
A HYBRID OPTIMAL CONTROL STRATEGY FOR A SMART PROSTHETIC HAND

Cheng-Hung Chen

Measurement and Control

Engineering Research Center

Department of Biological Sciences
Idaho State University

Pocatello, Idaho 83209

Email: chenchen@isu.edu

D. Subbaram Naidu

Measurement and Control

Engineering Research Center

Department of Electrical Engineering
Idaho State University

Pocatello, Idaho 83209

Email: naiduds@isu.edu

Alba Perez-Gracia

Measurement and Control

Engineering Research Center
Department of Mechanical Engineering

Idaho State University

Pocatello, Idaho 83209

on leave with Institut de Robotica i

Informatica Industrial (UPC-CSIC)
c/ Llorens i Artigas 4-6

Barcelona, Spain

Email: perealba@isu.edu

Marco P. Schoen

Measurement and Control

Engineering Research Center
Department of Mechanical Engineering

Idaho State University

Pocatello, Idaho 83209

Email: schomarc@isu.edu

ABSTRACT

This paper presents a hybrid of a soft computing or con-

trol technique of adaptive neuro-fuzzy inference system (AN-

FIS) and a hard computing or control technique of the hybrid

finite-time linear quadratic optimal control for a two-fingered

(thumb and index) prosthetic hand. In particular, the ANFIS is

used for inverse kinematics, and the optimal control is used to

minimize tracking error utilizing feedback linearized dynamics.

The simulations of this hybrid controller, when compared with

the proportional-integral-derivative (PID) controller showed en-

hanced performance. Work is underway to extend this methodol-

ogy to a five-fingered, three-dimensional prosthetic hand.

NOMENCLATURE

p
j
d(t) Desired fingertip positions of j finger ( j=t , i, m, r and l)

v
j
d(t) Desired fingertip velocities

a
j
d(t) Desired fingertip accelerations

Ai Undetermined constants (i = 0−3)

t0 Initial time

t f Terminal time

(X t ,Y t ) Fingertip coordinate of thumb (t)

Lt
k The length of the link k(= 1,2) of thumb (t)

qt
k The angle of the joint k(= 1,2) of thumb (t)

Jt The Jacobian of thumb

q̇t
k The angular velocities of the joint k(= 1,2) of thumb

q̈t
k The angular accelerations of the joint k(= 1,2) of thumb

(X i,Y i) Fingertip coordinate of index finger (i)

qi
k The length of the link k(= 1,2,3) of index finger (i)

Li
k The angle of the joint k(= 1,2,3) of index finger (i)

Ji The Jacobian of index finger

q̇i
k The angular velocities of the joint k(= 1,2,3)of index finger

q̈i
k The angular accelerations of the joint k(= 1,2,3) of index

finger

L Lagrangian

q̇ The angular velocity vector of joints
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q The angle vector of joints

τττ The given torque vector at joints

T Kinetic energy

V Potential energy

M(q) Inertia matrix

C(q, q̇) Coriolis/centripetal vector

G(q) Gravity vector

N(q, q̇) Nonlinear terms

J Performance index

F(t f ) Terminal cost matrix

Q(t) Error weighted matrix

R(t) Control weighted matrix

u∗(t) Optimal control

K(t) Kalman gain

x∗ Optimal state

KP, KI and KD PID diagonal coefficients

1 INTRODUCTION

Hand is considered as an agent of human brain and is the

most intriguing and versatile appendages to human body. Over

the last several yeas, attempts have been made to build a pros-

thetic hand to replace human hand that fully simulate the vari-

ous natural/human-like operations of moving, grasping, lifting,

twisting and so on. Replicating the human hand in all its various

functions is still a challenging task due to the extreme complex-

ity of human hand, which has 27 bones, controlled by about 38

muscles to provide the hand with 22 degrees of freedom (DOFs),

and incorporates about 17,000 tactile units of 4 different units

[1]. Parallels between dextrous robot and human hands were ex-

plored by examining sensor motor integration in the design and

control of these robots by bringing together experimental psy-

chologists, kinesiologists, computer scientists, and electrical and

mechanical engineers.

Artificial hands, developed by various researchers in the

field [1–4], have been around for the last several years. How-

ever, about 35% of the amputees [5] do not use their prosthetic

hand regularly due to various reasons such as poor functional-

ity of the presently available prosthetic hands and psychological

problems. To overcome this problem, one has to design and de-

velop an artificial hand which “mimics the human hand as closely

as possible” both in functionality and appearance.

