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Abstract

In this paper, we study the existence of monotone positive solutions
for the following nonlinear m-point singular boundary value problem
with p-Laplacian operator. The main tool is the monotone iterative
technique. We obtain not only the existence of positive solutions for the
problem, but also establish iterative schemes for approximating solution.
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1 Introduction

In this paper, we study the existence of positive solutions for the following
nonlinear m-point singular boundary value problem with p-Laplacian operator

(@p(u)) + a(@) f(t,u(t), u'(t)) =0, 0<t<1,
u'(0) = 5% and' (&), (1.1)
u(l) = Ty biu(€s) — T biw(€s) — i b (&),
where ¢,(s) is p-Laplacian operator, i.e. ¢,(s) = [s|P™%s, p > 1, ¢, =
(¢p)1,%+3:1,1§k§s§m—2, a;, by € (0,4+00) with 0 <
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S b =Y b <1, 0< Y %a <1, 0<é << <&y < 1,
a(t) € C((0,1), 10, 00)).

The study of multi-point boundary value problems for linear second-order
ordinary differential equations was initiated by II'in and Movisev [1,2]. Mo-
tivated by the study of [1,2], Gupta [3] studied certain three-point boundary
value problems for nonlinear ordinary differential equations. Since then, more
general nonlinear multi-point boundary value problems have been studied by
several authors. We refer the reader to [4,5,6] for some references along this
line. Multi-point boundary value problems describe many phenomena in the
applied mathematical sciences. For example, the vibrations of a guy wire of
a uniform cross-section and composed of N parts of different densities can be
set up as a multi-point boundary value problems (see Moshinsky [7]); many
problems in the theory of elastic stability can be handle by the method of
multi-point boundary value problems(see Timoshenko [8])

In 2001, Ma [6] studied m-point boundary value problem (BVP)

u'(t) +h(t)f(u) =0, 0<t<1,

w(0) =0, u(l)= T;j au(§;),

where o; > 0(i = 1,2,--+), 0< ZO@<1 0<&H <& <o <o <1,

and f € C(]0,4+00),[0,400)), h c C([O 1], 10, +00)). Author established the
existence of positive solutions theorems under the condition that f is either
superlinear or sublinear.

In[4], Xu studied the following m-point boundary value problem (BVP)

(@p()) +a(t) f(u(t)) =0, 0<t<1,
u'(0) = Z:nl aiu! (&),
u(l) = Zi:l biu(&i) — Sisgrr biu(&i) — Zzﬁ;il biu' (&),

They show the existence of positive solutions if f is either superlinear or sub-
linear by applying the fixed point theorem in cones.

Recently, Ma etal.[5] proved the existence of at least one positive solutions
for m-point boundary value problem (BVP)

{ (op(u)) + a(t)f(t,u(t) =0, 0<t<1,

0) =S e (&), u(l) = T bu(&y),
where 0 < Y720 <1, 0 <Y %a; <1, 0<& <& < <o <1,
a(t) € LY0,1], f € C([0,1] x [0, +0), [0, +00)). They obtained the existence

of monotone positive solutions by using the monotone iterative technique in
cones. But the nonlinear term f does not depend on the first-order derivative.
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Motivated by the results mentioned above, in this paper we study the ex-
istence of positive solutions of m-point boundary value problem (1.1). It is
worth stating that the first term of our iterative scheme is a constant function
or a simple function. Therefore, the iterative scheme is significant and feasible.
To our knowledge, this is the first paper to use the technique of monotone it-
erative to deal with multipoint boundary value problem with one-dimensional
p-Laplacian operator when nonlinear term f involves in the first-order deriva-
tive.

