simulate the plasma flow field within an SPT-100 thruster discharge
channel. Figures 4 and 5 show sample results of the plasma density and potential, respectively. For erosion
analysis studies, the main focus of the hydrodynamic model is to provide the energies, angles, and flux of the
impacting ions along the channel walls. The ions accelerate as they travel to the walls through the sheath
potential drop given in Eq. 7. The sheath potential along the wall length is shown in Fig. 6. The ion flux,
in the form of current density, to the walls can then be found and is plotted in Fig. 7.

50 50
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r [mm]
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Figure 4. The plasma density. Figure 5. The plasma potential.

The calculated sputter yields of hexagonal boron nitride are compared to experimental results for ions
incident at 45 degrees at various energies in Fig. 8. For the MD results, at least 100 ion impacts are simulated
for each energy. The experimental results are obtained from different methods including weight loss, quartz
crystal microbalance (QCM) measurements, and laser profilometry.3%:31:36:37 For the simulation results and
the results from Yalin et al., the density of HBC grade BN, 1.98 g/cm?, is used to present the results.>® The
grades of boron nitride for the results from Garnier et al. and Britton et al. are unknown. It should also be
noted that the data from Britton et al. is at an incidence angle of 40 degrees as they did not present any
results at 45 degrees. The QCM method can only measure particles that condense on the QCM. The lower
limit shown in Fig. 8 corresponds to the actual readings of the QCM measurements while the upper limit
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Figure 6. The sheath potential. Figure 7. The ion current density to the walls.

shown is an approximation of the total sputter yield if the non-condensible components, specifically nitrogen,
are estimated to be in equal stoichiometry to the condensed products, boron and boron compounds.

The simulation results for ion energies less than 150 eV agree with experimental trends and fall within
the expected value range. The simulation data at 250 eV and 350 eV, however are higher than any of the
experimental data presented in that energy range. One possible reason behind these higher sputter yields
may be from the fact that in the simulation, a greater proportion of nitrogen is sputtered as compared to
boron. Nitrogen is sputtered about twice as much as boron in the 350 eV case, and at 50 eV, only nitrogen
is observed to sputter. In particular, the nitrogen is often sputtered as Ny molecules. The nitrogen-nitrogen
interaction saturates their bonding and makes it difficult for other bonds to form with the pair, and thus
they escape the boron nitride block more easily. This BN potential in particular has been shown to have
reliable accuracy for B,N,, clusters, especially for n,m < 3, in addition to various bulk BN structures.??
However, an electron spectroscopy for chemical analysis (ESCA) study performed on a boron nitride sample
after sputtering shows little variation between the boron and nitrogen ratios on the surface before and after
sputtering.3® This would seem to indicate that they sputter in roughly equal proportions, at least from the
surface level.

Quantum-statistical analysis of low energy sputtering is also used to provide a curve fit near the threshold
energy. In general, the sputter yield at very low energies is predicted to be proportional to the square of the
energy above the threshold value as seen in Eq. (20). The curve fit is based on this relation and is matched to
the data points below 150 eV. Then, the corresponding threshold energy, Fy, is approximately 14 eV while
a = 3.98 x 1076 for sputter yields measured in mm?/C. Figure 9 shows this fit of the quantum-statistical
trend with the results of the model. The threshold energy calculated from this method is lower than prior
estimates. Possible causes may be from the assumptions made in the quantum-statistical analysis. The
analysis is originally performed for polycrystalline monatomic metals as opposed to graphite-like sheets of a
binary compound.

The calculated sputter yield is used in conjunction with the calculated ion current density to the thruster
channel walls to determine the beginning-of-life (BOL) erosion rates. Since the erosion rate of the walls over
time has been observed to decrease over time, particularly early in the lifetime, the BOL erosion rates can
not be directly used to calculate erosion profiles at a later time. However, for comparative purposes, the
profiles of the initial erosion rates along the walls are multiplied by the same proportion to be comparable
to the values of erosion measured after 160 hours of operation.?® As seen in Fig. 10, the outer wall erosion is
overestimated, though the shape of the profile is matched fairly well. The inner wall has lower erosion rates
than the outer wall and at least qualitatively, again, the shape matches fairly well. The upstream location
where erosion begins is overestimated for both walls. This is likely due to the low estimated threshold energy.
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IV. Conclusion

The future development of erosion analysis tools for Hall thruster design and development requires further
refinement of the simulation of ion flux to the walls as well as more accuracy in the calculation of the sputter
yields. The hydrodynamic model presented here is one of several options to calculate the ion flux to the walls;
it offers quick calculation times, on the order of minutes, while not being as dependent on experimental data
as semi-empirical models. The molecular dynamics simulations are computationally expensive, but sputter
yields only need to be calculated once. The sputter yields of hexagonal boron nitride at energies below
150 eV follow experimental trends while the calculated sputter yields at 250 eV and 350 eV are higher than
expected. A larger proportion of sputtered nitrogen, particularly as Ny, compared to sputtered boron is also
observed.

Next steps for the hydrodynamic code include using it to calculate the ion flux to the walls as they erode
away. Determining the erosion profiles at various times as well as the erosion rate as a function of time are
important steps towards improving Hall thruster lifetime prediction. Further validation against other codes
and models as well as measured data for other thrusters and operating conditions is also needed.
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