Soft computing/control (SC) or computational intelligence

(CI) [6] is an emerging field based on synergy and seamless inte-

gration of neural networks (NN), fuzzy logic (FL) and genetic al-

gorithms (GA) [7]. The previous works on prosthetic hand used

artificial NNs [8], FL [9], GA [10] etc. mostly for EMG signal

classification for various movements or functions of the pros-

thetic hand. Hard computing/control (HC) techniques comprise

proportional integral derivative (PID) control [11–14], optimal

control [15,16], etc. with specific applications to prosthetics. SC

can be used at upper levels of the overall mission where human

involvement and decision making is of primary importance. HC

can be used at lower levels for accuracy, precision, stability and

robustness. Therefore, the integration of SC and HC methodolo-

gies could solve problems that cannot be solved satisfactorily by

using either methodology alone and lead to high performance,

robust, autonomous and cost-effective systems.

However, our previous works [13, 14] for smart prosthetic

hand showed that PID controller results in the overshooting and

oscillation, which were also demonstrated by Subudhi and Mor-

ris [11] and Liu et al. [12]. To overcome the problem, fusion

of soft computing technique of adaptive neuro-fuzzy inference

system (ANFIS) and finite-time linear quadratic optimal control

strategy for two-fingered prosthetic hand is precisely the main

goal of this work.

In this paper, we first consider briefly the trajectory planning

problem and the inverse kinematics for both two-link thumb and

three-link index finger using the ANFIS. Next, the dynamics of

the hand is derived and feedback linearization technique is used

to obtain linear tracking error dynamics. Then the hybrid finite-

time linear quadratic optimal controller is designed to minimize

the tracking error. The resulting overall hybrid system incorpo-

rating both soft and hard control techniques is simulated with

practical data for the hand. The last section details the conclu-

sions and future work.

2 Modeling

In this section, we present briefly the trajectory planning

problem and the inverse kinematics for both two-link thumb and

three-link index finger using ANFIS. The dynamics of the hand

is also given.

2.1 Trajectory Planning

To generate smooth trajectories, a cubic polynomial func-

tion for the fingertip space is created. A time history of desired

(d) fingertip positions (p), velocities (v), and accelerations (a) is

given as [17]

p
j
d(t) = A0 +A1t +A2t2 +A3t3

, (1)

v
j
d(t) = A1 +2A2t +3A3t2

, (2)

a
j
d(t) = 2A2 +6A3t, (3)

where, A0-A3 are undetermined constants and the superscript j

indicates the index of each finger. The relations (1) and (2) need

to satisfy the constraint conditions at t0 and t f . This can be writ-

ten as

TA = P. (4)
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Here, the matrices T, A, and P are

T =









1 t0 t2
0 t3

0

0 1 2t0 3t2
0

1 t f t2
f t3

f

0 1 2t f 3t2
f









, (5)

A =
[

A0 A1 A2 A3

]

′

, (6)

P =
[

p
j
0 v

j
0 p

j
f

v
j
f

]

′

. (7)

Therefore, the 4 unknown constants, A0-A3, can be computed by

A = T−1P.

2.2 Inverse Kinematics
A desired trajectory is usually specified in Cartesian space

and the trajectory controller is easily performed in the joint

space. Hence, it is necessary to convert Cartesian trajectory plan-

ning to the joint space [18–21]. Using inverse kinematics, the

joint angles of each finger need to be obtained from the known

fingertip positions (joint space). Then the angular velocities and

angular accelerations of each finger can be obtained from the ve-

locities and accelerations of fingertips by the Jocobian.

2.2.1 Two-Link Thumb As shown in Figure 1, the

Figure 1. Schematic Diagram of Thumb and Index Finger

thumb is assumed as a two-link finger and the index finger is

considered as a three-link finger. Hence, the joint angles, an-

gular velocities, and angular accelerations of each finger can be

deduced as follows.

According to forward kinematics [22], the fingertip coordi-

nate (X t ,Y t ) of the thumb (t) can be described as

X t = Lt
1 cos(qt

1)+Lt
2 cos(qt

1 +qt
2), (8)

Y t = Lt
1 sin(qt

1)+Lt
2 sin(qt

1 +qt
2). (9)

Here Lt
1 and Lt

2 are the lengths of the links 1 and 2 of the thumb,

respectively; qt
1 and qt

2 are the angles of joints 1 and 2 of the

thumb. Choosing the elbow up configuration, the angle qt
2 of the

joint 2 can be obtained as:

qt
2 = −cos−1

(

X t 2 +Y t 2
−Lt

1
2
−Lt

2
2

2Lt
1Lt

2

)

. (10)

