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Ferromagnetic Systems with Hopping Interaction

G. Górski∗ and J. Mizia
Institute of Physics, University of Rzeszów, Rejtana 16A, 35-959 Rzeszów, Poland

We analyze the influence of hopping interaction on magnetic ordering. Scattering scheme of the Hubbard III
approximation with included inter-site kinetic electron–electron correlation is used. The hopping interaction and
inter-site correlation lead to two spin dependent effects: the band width correction and the band-shift correction.
The band-shift correction factor causes an exchange splitting between the spin-up and spin-down spectrum, and its
role is similar to the exchange interaction in the classic Stoner model. The spin dependent band width correction
enhanced strongly by the inter-site kinetic correlation lowers the kinetic energy of electrons by decreasing the
majority spin band width for some electron occupations with respect to the minority spin band width. The
results show that in the case of the symmetrical density of states there is only ferromagnetic enhancement. For
the strongly asymmetrical density of states there is a ferromagnetic transition.

PACS numbers: 71.10.Fd, 75.10.Lp

1. Introduction

The Hubbard model [1] is extensively used to analyze
strong electron correlations in the narrow energy bands.
The model is used to describe such phenomena as itin-
erant ferromagnetism, metal–insulator phase transitions,
or high-TC superconductivity. The classic form of this
model describes the behavior of narrow band electrons
in the presence of strong single site electron–electron re-
pulsion U = (ii|1/r|ii). In the systems with strong corre-
lation the on-site Coulomb interaction U causes a split of
the spin band into two sub-bands: lower sub-band cen-
tered around the atomic level T0, and the upper sub-band
centered around the level T0 + U . The exact solution of
the Hubbard model was obtained only in some specific
cases, e.g. for the one-dimensional system. For multi-
-dimensional systems only the approximate solutions ex-
ist. The most established and logically justifiable ap-
proximate solution in 3-dimensional (3D) is the Hubbard
III approximation [2]. Unfortunately, this approximation
did not produce the ferromagnetic ground state [3]. The
problem whether there is a magnetic ordering in 3D Hub-
bard model is still unsolved.

In our previous paper [4] we described in great de-
tail the Hubbard III approximation applied to the basic
Hubbard model with interaction U only, and with the in-
cluded inter-site kinetic correlation functions 〈c+

i−σcj−σ〉
and 〈n̂iσc+

i−σcj−σ〉. In effect we have obtained the band
width and the band-shift corrections of the original elec-
tron band. The band-shift correction causes an exchange
splitting between the spin-up and spin-down spectrum,
and the spin dependent band width correction lowers the
kinetic energy of electrons by decreasing the majority
spin band width with respect to the minority spin band
width.
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The realistic systems where ferromagnetism exists were
described using the extended Hubbard model where in
addition to the basic Coulomb on-site interaction U the
different inter-site interactions Vijmn = (ij|1/r|mn) were
added. One of these interactions used in the descrip-
tion of magnetic ordering is the correlated hopping in-
teraction ∆t = (i, i|1/r|j, i). The role of hopping in-
teraction in creating the ferromagnetic state was ana-
lyzed predominantly in the mean field approach, which
obviously led to the ferromagnetism [5–7]. In this pa-
per we present the model in which the inter-site ki-
netic correlation 〈c+

i−σcj−σ〉 and the hopping interaction
∆t = (i, i|1/r|j, i) are included together into the Hubbard
III approximation within the scattering effect scheme.
We obtain the band-shift and band width corrections to
the classic Hubbard III or coherent potential approxima-
tion (CPA) solution which are created by the hopping
interaction. In the case of strongly asymmetrical den-
sity of states (DOS) they can lead to the spontaneous
ferromagnetic ordering.

2. The model

We analyze the basic Hubbard model with added hop-
ping interaction and the exchange field

H = −
∑

ijσ

tijc
+
iσcjσ +

U

2

∑

iσ

n̂iσn̂i−σ

+
∑

ijσ

∆tij (n̂i−σ + n̂j−σ) c+
iσcjσ

−
∑

iσ

(µ + Finnσ) n̂iσ, (1)

where tij — hopping integral between the i-th and j-th
lattice site, U is the on-site Coulomb interaction, ∆tij is
the hopping interaction, Fin is the on-site atomic Stoner
field (exchange field) in the Hartree–Fock (H–F) approx-
imation and µ is the chemical potential. The operator
c+
iσ (ciσ) is creating (annihilating) an electron with spin

(336)
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σ =↑, ↓ on the i-th lattice site, n̂iσ = c+
iσciσ is the elec-

tron number operator for electrons with spin σ on the
i-th lattice site. In the many-body considerations below,
the term with chemical potential and with on-site atomic
Stoner field will be absent, since they will be moved into
the Fermi–Dirac statistics (see Eq. (13)).

