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Abstract. Electromagnetic cascades in matter, photon fields,Rossi and Greiserwhen cross-sections are inhomogeneous
and magnetic fields are solved by a standard numericalith primary and secondary energies. So we apply standard
method, integrating the diffusion equations of respective casnumerical methods to integrate the above cascade equations.
cade processes numerically. Our results and those of Aharo- Our results for transition curves of shower electrons devel-
nian and Plyasheshnikov agree very well for cascades in maping in matter, photon fields, and magnetic fields are com-
ter and magnetic fields, though they show some slight dispared with those derived b&haronian and Plyasheshnikov
crepancies for cascades in photon fields of high incident enerand byNishimura(1967. We also indicate changes in the
gies. Transport properties of electron and photon spectra arenergy spectra of cascade electrons and photons penetrating
also investigated by solving differential-difference equationsphoton fields, and attempt to explain the transport property
for cascades with simplified cross-sections, and the specef the energy spectra quantitatively by solving differential-
tra under the electron cooldown process are well explainedlifference equations with simplified cross-sections.
quantitatively.

2 Cascades developing in matter, photon fields, and

magnetic fields
1 Introduction

2.1 Diffusion equation for the cascades in photon fields
Investigations of electron-photon cascades developing in
matter, photon fields, and magnetic fields are very impor-Letm (k,#)dk andy (1,t)d X be the differential energy spectra
tant for astrophysical studies in the high-energy gamma-rayf shower electrons and photons with
astronomy, agharonian and Plyasheshnik¢2003 pointed
out strongly in results derived from the adjoint method by
Plyasheshnikov et a{1979. Here we introduce another ap- whereee, ¢,, andwg denote the energies of the shower elec-
proach to solve cascades developing in those environmentgon, shower photon, and background photon in unita &f,

for mutual confirmations among results and solving meth-respectively, after penetrating mono-energetic and isotropic
ods, in order to improve the accuracies and simplificationsphoton fields of depthin units of

of computations, and for future applications in other or more =

complicated environments. x(© = [47méG)r§] Ko. )
The diffusion equation for cascades in matter is reviewed

in Rossi and Greise(1941), and that in magnetic fields was defined inAharonian and Plyasheshnikg2003, wherexg

described inAkhiezer et al.(1999. In this report, we pro- denotesc or A of the incident particle.

pose the diffusion equation of cascades in photon fields. Itis Then the diffusion equation for the electron-photon cas-

difficult to solve integro-differential equations for cascades cades in the photon fields can be described as

by the traditional analytical method shown in, for example,

K = wpfe and A= woey, Q)

1 K /
Bn(fc,t):_n(/c)/ S v)dv+ °¢( 1_£)n(fc)d/</
Koot K
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in matter agree very well with those indicatedNishimura
(1967, and also the results of cascades in magnetic fields
agree very well with those gtharonian and Plyasheshnikov
(2003. Nevertheless, we could not get very good agreement
for cascades in photon fields with the incident energy fixed to
ko= 10°, with those obtained bjharonian and Plyashesh-
nikov, as compared in Fi@.

It was very difficult to carry out accurate integrations with
‘ energy in Egs.3) and @) in cases of high primary ener-

gies, due to the appearance of a very sharp peak in the

Fig. 1. The normalized cross-sections for the inverse Compton scatgross-sections of Fidl at fractional energiesv(andu) of
teflngw/ Jce, Wherex =.1,.2,.5,--,100, from bottom to  almost 1. We therefore applied variable transformations of

top (left), and the photon-photon pair productiéH{?g“)/fﬁTy. the QOubIe ex_por_1ential type in those integratiqns, and thus
wherex = 1.5,3,5,10,30, 100, from bottom to top (right). obtained qualitatively good results as shown in RBdor

shower curves with the threshold energy fixedkig = 1.
Quantitative comparisons with the resultsAdfaronian and
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83’()‘ 2 / ' i LKW_K_ y®) Plyasheshnikoin Fig. 3 show good agreement for the curve
kodt ’ kK A with the incident energy ofo = 10. However, our curves
with the higher incident energies differ significantly from