Based on the geometry, we can get

qt
1 = tan−1

(

Y t

X t

)

− tan−1

(

Lt
2 sin(qt

2)

Lt
1 +Lt

2 cos (qt
2)

)

. (11)

The corresponding velocities d(X t ,Y t )/dt of the fingertip are ob-

tained as

Ṗt = Jt q̇t
, (12)

where, the matrices Ṗt and q̇t are

Ṗt =

[

Ẋ t

Ẏ t

]

, q̇t =

[

q̇t
1

q̇t
2

]

. (13)

The matrix Jt is called the Jacobian of the thumb and the angular

velocities q̇t
1 and q̇t

2 of the joints 1 and 2 are

q̇t = Jt−1
Ṗt

. (14)

Similarly, the angular accelerations q̈t
1 and q̈t

2 of the joints 1 and

2 are obtained as

q̈t = Jt−1

(

P̈t
−

dJt

dt
q̇t

)

, (15)

where P̈t is the acceleration vector of the fingertip. P̈t and q̈t are

denoted as

P̈t =

[

Ẍ t

Ÿ t

]

, q̈t =

[

q̈t
1

q̈t
2

]

. (16)

2.2.2 Three-Link Index Finger As shown in Fig-

ure 2, the fingertip Cartesian coordinates (X i,Y i) of the index

finger (i) are described in terms of three joint variables qi
1, qi

2,

and qi
3 as

X i = d +Li
1 cos(qi

1)+Li
2 cos(qi

1 +qi
2)+Li

3 cos(qi
1 +qi

2 +qi
3),

Y i = Li
1 sin(qi

1)+Li
2 sin(qi

1 +qi
2)+Li

3 sin(qi
1 +qi

2 +qi
3). (17)

Here, based on practical data, the relation qi
3 = 0.7qi

2 is used

[3] to solve redundancy in the plane x-y in Figure 2. Using this
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Figure 2. Three-Link Index Finger Illustration

relation into (17), the resulting nonlinear functions are solved

by numerical methods, such as Newton-Raphson [23] and the

hybrid particle swarm optimization neural network (HPSONN)

by Wen et al. [24]. Now, setting up the two functions f i
1 and f i

2

of the two variables qi
1 and qi

2, we get

f i
1 = d +Li

1 cos(qi
1)+Li

2 cos(qi
1 +qi

2)

+Li
3 cos(qi

1 +1.7qi
2)−X i

, (18)

f i
2 = Li

1 sin(qi
1)+Li

2 sin(qi
1 +qi

2)

+Li
3 sin(qi

1 +1.7qi
2)−Y i

. (19)

This becomes an optimal (minimization) problem with two ob-

jective functions f i
1 and f i

2 with two variables qi
1 and qi

2. The vari-

ables qi
1

∗
and qi

2

∗
are searched to make the two objective func-

tions f i
1 and f i

2 be close to zero using genetic algorithm, then qi
1

∗
,

qi
2

∗
, and qi

3

∗
(= 0.7qi

2

∗
) are the solutions of the joint angles of the

fingertip coordinate (X i,Y i). Alternatively, the inverse kinematics

problem can be solved using ANFIS method [25] where the input

of the fuzzy-neuro system is the Cartesian space and the output

is the joint space. During our simulations [14], we found that the

GA method although give a better solution (error ≈ 10−7), takes

more execution time whereas the ANFIS gave a good solution

(error ≈ 10−4) with less time compared to GA method. Once we

found the angular positions as above, then, similar to two-link

thumb, all angular velocities and accelerations of the joints of

the index finger can be calculated.

2.3 Dynamics of Hand

It is necessary to have a mathematical model that describes

the dynamic behavior of prosthetic hand for the purpose of de-

signing the control system. The dynamic equations of hand mo-

tion are derived via Lagrangian approach using kinetic energy

and potential energy as [17,22,23]

d

dt

(

∂L

∂q̇

)

−
∂L

∂q
= τττ, (20)

where L is the Lagrangian; q̇ and q represent the angular velocity

and angle vectors of joints, respectively; τττ is the given torque

vector at joints. The Lagrangian L can be expressed as

L = T −V, (21)

where T and V denote kinetic and potential energies, respec-

tively. Substitute (21) into (20) and dynamic equations of thumb

can be obtained as below.

M(q)q̈+C(q, q̇)+G(q) = τττ, (22)

where M(q) is the inertia matrix; C(q, q̇) is the Corio-

lis/centripetal vector and G(q) is the gravity vector. (22) can

be also written as

M(q)q̈+N(q, q̇) = τττ, (23)

where N(q, q̇) = C(q, q̇)+G(q) represents nonlinear terms. The

dynamic relations for the two-link thumb and the three-link index

finger are quite lengthy and omitted here due to lack of space

[21,26,27].