In the rest of the paper, we make the following assumptions:

(H1) a;, by € (0,400), 0 < S8 b — X5 b <1, 0<Y%a; <1, 0<
§1 <& < <Eua<l

(Hy) feC([0,1] x [0,+00) x R, [0,400)), a € C([0,1],[0,400)) is not iden-
tically zero on any compact subinterval of (0,1). In addition,

1
0< / a(t)dt < 0.
0
We recall that a function wu is said to be concave on [0,1], if

U()\tg + (1 - )\tl) 2 )\U(fg) + (1 - )\)U(t1>, tl, tg, A E [0, 1],

and a function is said to be monotone on [0,1], if u(¢) is nondecreasing or
nonincreasing.

2 Preliminary Notes

In this section , we present some lemmas that are important to our main
results.

Lemma 2.1. Let (Hy) and (Hs) hold. Then for x € C*[0,1], the problem
op(W)) +a(t)f(t,z(t),2' (1) =0, 0<t<l1,
u'(0) = X707 a! (&), (2.1)
u(l) = X8 bu(&) — g biu(&) — 753 b (&)

has a unique solution

u(t) = B, — /tl ¢, (Ax - /OS a(r) f(r,z(r), x’(r))dr) ds,

where A, B, satisfy

m—2

o4 = gyt (4= [T as) 2

i=1
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B =g (o 6 = [t s

= Stnb [ 6"~ [ atf ), 2 ) dr)ds

FE 0y (A — [ al)f(5,0(5),(9)ds) ).

Define | = then there exists a unique

1—¢, ( e @i)
1
A, € {—l/ a(s)f(s,x(s),2'(s))ds, O] satisfying (2.2).
0
Proof. The method of the proof is similar to Lemma 2.1[5], we omit the details.

Lemma 2.2. Let (Hy) and (Hs) hold. If x € C*[0,1], the unique solution of
the problem (2.1) satisfies u(t) > 0.

Proof. The method of the proof is similar to Lemma 2.2[4], we omit the details.
Let E = C'0, 1], then E is Banach space, with respect to the norm |ju|| =

maX{Supte[O,l] lu(t)], SUP¢e0,1] |[u'(2)]}-
Now define an operator 1" : P — ([0, 1] by setting

1 /
0 =~y kﬂbz(;b [ o5t [ atstrato). o yands

Y b/é 671 (A,y /Osa(r)f(r,x(r)jx'(r))dr)ds

FSE 0 (e [ 0l n(6),2'(6))ds))

_/t oy (Ax _/Osa(r)f(r,x(r),x’(r))dr> ds.

where P = {u € E| u >0, uis concave function} is a cone in FE.
Obviously, BVP (1.1) has a solution = x(t) if and only if = is a fixed
point of the operator 7.

Lemma 2.3. Let (Hy) and (Hy) hold. Then T : P — P is completely contin-
uous.

Proof. Clearly

) =" (A /%@ﬁ@x@wﬂ@ma

( A, +/ x’(s))ds)
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It is easy to see that u/(t2) < /(t1) for any ¢1,ty € [0,1] with ¢; < t5. Hence
u'(t) is a nonincreasing function on [0,1]. This implies that

sup |u(t)| = u(0), sup [u'(t)| = [«'(1)].
t€[0,1] t€[0,1]

This means that the graph of wu(t) is concave down on (0,1). So we have
TP C P. It is easy to see that T is continuous operator because f and a is
continuous. Now, we prove 1" is compact. Let €2 C P be an bounded set. Then,
there exists R, such that Q C {z € P| ||z|| < R}. For any z € 2, we have

0 < [y a(s)f(s,z(s),2'(s))ds < maxseo1)uepo,Rvel-rR f(5,u ) Jyals)ds =
M. Then, we have

| Az | < 1M,
(14 S b+ 20 bi) o, (1 + 1) M]
1= 8 b4+ Y5 b ’
(Ta)'| < ¢, M [(1 + 1)M],
|(p(T)')'| < [(1 4 1)M].

The Arzela-Ascoli theorem guarantees that T2 is relatively compact ,which
means 1" is compact. The proof of Lemma 2.3 is completed.