/0 Y&, u)du, (4) theirs in peak electron numbers and peak positions. One

h do= denote fractional . probable reason for such large discrepancies isAhato-
w erdeNu . ‘;9/87” andv = ey/sedNeno € rzi lonal energies  ian and Plyasheshnikawight use a doubled value for the
and 2 = T (i v) and LHEEE s (hou) de-

de, radiation IengthYéG) of Eq. (2) except for the case @ =10

note the cross- SECUOHS |nd|cated in Figfor the inverse i Fig. 3, though further investigations are necessary to get
Compton scattering and the photon-photon pair productioncgonsistent results.

respectively, as described Aharonian(2004 andZdziarski

(1988, with o of the Thomson cross-section. They are
3 Transport property of energy spectra for cascades

¢ (k,v) = } 1—v+ in photon fields
4 1—v
v 1 v The energy spectra of cascade electrons and photons show
+16,((1_v) 3t+v- 1—v +4|n4,{(1_v) characteristic shapes and changes in photon fields, as indi-

cated in Figs4 and5. We attempt to explain the trans-

2
with v<1/ <1+ 4i> (5) port properties of electron and photon spectra by analyti-
K

v

16c2(1—v)? cally solving differential-difference equations for cascades
WOnu) = } 1—u I u in photon fields with simplified cross-sections. To learn the
T4 1-u reasons for these characteristic features of the transition of
1 1—u u this cascade, we use the analytical solution of the cascade in
T owd—mn < —+ 1, ~4in{4ud ”)}> the photon fields with cross-sections simplified from Eg. (
1 and ).
————— with
161212 (1—u)? 3.1 Generation-separated differential energy spectra
o 12 ! 1+,/1 1 6) W
5 . <u< 5 WA e assunie .
(p(K,U):E, and W()\.,M)ZE, (7)
2.2 Results obtained by standard numerical
integrations or simply approximate the cross-sections té be
dN, 3o dN, 3
We derived the transition curves of electron-photon cascade ic(ey) o~ —T, and PR(e) ~ 20T ) (8)
dey, die, de, 4hre)

developing in matter, photon fields, and magnetic fields in
Fig. 2 by numerically solving the diffusion equations indi- L i the value OfX(()G) is doubled, the values ab(x,v) and
cated inRossi and Greisef1941]), the preceding subsection, ., (; . are doubled. Thes andy agree with Figl and act as

andAkhiez_er et al(1999, rgspectively. _ _ _ the correction factors of the approximated cross-sectignsvhen
We applied the trapezoidal method for integrations with expressions appearing in this subsection are slightly simplified as
energy on a logarithmic scale. The results of the cascades/2 to be replaced by.
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cascades in matter cascades in photon field cascades in magnetic field
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Fig. 2. Transition curves of shower electron developing in matter (left), photon fields (middle), and magnetic fields (right). Our results in
matter (lines) are compared with the analytical resulmli'shimura(dots), and our results in photon fields with= 103 and in magnetic

fields with cascade length defined b@ X 108( g )3 %/( Gev ) 3 (lines) are compared with those Aharonian and Plyasheshnikédots).

and attempt to reproduce the shower spectra indicated in 5 SO . . T T T
Figs.4 and5. Then the diffusion Eqs.3] and @) are de- @ £ 83; g:%g,é _______
scribed as O 4 OUr Ky=10"3 ---ee-- i
0 ko [om(k',t) 'S Our k=104
— )+ — 1) — —d AP’s K5=10"] =i=imim
5 (K )+2 7 (K, 1) Z/K P % 3 AP’S k=102 === .
K0 ()\4/ t) — AP’S K0=10A3
= Ko 4 ’ d}»/, (9) (@] AP’S =104 «wveeeen
K )‘/2 GL.) 2 -
0 ko [Or’,t) ¥eo]
—y(,t A t) = ———dk’. 10
YO0+ 50y 00 = 2A e w0 E, |
At first, we derive the Green functions for electron and =z
photon transports;  (x,7;«’) andG,, (1,¢; 1”), by replacing 00 ’ > 3 4 5 8 7
right hand sides of Eqs9) and (L0) with § («x —«") and§ (A — cascade length (1)

