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Abstract—Vertical stacking of banyan networks has been an
attractive architecture to construct optical switching networks
due to its small depth, absolute signal loss uniformity and good
fault tolerance property. Recently, F.K.Hwang extended the study
of banyan-based networks to the general f -cast case, which
covers the unicast (f = 1) and multicast (f = N ) as special cases.
In this paper, we study the blocking probability of f -cast optical
banyan networks under crosstalk-free constraint. It is expected
that the proposed probability model can be used to dimension
such an f -cast network and achieve a graceful tradeoff between
hardware cost and blocking probability.

Index Terms—Optical switching network, f -cast, blocking
probability, banyan networks.

I. INTRODUCTION

AS the result of the development of communication tech-

nology, there is an increasing demand for the high

bandwidth and high capacity communication systems. Optical

networks hold a great promise to meet this demand and serve

as the backbone network of next generation Internet, because

each fiber can support hundreds of wavelengths with each

wavelength operating at rates above 10 Gbit/s [1]. Optical

switching network is a key element in an optical network,

which can be built by combining the directional coupler (DC)

technology [2], [3] and banyan network architecture [4], [5].

This is because banyan network has simple switch setting

(self-routing), a smaller and exact same number of switching

elements (SEs) along any path between an input-output pair,

an absolutely loss uniformity and smaller attenuation of optical

signals.

It is notable, however, that DC-based optical switching net-

works suffers from an intrinsic crosstalk problem [6], in which

a small portion of optical power in one waveguide will be

coupled into the other unintended waveguide when two optical

signals pass through a DC at same time. This undesirable cou-

pling is called the first-order crosstalk. Crosstalk elimination

is an important issue for improving the signal-to-noise ratio of

the optical flow transmission, which can meet the stringent bit-

error rate requirement of fiber optics. A cost-effective solution
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to the crosstalk problem is to guarantee that only one signal

passes through a DC at a time, which can eliminate the first-

order crosstalk. Due to Banyan topology only a unique path

can be found from each network input to each network output,

the network is degraded as a blocking one. To deal with

this situation, horizontal expansion or vertical stacking, or a

combination of them are usually applied to construct banyan-

based nonblocking optical switching networks [7], [8].

In this paper, we focus on vertical stacking of optical banyan

networks that are free of first-order crosstalk constraint in

every SE in the networks (we refer to this constraint as

crosstalk-free constraint hereafter). In recent years, vertical

stacking crosstalk-free optical banyan networks have attracted

extensive research activities [7]-[18]. These works can be

roughly divided into two categories, nonblocking condition

study and blocking probability analysis. In this paper, our

interest is on blocking probability analysis. In [7], [8], [9],

the nonblocking conditions of crosstalk-free banyan-based

optical switches have been explored. F.K.Hwang extended

the study of banyan-based networks to the general f -cast

case [10], [11], which covers the unicast (f = 1) and

multicast (f = N ) as special cases. In [12], the strictly

nonblocking condition under various crosstalk constraints has

been determined for f -cast banyan-based photonic networks.

In [13], the rearrangeable nonblocking condition for f -cast

banyan-based photonic networks was studied under both node-

blocking scenario and link-blocking scenario. Previous works

on the blocking probability analysis mainly focus on the one-

to-one request (unicast) [14], [15], [16], [17], [18], in which

each input can request only one output. To the best of our

knowledge, however, no study has been reported for blocking

probability analysis of f -cast vertical stacking optical banyan

networks.

This paper conducts a comprehensive study for the blocking

probability of f -cast vertical stacking optical banyan networks

with the consideration of crosstalk-free constraint. We extend

the probabilistic methods used for the analysis of vertical

stacking optical banyan networks with only unicast to analyze

the blocking probability of f -cast vertical stacking optical

banyan networks. We propose an upper bound on blocking

probability of f -cast crosstalk-free vertical stacking optical

banyan networks, which can help us to explore the inherent

relationship between the blocking probability and network
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hardware cost (number of vertical stacking planes).
The rest of the paper is organized as follows: Section

II provides preliminaries that will facilitate our discussions.