3 Control Techniques

3.1 Feedback Linearization

The nonlinear dynamics represented by (23) is to be con-

verted into a linear state-variable system by finding a transfor-

mation using feedback linearization technique [17, 28]. Alter-

native state-space equations of the dynamics can be obtained by

defining the position/velocity state x(t) of the joints as

x(t) =
[

q(t)′ q̇(t)′
]

′
. (24)

Let us repeat the dynamical model and rewrite (23) as

d

dt
q̇(t) = −M(q(t))−1

N(q(t), q̇(t))+M(q(t))−1
τττ(t). (25)

Thus, from (24) and (25), we can derive a linear state-variable

equation in Brunovsky canonical form as

ẋ(t) =

[

0 I

0 0

]

x(t)+

[

0

I

]

u(t) (26)

with its control input vector given by

u(t) = −M(q(t))−1
N(q(t), q̇(t))+M(q(t))−1

τττ(t). (27)
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Let us suppose the prosthetic hand is required to track the de-

sired trajectory qd(t) described under path generation or track-

ing. Then, the tracking error e(t) is defined as

e(t) = qd(t)−q(t). (28)

Here, qd(t) is the desired angle vector of joints and can be ob-

tained by (1), (10) and (11); q(t) is the actual angle vector of

joints. Differentiating (28) twice, to get

ė(t) = q̇d(t)− q̇(t), ë(t) = q̈d(t)− q̈(t). (29)

Substituting (24) into (29) yields

ë(t) = q̈d(t)+M(q(t))−1(N (q(t), q̇(t))− τττ(t)) (30)

from which the control function can be defined as

u(t) = q̈d(t)+M(q(t))−1(N(q(t), q̇(t))− τττ(t)). (31)

This is often called the feedback linearization control law, which

can also be inverted to express it as

τττ(t) = M(q(t))(q̈d(t)−u(t))+N(q(t), q̇(t)). (32)

Using the relations (29) and (31), and defining state vector x(t)=
[e(t)′ ė(t)′]′, the tracking error dynamics can be written as

ẋ(t) =

[

0 I

0 0

]

x(t)+

[

0

I

]

u(t). (33)

Note that this is in the form of a linear system such as

ẋ(t) = Ax(t)+Bu(t). (34)

Thus, we use the liearized system (34) to minimize the tracking

error (28).

3.2 Hybrid Finite-Time Linear Quadratic Optimal Con-
trol

Figure 3 shows the block diagram of a hybrid finite-time

linear quadratic optimal controller. For the linear system (34),

we can formulate the well-known finite-time linear quadratic op-

timal control problem by defining a performance index J [16]

such as

J =
1

2
x′(t f )F(t f )x(t f )

+
1

2

Z t f

t0

[

x′(t)Q(t)x(t)+u′(t)R(t)u(t)
]

dt, (35)

Figure 3. Block Diagram of Hybrid Optimal Controller for Prosthetic

Hand

where the terminal cost matrix F(t f ) and the error weighted ma-

trix Q(t) are positive semide f inite matrices, respectively; the

control weighted matrix R(t) is a positive de f inite matrix. The

optimal control u∗(t) is given by

u∗(t) = −R−1(t)B′P(t)x∗(t) = −K(t)x∗(t). (36)

Here, K(t) = R−1(t)B′P(t) is called Kalman gain and P(t), the
symmetric positive definite matrix (for all t ∈ [t0, t f ]), is the solu-
tion of the matrix differential Riccati equation (DRE)

Ṗ(t) = −P(t)A−A′P(t)−Q(t)+P(t)BR−1(t)B′P(t) (37)

satisfying the final condition

P(t = t f ) = F(t f ). (38)

The optimal state x∗ is the solution of

ẋ∗(t) =
[

A−BR−1(t)B′P(t)
]

x∗(t). (39)

Therefore, the required torque τττ∗(t) can be calculated by the op-

timal control u∗(t).