A'), respectively. Applying Mellin transforms
00 /e \* Fig. 3. Comparison of transition curves of shower electron in pho-
M(s,t) =/ (—) (i, t)dk, (12) ton fields between ours (thin lines) and Aharonian and Plyashesh-
0 ko nikov’s (thick lines), with the threshold energy af,, = 1, and with
the incident photon energies of = 10, 1%, 10°, and 1d, from

0 /) s
/\/'(S,t)=/0 <K_o> y (A, 0)dA, (12) bottom to top.

we get differential-difference equations

/ S
3/\/l(s,t) M(s—1,1)= <K—> , (13) Applying the Green functions to Eq®)(and (L0), we get
ot 2( +D ) ko the differential spectra up to the second generation on which
a )\‘/ S . . .
2 N+ —N(s _1n=(2) . (14) suffix 1 gorresponds to the first generation and 2 to the second
ot 2 KQ generation:
The solutions for respective Mellin transforms are
, A1) = Gy (k15 k0) =8(A—ko)e /2, 19
M(s, 1) = (' /ko)’ 1+— e 0!/ (15) ra@.1) y( K?) (A ~ko)e (19)
P wn=[[a [ Gates i = Lo
(K, = K,1 —1 K K = —e ,
Ns.1) = (V' Jko)* e ™0/ @) (1) o k0 Jo 7 o
and applying inverse Mellin transforms, we have 0y w1 1 (20)
t , ya(h.1) = / dz/—e—f’/Z/ (———)G (ot =132 )d)
Gk, t;k) = {S(K —K/)—i—%}e_"ot/(z" ), @an o 2 W ko)
K
/ 1 Y R S A G S yTe
Gy (h1:2) = (k=K e 0!/ @), (18) = K_o{te o e GRS | B G
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Fig. 4. «-weighted differential energy spectra of electram;(«,?), at depths of =.01,.02,.05,

ko= 10, 1%, and 18, from left to right.
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Fig. 5. A-weighted differential energy spectra of photoig,(A,7), at depths of =.01,.02,.05,

ko= 10, 1&, and 18, from left to right.

t KO
nz(K,t)=/ dt// duGy (k,t —1'; 1)
0 K

x/mi{t/e’,/z— |:et//2—e_2"[/K0:|}d/</
K/Z
w
1—
zf vl [I<e—z/2/(1—v’)+e—z/2)
0

~ ko v(1—v)

4(1—v') ({,/2/(14/) et/ 2)] dv', (22)

2’

Kko—K'

e
whereys(,t) is the spectrum of the incident photon and its
survival, 1 (k,t) that of electrons produced by, y2(A,1)
that of photons produced by, andr2(«, ) that of electrons
produced byy2; v andu denote the fractional energiegxo
and A /ko, respectively. Ther and A weighted differential
spectracmi(k,t), Ay2(A,t), andkma(k,t) are functions o
andu, as indicated in Fig6.

m1(k,t) does not depend ok and increases proportion-
ally tor att « 1, which well explains the early stage< 1)
of the electron spectrum @b =10 in Fig.4. y»2(1,t) is ap-

proximated by (% - K—10>t2 atr < 1, which well explains
the photon spectrum af =10 atA > 0.1 in Fig. 5.
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We could explain the above few stages but could only
slightly explain other stages of shower spectra by our
generation-separated energy spectra, Et®—(22). This
was because the approximated cross-sectiBnsvére too
simple, valid only forc andx between 1 and 10. More accu-
rate cross-sections should be taken into account to reproduce
the spectra of showers initiated by higher incident energies.

3.2 Electron cooldown process

For the particle energies of< 1, the pair production process

is suppressed by the inequality in E).(As a result, pho-
tons stop interacting in the field and in turn electrons are not
produced from photons, and electrons only lose their ener-
gies by the inverse Compton scattering. We call this process
the electron cooldown process.