To analyze Hamiltonian (1) we use the equation of
motion for the Green functions. For the single electron

Green function we can write the expression [2]:

〈〈ciσ; c+
jσ〉〉ε =

∑
α=±

〈〈n̂α
i−σciσ; c+

jσ〉〉ε. (2)

After applying Hubbard [2] scattering correction scheme
with included non-zero inter-site correlation the equa-
tion of motion for the Green functions 〈〈n̂α

i−σciσ; c+
jσ〉〉ε

(α = ±) takes on the following form:

(ε− εα − S∆t,σ) 〈〈n̂α
i−σciσ; c+

jσ〉〉ε = nα
−σ

(
δij −

∑

l

til〈〈clσ; c+
jσ〉〉ε

)
−

∑

l

til〈〈
(
n̂α

i−σ − nα
−σ

)
clσ; c+

jσ〉〉ε

+
∑

l

∑

β=±

(
∆tαil + ∆tβil

)
〈〈(n̂α

i−σ − nα
−σ

)
n̂β

l−σclσ; c+
jσ〉〉ε + nα

−σ

∑

l

∑

β=±

(
∆tαil + ∆tβil

)
〈〈n̂β

l−σclσ; c+
jσ〉〉ε , (3)

where S∆t,σ is the inter-site correlation parameter creating the relative shift of spin bands

S∆t,σ =
1
N

∑

li

∆til
〈
c+
i−σcl−σ + c+

l−σci−σ

〉
. (4)

The notation of n̂α
iσ, nα

σ , and εα follows the original Hubbard paper [2], and that for the hopping interaction is
the following: ∆t+il = ∆til and ∆t−il = 0. To solve Eq. (3) we find the functions 〈〈n̂α

i−σclσ; c+
jσ〉〉ε and 〈〈(n̂α

i−σ −
nα
−σ)n̂β

l−σclσ; c+
jσ〉〉ε using the scattering effect scheme and we obtain the following set of equations:[

ε′ − ε′+ + 2n+
−σγ+ (εk − T0) n+

−σ (γ+ + γ−) (εk − T0)
n−−σ (γ+ + γ−) (εk − T0) ε′ − ε′− + 2n−−σγ− (εk − T0)

][
Γ+

k,σ(ε)
Γ−k,σ(ε)

]

=

[
n+
−σ

n−−σ

]
[1 + (εk − T0)Gσ

k(ε)− λσ(ε)Gσ
k(ε)]−

[
n+
−σΩ+

σ (ε)
n−−σΩ−

σ (ε)

]
Gσ

k(ε) , (5)

where γα is the hopping interaction parameter defined as γα = ∆tαij/tij , ε′ = ε−S∆t,σ − λσ(ε) and ε′α = εα + Ωα
σ (ε).

Functions Γα
k,σ(ε) are the Fourier transforms of 〈〈n̂α

i−σciσ; c+
jσ〉〉ε.

Solving Eqs. (5) we obtain the final relation for the Green function Gσ
k(ε):

Gσ
k(ε) =

1
ε− Σσ

tot,k(ε)− (εk − T0)
, (6)

where the self-energy Σσ
tot,k(ε) = Σσ

0 (ε) + Σσ
1,k(ε) is the sum of k-independent term Σσ

0 (ε) responsible for the band-
-shift correction

Σσ
0 (ε) = n+

−σε+ + n−−σε− + S∆t,σ +
n−−σn+

−σ (ε+ − ε−)
[
ε+ − ε− + Ω+

σ (ε)− Ω−
σ (ε)

]

ε− S∆t,σ − λσ(ε)− [
n+
−σ

(
ε− + Ω−

σ (ε)
)

+ n−−σ

(
ε+ + Ω+

σ (ε)
) ] , (7)

and k-dependent term Σσ
1,k(ε) responsible for the band width correction

Σσ
1,k(ε) ≡ −2n+

−σγ+ (εk − T0)−
n−−σn+

−σ

[
2 (ε+ − ε−) + Ω+

σ (ε)− Ω−
σ (ε)− γ+ (εk − T0)

]
γ+ (εk − T0)

ε− S∆t,σ − λσ(ε)− [
n+
−σ

(
ε− + Ω−

σ (ε)
)

+ n−−σ

(
ε+ + Ω+

σ (ε)
) ] . (8)

The self-energy k-independent term depends mainly on the Coulomb repulsion U and the k-dependent term depends
mainly on the hopping interaction. Both these terms (Σσ

0 (ε) and Σσ
1,k(ε)) are complex leading to the finite lifetime of

quasi-particles. The self-energy Σσ
1,k(ε) causes decrease of the band width and increase in the DOS. The self-energy