Section III presents the upper bound on blocking probability.

Comparison result is provided in section IV. Section V con-

cludes the paper.

II. PRELIMINARIES

In general, a typical N × N banyan network consists of

log2N stages, each of which contains N/2 2 × 2 switches.

The link connection between each pair of adjacent stages

is arranged in such a way that a butterfly interconnection

pattern is recursively applied as shown in Fig. 1. We use

VSOB(N,m) to denote an N × N VSOB network that has

m stacked copies (planes) of an N × N banyan network. In

this paper, we consider VSOB(N,m) that can support f -cast

communication, where an input can simultaneously request up

to f (1 ≤ f ≤ N) distinct outputs. The blocking probability is

defined as the probability that a feasible connection request is

blocked, where a feasible connection request is a connection

request between an idle input port and an idle output port of

the network.
Due to topological symmetry of banyan networks, all paths

in a banyan network have the same property in terms of

blocking. To study the blocking probability, we will select

the path between the first input and the first output, which is

termed as the tagged path in the following section. All the

SEs on the tagged path are called tagged SEs. The stages of

SEs are numbered by 1 to n from left to right. For the tagged

path, an input intersecting set Ii = {2i−1, 2i−1+1, ..., 2i−1}
at stage i is defined as the set of all inputs that intersect

a tagged SE at stage i. Likewise, an output intersecting set

Oi = {2i−1, 2i−1 + 1, ..., 2i − 1} associated with stage i is

defined as the set of all outputs that intersect a tagged SE at

stage log2N − i+ 1, 1 ≤ i ≤ log2N .
The following notations will be used in the remainder of

this paper.
N : Network size
n: n = log2N is number of network stages
f : Maximum fanout of a request, 1 ≤ f ≤ N
m: Number of network planes
rI : The occupancy probability of an input link (input

workload)
rO: The occupancy probability of an output link (output

workload)
ξi: Number of connections from input port i, where

0 ≤ ξi ≤ f
βi: Number of connections from input set Ii, where

0 ≤ βi ≤ |Ii| · f = 2i−1 · f
In general, when the number of both input and output ports

involved in multicast in a banyan network is considered at any

time, we can find that the fewer input ports than output ports

are involved in multicast. Then we use f denote the average

fanout of an input, which is given by:

f =

f∑
i=1

i · 1
f
=

1

2
(f + 1)

under f -cast communication, rI can be determined as:

rI =
rO

f
=

2

f + 1
· rO

We assume that the correlation among connection requests

arriving at input (output) ports is neglected, so the status (busy

or idle) of an input (output) port is independent from that of

others.

III. UPPER BOUND ON BLOCKING PROBABILITY

In this section, we will develop the upper bound on blocking

probability of f -cast VSOB(N,m) for the cases that �n −
log2f� is even and odd, respectively.

A. Blocking Probability When �n− log2f� is Odd

For this case, from the result in [12],

we can determine a unique integer j1 un-

der the constraint of crosstalk-free, such that

2n−2j1−1 ≤ f ≤ 2n−2j1 or |On−j1 | ≤ |Ij1+1| · f ≤ |On−j1+1|
We can prove that the unique j1 above is determined as:

j1 = (�n− log2f� − 1)/2
By defining J1 as j1, i.e.,

J1 = j1 = (�n− log2f� − 1)/2
then, we can get that the maximum number of blocked planes

of the tagged path is given by

J1∑
i=1

|Ii| · f +

n−J1∑
i=1

|Oi| = (2J1 − 1) · f + 2n−J1 − 1

which is determined by both the connections originated from

set ∪J1
i=1Ii, and the connections destined for set ∪n−J1

i=1 Oi. Let

cI denote the connections originated from set Iodd = ∪J1+1
i=1 Ii

and cO denote the connections destined for set Oodd =
∪n−J1
i=1 Oi that block the tagged path, among which we use

cI,O to denote the connections from Iodd to Oodd. If we use

Pr(a) to denote the probability that event a happens, and use

Pr+(a) to denote the upper bound of Pr(a), then we have

the following result.