At energy regions ok <« 1, the inverse Compton cross-
section is approximated with a considerable accuracy by

¢ (k,v) = } with v<1/ (1+ i) ~ 4y, (23)
2 4y
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then electrons diffuse as

om(k,t) 1 l{ K K }
= —/ O (——, )T (—,1) — Pk, V)7 (k,1){dV
1-v 1—-v

Koot kJo

S
:/ v—A{o(k,v)T(k,1)}dv
0o Ok

d
>~ Bk (k,t) +4/<28—7r(/<,t). (24)
K
Applying Mellin transforms, we have
a
5M(s,t)+4/<gs/\/l(s +1,1)=0. (25)

The solution for the initial conditior («,0) =8 (x —«’) is

M(s,1) = (? +4K§z)_s, (26)
then, applying inverse Mellin transforms, we have
T 1) = —— T Ko ( « )Sds
’ 270 Jo—ivo 15T\ ko + At
= Sk (K_l/ o) D). (27)

Under the cascade process in the photon field, elec-
trons are produced from photons by a spectrum form of
7 (k’,1)dk’ >~ const dk’, according to the pair production
cross-section in Figl. After the cooling down, they show
the spectrum form of

ok’
w(k,t)dk = const x —dk
dK

= const x (1—4kort) %dk

const
~ 5 k" 2di for
16§12

dicorct > 1. (29)
Thus electrons show power-law type energy spectra of index
—2, as indicated in Figd in energy regions of <1 atr > 1
for ko =107 and at > 0.1 for kg = 10°.

Under the electron cooldown process, photons of energy
are supplied only by electrons of energy greater taof

K'=A+v224+1)/2~V1/2,

according to the inequality of Eq28). They then stop inter-
acting in the field, so the diffusion EqL@) becomes

a 0 t)—/KO (k' 1) di’
Koaty T N R

(30)

(31)

This solution indicates that the electrons lose their energy We assume the power_|aw type electron Spectrum’

from«’ tok as

1 1
— = —/+4K0t,
K K

(28)

7(k,1) ~ k2 f(r), according to Eq.49). As electrons cool
down very slowly, their energy spectra have the lower cut-
off kic. When the lower bound of the integral in EQLJ is
contained in the electron spectrum,k/2 > ic, EQ. @1)

after the penetration of deptt? As electrons produced by becomes

the pair production process have some finite energies due to
the inequality in Eq.§), electron spectra have the lower cut-

off kic. The value ofcc decreases according to EQSJ, as
typically shown in Fig4 of ko = 10?.

-3
iy(,\,r) ~ IO (*/_X> ~ gf(r),ri**/z. (32)

koot 6 2

So photons show power-law type energy spectra of index

2 This formula is also derived from the equation of the mean —3/2, as typically indicated in Figgat 001 <« < 1,7 > 0.5

energy dissipation,—&x = [ v (i, v)dv =~ 3 T vdy =42,

www.astrophys-space-sci-trans.net/7/345/2011/
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On the other hand, when the lower bound of the integralEdited by: J. Poutanen
in Eg. 31) is out of the electron spectrum, &fi/2 < kic, Reviewed by: B. Stern and another anonymous referee
the photon spectruny (A,¢) becomes constant irrespective
of their energy, as typically indicated in Fig5 at about
« < 0.01 for ko = 10, aboutc < 0.01, 7 < 0.5 for ko= 102 References
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energies £o > 100), where the cross-sections increase very
steeply near the primary energy and the computation times
are increased.
We also investigated the transport property of energy spec-
tra of cascades in photon fields by obtaining the analytical
solutions of differential-difference equations assuming sim-
plified cross-sections. We partially succeeded in explaining
electron and photon spectra of> 0.1 at very early stages
(t < 0.1) for cascades with low incident energyp & 10),
though more accurate cross-sections than Bgslfould be
taken into account for cascades with higher incident ener-
gies. Solutions of the electron cooldown process based on the
cross-sections with Eg28) well explained the shapes of the
electron and photon spectra of very low enengy{ 1) quan-
titatively. We are improving our method to make it applicable
to higher energy regions and deeper developing stages.

Astrophys. Space Sci. Trans., 7, 3858 2011 www.astrophys-space-sci-trans.net/7/345/2011/