Tz| <

3 Main Results

For natational convenience, let

1
(14 Sicer b+ T2 0)6, (4 D) [ als)ds) 1

0 o1 l—l—l/asds ,
TS S o, (( )0 (s)ds)

A = max

Our main results are following theorems.
Theorem 3.1. Suppose conditions (Hy) and (Hs) hold. There exists a constant
a > 0 such that
(B1) f(t.x,y1) < f(t,x2,y0) for any t € [0,1],0 < a1 < 25 < 0,0 < [yi] <
|yo| < a;

a

(B2) maXtE[O,l] f(tu a, (I) S ¢p(Z);

(Bs) f(t,0,0) is not identically zero on [0, 1].

Then the BVP (1.1) has two positive solutions w*, v* such that

0<w' <a,0<|(w)]<a,
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and

lim w, = hm T wy = w™,
n—oo

lim (w,) = lim (T"wy)" = (w*)',

n—oo n—oo

where wy(t) = a <( i kHb Tl S+1 b) —t) .t e0,1],

1- b+zz k+1
0<v*<a,0<|()|<a

and
lim v, = lim T"vg = v*,

n—:oo n—oo

lim (v,) = lim (T"vg)" = (v*)’,

n—oo n—oo

where vg(t) = 0.

Proof. We denote P, = {u € P| ||u|| < a}, P, = {u € P| ||ul]| < a}. In what
follows, we first prove T': P, — P,. If u € P,, then ||u|| < a, we have

< < < a.
/()] < max (1) < [Jul] < @

So by conditions (Bj) and (Bj3) we have

0 < ft,u(t),d'(t) < f(t,a,a) < gg{g}l(]f(t a,a) < ¢p(A), for 0 <t<1.

In fact,

|| Tu|| = max{Tu(0), —Tu'(1)}.
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So we have

(T2)(0) =

-1
11— b+ > i—k41 i

1 S
Y bi/ ¢;1(Am_/0 a(r) f(r, 2(r), ' (r))dr)ds

s lb/ 6 (e = [ ) (r(r), o/ (r))dr)ds

S [ o (e [, (1) ar)ds
- /0 gy (Ag; - [Cat) f(r,x(r),x’(r))dr) ds
< 1—zk1b-1+zf — (Zb / o711+ 1) / alr) f(r,a(r), 2/ (r))dr)ds
m2ib [ 8 () [ el () ())ards)
" / e / ) £, (r), (1)) ) ds

1
(14 St b+ St b ot [0+ 1) [ a(s)ds]
0
1= 30y bi+ gy b

<

< a.

e

) =07 (A [ a6y (5). 51

=07 (Aot [ a7 (s,0(6),5/(6))as)

0

< ¢l <(l +1) /1 a(s)f(s,x(s),:c'(s))ds)

0

< ¢yt <(l + 1)/01 a(s)ds> % <a.

Thus we have

|T]| < a.

We have shown that

Let

T:P,— P,.

1 s b; m=2 b,
wo(t) —a <( +Zz:k:+1 Z+Zz s+1

= )—t),for 0<t<1.
L =300+ 2 bi

Let wy(t) = Two(t), w2( ) = Twi(t) = T?wp(t), then denote wyy1(t) = Tw, =

anO(t),
07 ]-7 27 o

n=20,1,2,---. Since T : P, — P,, we have w,, € TP, C P,, n=
-. Since T is completely continuous, {wy, }52; is a sequentially compact
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set. Since

wi(t) = (Two)(?)

= -1 S, [ .
= 1—Ef:1 bi + 3 pi1 bi (Zz::lbz /5 ¢y (Ag /0 a(r) f(r,wo(r),wy(r))dr)ds

St [ 67 = [ o) anlr) i (r)) s

1 (}kj bi /01 ¢ (1+1) /01 a(r) f(r,wo(r),wo(r))dr)ds

<

11— Zf:l bi + > k1 bi \io
1 1 )

FTEA [ 6 [ ) fenr).wo)dnds)

1= 06" (1+1) [ )1 (rwo(r),wh(r)dr) ds

< <(1 + 3 ickp1 bi t ;‘1;—2&-1 bi)
B 1—YF b+ > ikt1 bi

1

1 a
- t) o, (1 + 1)/O a(s)ds)z < wo(t).