Theorem 1: For f -cast VSOB(N,m), where �n − log2f�
is odd,

Pr+(blocking) = 1−
min{m−1,|Iodd|·f}∑

kI=0

min{m−1,|Oodd|}∑
kO=0

min{kI ,kO}∑
kI,O=max{0,kI+kO−m+1}
Pr(cI = kI , cI,O = kI,O) · Pr(cO = kO, cI,O = kI,O)

Pr(cI,O = kI,O)
(1)

where

|Iodd| =
√
2�n−log2f�+1 − 1, |Oodd| =

√
2�n+log2f�+1 − 1

Proof : (see [19] for details)

1) Calculation of Pr(cI,O = kI,O)
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Fig. 1. 32× 32 banyan network (odd number of stages)

Let ηf denote the number of connections from Iodd, where

0 ≤ ηf =
J1+1∑
i=1

βi =
|Iodd|∑
i=1

ξi ≤ |Iodd| · f
Then, the probability Pr(cI,O = kI,O) can be evaluated as

Pr(cI,O = kI,O) =

|Iodd|·f∑
g=kI,O

Pr(cI,O = kI,O|ηf = g)

× Pr(ηf = g)

where the evaluation of Pr(ηf = g) is provided in the

following section, and Pr(cI,O = kI,O|ηf = g) is given by:

Pr(cI,O = kI,O|ηf = g) =

(
g

kI,O

)
·
( |Oodd|
N − 1

)kI,O

·
(
1− |Oodd|

N − 1

)g−kI,O

2) Calculation of Pr(ηf = g)

The exact distribution of Pr(ηf = g) can be evaluated

based on the technique of mother function. About the cal-

culation of probability Pr(ηf = g), we have the following

Lemma.

Lemma 1:Pr(ηf = g) is given by:

Pr(ηf = g) =
∑

b0, b1, ..., bf ≥ 0
b0 + b1 + · · ·+ bf = |Iodd|
b1 + 2b2 + · · ·+ fbf = g

|Iodd|!
b0!b1! · · · bf !

× (1− rI)
b0 ·

(
rI
f

)b1+···+bf

(2)

Here, we use the notation bi, 0 ≤ i ≤ f , to represent the

number of connection requests originated from set Iodd in

which each connection request has fanout i.

Proof : Given ξi (0 ≤ ξi ≤ f ), ηf and rI , we have Pr(ξi =
0) = 1 − rI and Pr(ξi = t) = rI · (1/f), t = 1, ..., f . Then

the mother function of ξi is given by:

ψξi(s) =

f∑
t=0

Pr(ξi = t) · st = (1− rI) +
rI
f
(s+ · · ·+ sf )

To calculate the probability Pr(ηf = g), we first express it

as:

Pr(ηf = g) = Pr(

|Iodd|∑
i=1

ξi = g)

Since ξi are i.i.d, and ηf =
|Iodd|∑
i=1

ξi, so the mother function of

ηf is given by:

ψηf
(s) =

|Iodd|∏
i=1

ψξi(s) = [(1− rI) +
rI
f
(s+ · · ·+ sf )]|Iodd|

Thus,

Pr(ηf = g) =
1

g!
ψ(g)
ηf

(0) (3)

Since it is very difficult to directly use (4) for the calculation

of Pr(ηf = g), so we first express ψηf
(s) as the following

format based on the multinomial series formula:

ψηf
(s) =

∑
b0, b1, · · ·, bf ≥ 0

b0 + b1 + · · ·+ bf = |Iodd|

|Iodd|!
b0!b1! · · · bf !

× (1− rI)
b0 ·

f∏
i=1

(
rI
f
si
)bi

=
∑

b0, b1, · · ·, bf ≥ 0
b0 + b1 + · · ·+ bf = |Iodd|

|Iodd|!
b0!b1! · · · bf !