Σσ
0 (ε) causes the shift of the spin bands.
The parameters λσ(ε) and Ωα

σ (ε) used above are given as

λσ(ε) = ε− T0 − Σσ
0 (ε)− 1

Gσ
ii(ε)

1
N

∑

k

ε− Σσ
0 (ε)− (εk − T0)

ε− Σσ
tot,k(ε)− (εk − T0)

, (9)

and
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Ωα
σ (ε) =

[
γα

ε− Σσ
0 (ε)

+
γ+n+

−σ

ε− ε+ − S∆t,σ − n−−σ

(
λσ(ε) + Ω−

σ (ε)
)
]

×
{

1
N

∑

k

(εk − T0)
[
εk − T0 + Σσ

1,k(ε)
]
+

1
Gσ

ii(ε)

[
T0 − (ε− Σσ

0 (ε))
1
N

∑

k

εk − T0

ε− Σσ
tot,k(ε)− (εk − T0)

]}
, (10)

where

Gσ
lm(ε) =

1
N

∑

k

exp (ik · (Rl −Rm))
ε− Σσ

tot,k(ε)− (εk − T0)
. (11)

3. Results and conclusions
In further analysis we will use two coupled equations

for electron number and magnetization
n = n↑ + n↓ , m = n↑ − n↓ , (12)

where n±σ are given by

nσ = −
∫ ∞

−∞

1
π

Im

[
1
N

∑

k

Gσ
k(ε)

]

×[1 + exp ((ε− µ− Finnσ)/kBT )]−1dε . (13)
In the numerical calculations we will use the asymmet-

rical DOS of the type [8]:

ρ(ε) =
1 +

√
1− a2

πD

√
D2 − ε2

D + aε
. (14)

The calculated values of magnetization depend on Fin.
For m → 0 we obtain the critical value of the on-site
exchange interaction F cr

in. This value will identify the
paramagnetic static susceptibility which is given by [9]:

χ = 2µB/ (F cr
in − Fin) . (15)

The constant Fin is set by the material but in this report
we put rather rigorous condition for this constant to be
zero. As a result the susceptibility will grow when F cr

in

will decrease.

Fig. 1. Critical value of the on-site exchange interac-
tion F cr

in as function of electron concentration n calcu-
lated for the semi-elliptic DOS (a = 0) at different val-
ues of the hopping parameter γ. The Coulomb repul-
sion U = 5D, and D = 1 eV. The Stoner critical field
F cr

in = 1/ρ(εF) is added in the case of γ = 0 and U = 0
(dot-dash line).

Fig. 2. Critical value of the on-site exchange interac-
tion F cr

in as function of electron concentration n calcu-
lated for the asymmetrical DOS (a = 0.9) at different
values of the hopping parameter γ. The Coulomb repul-
sion U = 5D, and D = 1 eV. The Stoner critical field
F cr

in = 1/ρ(εF) is added as the dot-dash line.

In Fig. 1 we present the dependence of F cr
in on elec-

tron concentration for the symmetrical semi-elliptic DOS
(a = 0). The results show that the exchange field F cr

in re-
quired for ferromagnetism has a strong decrease under
the influence of hopping interaction ∆t as compared to
the classic Hubbard III result, where only the on-site U
interaction was taken into account. The dependence in
the presence of additional to U hopping interaction is
not symmetrical since the hopping interaction ∆t is the
off-diagonal Coulomb interaction. For comparison the
classic Stoner result is added in the figure.

The decrease of the exchange field comes from: shift
of the spin bands by a factor of S∆t,σ, change in the
DOS with concentration, change in the band width of
spin bands with magnetization. The joint result of these
three effects depends on electron concentration. At n < 1
the decrease of F cr

in is caused mainly by the band shift.
At n > 1 the decrease of F cr

in is driven by both: the band
shift and the strong change in the width of spin bands.

For the asymmetric bands with a 6= 0 we obtain smaller
values of F cr

in. They are shown in Fig. 2 for different
values of the hopping parameter γ and for the asymmetry
parameter a = 0.9. Comparing these results with the
results for the semi-elliptic band we see that for electron
concentration n ≈ 1− we get the increase of F cr

in, while
for n ≈ 1+ the decrease of F cr

in. The discontinuity of F cr
in

at n ≈ 1 is caused by different values of DOS on the
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Fermi level at the top of lower sub-band and the bottom
of upper sub-band in the case of a 6= 0.

The present results for hopping interaction ∆t included
within the Hubbard III scheme show that for the symmet-
rical DOS there is only the ferromagnetic enhancement of
susceptibility (see Eq. (15)). For the asymmetrical DOS
under certain conditions (see above) there is a ferromag-
netic transition.
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