Then we get
wi(t) < wo(t), [wi(t)] < lwo(t)], 0<t <L

So,
wo(t) = Twi(t) < Two(t) =wi(t) 0<t<1

wy (D) = [(Twr) ()] < [(Two) ()] = Wi ()] 0 <t <1

Hence by induction we have

wn-i-l(t) < wn(t)v |w;+1(t)| < |w;(t)| 0<t<ln=12--
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Thus, there exists w* € P, such that w, — w*. Applying the continuity of T
and wy11 = Tw,, we get Tw* = w*.
Let vo(t) = 0,0 < ¢t < 1, then vy(t) € P,. Set v; = Twvg,ve = Ty

Ty, then we denote v, = Tv, = T"vy,n = 1,2,---. Since we have w, €
TP, C P,, n=20,1,2,---. Since T : P, — P,, we have v, € TP, C
P,, n=0,1,2,--- Since T is completely continuous, we see that {v, }°°, is

a sequentially compact set.
Since v1 = Tvy =T0 € P,, we have

So,
vao(t) =T (t) > (T0)(t) = vt), 0 <t <1,

vy(t) = (Tw)y(t) = [(TO)' (1) = [ (1)], 0 <t <1.

By an induction argument similar to the above we obtain
Upy1 2 Un, |U;l+1| > |U;1|7 0<t<ln=12---.

Hence, there exists v* € P, such that v, — v*. Applying the continuity of T
and v, = Tv,, we get Tv* = v*.

If f(¢,0,0) is not identically zero on [0, 1], then the zero function is not the
solution of BVP(1.1). Thus, maxg<;<; |[v*(t)| > 0, we have

v* > min{t, 1 —t} max lv*(t)] > 0,0 <t < 1.

It is well known that each fixed point of T in P is a solution of BVP(1.1).
Hence we have shown that w* and v* are two positive, concave solutions of
BVP(1.1). The proof of Theorem 3.1 is completed.

The following corollaries follow easily.
Corollary 3.1. Suppose conditions (Hy), (Hs), (B1), (Bs) hold. There exists
a constant a > 0 such that |
(34) lim; maXie(o,1] f(t7 [ CL) < pr(z); (particularly lim; maXie(o,1] f(tu [ a) =

0).
Then the BVP (1.1) has two positive solutions w*, v* such that the conclusion
of Theorem3.1 hold.

Corollary 3.2. Suppose conditions (Hy), (Hs), (B1), (Bs) hold. There exist
constants 0 < a1 < ag < -+ < a, such that

ay . .
(B5) maXie[o,1] f(tu ag, ak) < ¢p(Z)7 (pCLT’tZCUlG//’Zy 11—rnl—>c>o maXgelo,1] f(tu l7 ak) =
0, k=1,2,--).
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Then the BVP (1.1) has 2n positive solutions wy, vy such that

0 <wyp < ap, 0 < [(wp)] < ag,

and
lim wy, = lim T"wy, = wy,

n—oo n—oo

Tim (wy,)' = lim (T"wy,) = (@)’

1+Zzs k+1b +Zz s+1
1_2 b+zz k+1

0<v; <a,0<|(vp)] < a,

wherewko(t):ak<( )—t>, for 0<t<1,

and
lim vy, = lim T"vy, = (I
n—oo

Jim (vg,,)" = lim (T"vg,)" = (vi)',
where vy, (t) =0, t € [0, 1].

Corollary 3.3. Suppose conditions (Hy), (Hs), (B1), (Bs) hold. There exist
constants 0 < a1 < ag < -+ < a, such that

(Bg) limy . maxyepo1) f(t, 1, ar) < %(%), (particularly lim, . maxicpoq) f(t,1, ar) =
0, k=1,2,---).
Then the BVP (1.1) has 2n positive solutions wy, vi such that the conclusion
of Corollary 3.2.
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