× (1− rI)
b0 ·

(
rI
f

)b1+···+bf

sb1+2b2+···+fbf

(4)

Since in general the polynomial ψηf
(s) with the order |Iodd|f

can be expressed as:

ψηf
(s) =

|Iodd|f∑
g=0

c(g) · sg (5)

By comparing equations (4) and (5), we can easily see that

the coefficient c(g) in (5) for term sg is given by

c(g) =
∑

b0, b1, · · ·, bf ≥ 0
b0 + b1 + · · ·+ bf = |Iodd|
b1 + 2b2 + · · ·+ fbf = g

|Iodd|!
b0!b1! · · · bf !

× (1− rI)
b0 ·

(
rI
f

)b1+···+bf

(6)

Summarizing the equation (3), (5) and (6), we can see that the

probability Pr(ηf = g) is determined by (2).

3) Calculation of Pr(cI = kI , cI,O = kI,O)
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To calculate the probability Pr(cI = kI , cI,O = kI,O), we

first express it as:

Pr(cI = kI , cI,O = kI,O) =
∑

y1 + · · ·+ yJ1+1 ≥ kI
0 ≤ yi ≤ |Ii|f, i = 1, · · ·J1 + 1

Pr

(
cI = kI , cI,O = kI,O|

J1+1⋂
i=1

(βi = yi)

)

× Pr

(
J1+1⋂
i=1

(βi = yi)

)

where the probability Pr

(
J1+1⋂
i=1

(βi = yi)

)
is provided in the following section, and

Pr

(
cI = kI , cI,O = kI,O|

J1+1⋂
i=1

(βi = yi)

)
is given by:

Pr

(
cI = kI , cI,O = kI,O|

J1+1⋂
i=1

(βi = yi)

)

=
∑

L1 + · · ·+ LJ1+1 = kI,O
0 ≤ Li ≤ yi, i = 1, · · ·J1 + 1

∑
T1 + · · ·+ TJ1 = kI − kI,O

0 ≤ Ti ≤ yi − Li, i = 1, · · ·, J1

(
J1∏
i=1

(
yi
Li

)

×
(

yi − Li

Ti

)
λLi

I [μI(i)]
Ti

× [1− λI − μI(i)]
yi−Li−Ti

)
· Pr∗1

Pr∗1 =

(
yJ1+1

LJ1+1

)
λ
LJ1+1

I (1− λI)
yJ1+1−LJ1+1

λI =
|Oodd|
N − 1

=
2n−J1 − 1

N − 1
, μI(i) =

n−i+1∑
l=1

|Ol| − |Oodd|
N − 1

=
2n−i+1 − 2n−J1

N − 1
, i = 1, · · ·, J1.

Here, λI is the probability that a connection from Iodd to Oodd

blocks the tagged path, and μI(i) is the probability that a

connection from Ii blocks the tagged path but is not destined

for Oodd. Li and Ti are the numbers of connections from

Ii that block the tagged path but are destined for and not

destined for Oodd, respectively. These connections originated

from IJ1+1 are treated separately which brought the extra

probability factor Pr∗1 .

4) Calculation of Pr(
J1+1⋂
i=1

(βi = yi)), (0 ≤ βi ≤ |Ii| · f =

2i−1 · f )

To calculate the probability Pr(
J1+1⋂
i=1

(βi = yi)), we further

express it as:

Pr

(
J1+1⋂
i=1

(βi = yi)

)
=

J1+1∏
i=1

Pr(βi = yi)

Then we only need to evaluate Pr(βi = yi) to get

Pr

(
J1+1⋂
i=1

(βi = yi)

)
. Since βi =

2i−1∑
j=2i−1

ξj , thus the mother

function of βi is given by:

ψβi(s) =

[
(1− rI) +

rI
f
· (s+ · · ·+ sf )