τττ
∗(t) = M(q(t))(q̈d(t)−u∗(t))+N(q(t), q̇(t)). (40)

We also intend to use infinite-time optimal regulator to avoid

backward integration of the DRE, especially for on-line (real-

time) design and implementation.
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4 Simulation Results and Discussion

When thumb and fingers are doing extension/flexion move-

ments, the ranges that fingertips can reach are restricted to the

reach of the angles of the joints. Referring to inverse kinematics,

Figure 4 shows the workspace of the fingertips of thumb (pink)

Figure 4. The Workspace of the Fingertips of Thumb and Index Finger

with a Square Object

and index finger (green) and a square object (blue). The first and

second joint angles of the thumb are constrained in the ranges

of [0,90] and [-80,0] (degrees). The first, second, and third joint

angles of the index finger are constrained in the ranges of [0,90],

[0,110] and [0,80] (degrees), respectively [29]. Thus, the green

and pink regions respectively show the reachable fingertip po-

sitions of thumb and index finger. Further, the overlap region

represents that the space that both the thumb and the index finger

can reach.

Next, we present simulations with a PID controller [14, 21]

and finite-time linear quadratic optimal control for the two-link

thumb and three-link index finger of a smart prosthetic hand.

The various parameters [30] relating to desired trajectory and the

two-link thumb/three-link index finger selected for the simula-

tions are given in Table 1 and the side length of the target square-

shaped object is 0.010 (m). All initial actual angles are zero and

PID diagonal coefficients, KP, KI and KD, are 100. As for op-

timal control coefficients, A, B, F(t f ), R(t) and Q(t) of thumb

and index finger are respectively chosen as

A =

[

0 I

0 0

]

, B =

[

0

I

]

, F(t f ) = I, R(t) =
1

30
I,

Q(t)t =

[

Q11 Q12

Q12 Q22

]

, Q(t)i =





Q11 Q12 Q13

Q12 Q22 Q23

Q13 Q23 Q33





,

Q11 =

[

10 2

2 10

]

, Q22 =

[

30 0

0 30

]

, Q33 =

[

20 1

1 20

]

,

Q12 =

[

−4 4

3 −6

]

,Q13 =

[

−4 4

3 −6

]

,Q23 =

[

−4 3

4 −6

]

.

The first term of the right side in (35) can be neglected by us-

ing F(t f ) as the zero matrix. In this work, there is no signifi-

cant difference. Figures 5 and 6 show the simulations with PID

Table 1. Parameter Selection of the Smart Hand

Parameters Values

Thumb

Time (t0, t f ) 0, 20 (sec)

Desired Initial Position (X t
0, Y t

0) 0.035, 0.060 (m)

Desired Final Position (X t
f , Y t

f ) 0.0495, 0.060 (m)

Desired Initial Velocity (Ẋ t
0, Ẏ t

0) 0, 0 (m/s)

Desired Final Velocity (Ẋ t
f , Ẏ t

f ) 0, 0 (m/s)

Length (Lt
1, Lt

2) 0.040, 0.040 (m)

Mass (mt
1, mt

2) 0.043, 0.031 (kg)

Inertia (It
zz1, It

zz2) 6.002×10−6,

4.327×10−6 (kg-m2)

Index Finger

Desired Initial Position (X i
0, Y i

0) 0.065, 0.080 (m)

Desired Final Position (X i
f , Y i

f ) 0.010, 0.060 (m)

Desired Initial Velocity (Ẋ i
0, Ẏ i

0) 0, 0 (m/s)

Desired Final Velocity (Ẋ i
f , Ẏ i

f ) 0, 0 (m/s)

Length (Li
1, Li

2, Li
3) 0.040, 0.040, 0.030 (m)

Mass (mi
1, mi

2, mi
3) 0.045, 0.025, 0.017 (kg)

Inertia (Ii
zz1, Ii

zz2, Ii
zz3) 9.375×10−6,

3.333×10−6,

1.125×10−6 (kg-m2)

controller while Figures 7 and 8 the simulations with presented

finite-time optimal control method. It is clearly seen that the re-

sults using proposed optimal control method can overcome the

overshooting and oscillation problems.

5 Conclusions and Future Works

This paper focussed on a hybrid of soft computing or con-

trol technique of adaptive neuro-fuzzy inference system (ANFIS)

and a hard computing or control technique of finite-time linear

quadratic optimal control for a two-fingered (thumb and index)

prosthetic hand. In particular, the ANFIS was used for inverse

kinematics, and the optimal control was used for feedback lin-

earized dynamics to minimize tracking error. The simulations
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Figure 5. Tracking Errors (left) and Joint Angles (right) for PID Controller

of Thumb
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Figure 6. Tracking Errors (left) and Joint Angles (right) for PID Controller

of Index Finger

of this hybrid controller, when compared with the proportional-

integral-derivative (PID) controller showed enhanced perfor-

mance. Work is underway to extend this methodology to five-

fingered, three-dimensional prosthetic hand.
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