]|Ii|
Then,

Pr(βi = yi) =
1

yi!
ψ
(yi)
βi

(0) =
∑

b0, b1, · · ·, bf ≥ 0
b0 + b1 + · · ·+ bf = |Ii|
b1 + 2b2 + · · ·+ fbf = yi

|Ii|!
b0!b1! · · · bf ! (1− rI)

b0 ·
(
rI
f

)b1+···+bf

5) Calculation of Pr(cO = kO, cI,O = kI,O)
The probability Pr(cO = kO, cI,O = kI,O) can be evaluat-

ed as:

Pr(cO = kO, cI,O = kI,O)

=
∑

L1 + · · ·+ Ln−J1 = kI,O
0 ≤ Li ≤ |Oi|, i = 1, · · ·n− J1∑
T1 + · · ·+ Tn−J1−1 = kO − kI,O

0 ≤ Ti ≤ |Oi| − Li, i = 1, · · ·n− J1 − 1(
n−J1−1∏

i=1

( |Oi|
Li

)( |Oi| − Li

Ti

)
λLi

O [μO(i)]
Ti

× [1− λO − μO(i)]
|Oi|−Li−Ti

)
· Pr∗2

Pr∗2 =

( |On−J1 |
Ln−J1

)
λ
Ln−J1

O · (1− λO)
|On−J1 |−Ln−J1

where

λO =
|Iodd|
N − 1

· rO =
2J1+1 − 1

N − 1
· rO, μO(i) =

n−i+1∑
l=1

|Il| − |Iodd|
N − 1

· rO =
2n−i+1 − 2J1+1

N − 1
· rO,

i = 1, · · ·, n− J1 − 1.

Here, λO is the probability that a connection destined for Oodd

blocks the tagged path but is originated from Iodd, and μO(i)
is the probability that a connection destined for Oi blocks

the tagged path but is not originated from Iodd. Li and Ti

are the numbers of connections destined for Oi that block the

tagged path but are originated from and not originated from
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Iodd, respectively. These connections destined for On−J1 are

treated separately which brought the extra probability factor

Pr∗2 .

B. Blocking Probability When �n− log2f� is Even

Similar to the odd case analysis, for the case when �n −
log2f� is even, we can determine a unique integer j2 such that

2n−2j2−2 ≤ f ≤ 2n−2j2−1 or |On−(j2+1)| ≤ |Ij2+1| · f ≤ |On−j2 |
We can prove that the unique j2 above is determined as:

j2 = (�n− log2f�)/2− 1.

By defining J2 as j2 + 1, i.e.,

J2 = j2 + 1 = (�n− log2f�)/2
then, we can get that the maximum number of blocked planes

of the tagged path is given by:

J2∑
i=1

|Ii| · f +

n−J2∑
i=1

|Oi| = (2J2 − 1) · f + 2n−J2 − 1

which is determined by both the connections originated from

set ∪J2
i=1Ii, and the connections destined for set ∪n−J2

i=1 Oi. Let

cI denote the connections originated from set Ieven = ∪J2
i=1Ii

and cO denote the connections destined for set Oeven =
∪n−J2
i=1 Oi that block the tagged path, among which we use

cI,O to denote the connections from Ieven to Oeven. Similar

to the odd case, we give the following theorem.

Theorem 2: For f -cast VSOB(N,m), where �n − log2f�
is even,

Pr+(blocking) = 1−
min{m−1,|Ieven|·f}∑

kI=0

min{m−1,|Oeven|}∑
kO=0

min{kI ,kO}∑
kI,O=max{0,kI+kO−m+1}
Pr(cI = kI , cI,O = kI,O) · Pr(cO = kO, cI,O = kI,O)

Pr(cI,O = kI,O)

where

|Ieven| =
√
2�n−log2f� − 1, |Oeven| =

√
2�n+log2f� − 1

Proof : The theorem can be proved in a similar way as that of

the theorem 1.

Here, the probabilities Pr(cI,O = kI,O), Pr(cI =
kI , cI,O = kI,O) and Pr(cO = kO, cI,O = kI,O) can be

evaluated in a similar way as that of the odd case.

IV. EXPERIMENTAL RESULTS

An extensive experimental study has been performed to

verify our upper bound on blocking probability of an f -cast

VSOB(N,m) network. We developed a network simulator that

consists of two major modules: the request pattern generator

and the request router. The request pattern generator randomly

generates a connection request pattern consisting a list of

the feasible connection requests for an f -cast VSOB(N,m
) network while the occupancy probability of an output link

rO, an fanout f and the number of input/output ports N are

considered. The request router attempts to route the connection

requests of the request pattern through the network using

Fig. 2. Blocking probability of 32× 32 VSOB network

routing strategy. Here the packing strategy is considered to

verify our upper bound on blocking probability. In the packing

strategy, a connection is realized on a path found by trying the

most used plane of the network first and the least used plane

last. If no plane can satisfy the request of tagged path using

the packing strategy, the connection request pattern is recorded

as a blocked connection pattern corresponding to the routing

strategy. The blocking probability of a routing strategy is then

estimated by the ratio of the number of blocked connection

patterns to the total number of connection patterns generated.

A. Theoretical Versus Simulated Bounds on Blocking Proba-
bility

We have examined an f -cast VSOB(32,m) network. The

blocking probabilities were generated by both theoretical

bounds and simulator for rO=0.9 and f = 4. The corre-

sponding comparison results are summarized in Figs. 2. The

results in Figs. 2 show that our theoretical bounds are correct

in estimating the upper bound blocking probabilities of f -

cast VSOB(N,m) networks. The upper bound can guide the

network designers to estimate the maximum blocking proba-

bility of an f -cast VSOB(N,m) network in which any routing

strategy might be applied. Figs. 2 also show clearly that it is

possible for us to reduce the hardware cost (number of planes)

by allowing a small and predictable blocking probability. So

our bounds can be used to display the tradeoffs between

hardware cost and blocking probability.

B. Hardware Cost Versus Blocking Probability

For the f -cast VSOB(N,m) networks of different sizes,

when output workload rO = 100% and fanout f = {2, 4, 8},
the minimum numbers of planes estimated by our upper

bound for different requirements of blocking probability (also

denoted by BP hereafter) are summarized in table I. From

table I we can observe that the minimum number of planes

required can be reduced by allowing an almost negligible

blocking probability. For example, as shown in table I, for

the setting of N = 128 and f = 8, the minimum number
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of planes achieved by the condition of strictly nonblocking is

m = (
√
2�n−log2f� − 1)f +

√
2�n+log2f� = 56, whereas the

minimum number of planes achieved by our upper bound is

only 18 for BP < 0.1%, so (56 − 18)/56 ∼= 67.9% of the

hardware required can be saved.

TABLE I
MINIMUM NUMBERS OF PLANES FOR DIFFERENT REQUIREMENTS OF

rO = 100%, BP = {0.0, 0.001, 0.01, 0.05} AND f = {2, 4, 8}

N=16 N=32 N=64 N=128

BP = 0.0
f = 2 10 14 22 30
f = 4 12 20 28 44
f = 8 16 24 40 56

BP < 0.1%
f = 2 8 10 12 13
f = 4 9 11 13 15
f = 8 9 14 15 18

BP < 1%
f = 2 7 9 10 12
f = 4 8 10 12 13
f = 8 8 12 13 15

BP < 5%
f = 2 6 8 9 10
f = 4 7 8 10 11
f = 8 6 10 11 13

V. CONCLUSIONS

In this paper, we presented the upper bound on blocking

probability of f -cast VSOB(N,m) networks. The bound can

nicely describe the blocking behaviors of f -cast VSOB(N,m)

networks, and it enables a network developer to find a de-

sirable tradeoff between blocking probability and hardware

cost in the design of such networks. We conclude that the

network hardware cost in an f -cast VSOB(N,m) network can

be dramatically reduced if a small and predictable blocking

probability is allowed.
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