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ABSTRACT

In this study the developing turbulent swirling pipe flow is
investigated both numerically and analytically. Governing
equations are derived accompanying the boundary layer
assumptions. Uniform and solid body rotation (SBR)
distributions are taken into account for the axial and tangential
velocities at the inlet of the pipe, respectively. Beyond the
boundary layers, the flow pattern is considered to be the
potential flow. Making use of the fourth-order Runge-Kutta
scheme, the numerical solution of the differential equations is
obtained. Further more, by simplifying the governing equations
for large Rossby number, the analytical solution is performed.
The results of numerical and analytical swirl intensity have been
compared showing reasonable agreement. As an alternative
solution, a CFD analysis has been done as well, having applied
FLUENT software to support the ability of our methodology.

INTRODUCTION

Swirling flow is one of the most applicable and important
fluid flow which occurs in numerous industrial applications
such as spray nozzle, separator, cyclones and draft tube of the
Francis and Kaplan turbines. Due to importance of this type of
fluid flow, considerable research efforts have been perform in
this regard.

One can mention several experimental works such as
Yajnik and Subbaiah [1], Weske and Struve [2] and Kitoh [3].
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In addition, several analytical and numerical studies have
been done by Talbot [4], Weber [5], Taylor [6] etc. Regarding
the swirling decay rate, most of the experimental and theoretical
studies have been centered around it when a solid body rotation
is superimposed on the developed flow. In this connection we
can refer to the report of Talbot [4] for laminar and reports of
Kitoh [3] and Steenbergen and Voskamp [7] for turbulent
swirling decay pipe flow with an exponential decay rate in axial
direction for the problem solution.

Although, numerous experimental studies have been
performed, but due to swirling flow complications, particular
attentions have been put on the CFD studies. In many cases
these flows are turbulent. Therefore, the calculation of the
Reynolds stresses in the momentum conservation equations
requires a reliable turbulence model.

It is well known that the nature of swirling itself causes
considerable degree of anisotropy in stress and dissipation
tensors leading to a highly anisotropic eddy viscosity, [1,3].
Thus the classical k—& model which is the eddy-viscosity
based model is not expectable to give reliable results.
Kobayashi and Yoda [8] attempted to simulate numerically a
swirling flow in a pipe by using the & —¢ model and indicated
that the obtained velocity profiles were quite different from
experimental data. They concluded that eddy viscosity
components are anisotropic. They obtained satisfactory results
by considering an anisotropic factor for eddy-viscosity.
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Computations based on the Reynolds stress model for
swirling jet, Gibson and Younis [9] and for a swirling flow
within two concentric cylinders, Hirai et al. [10], show good
appearances in predicting the flow.

Hirai et al. [11] analyzed an axially rotating pipe flow
using k — & , modified £ —& and RSM models. They observed
that the results of the modified k—& model gave better
performance than the k—& model and the mentioned results
were comparable with the RSM results. In their modified
model they applied Richardson number [12] to take into
account the effects of the curvature streamline. Armifield [13]
used additional term to modify the & equation. Spall and
Ashby [14] simulated a turbulent swirling flow inside both a
diverging and a constant radius tube to predict vortex
breakdown. They found that the RSM is better than the k —&
model.

Generally in a swirling decay pipe flow, the structure of the
tangential velocity profile can be classified into three regions,
namely core, annular and wall regions. In the core region which
is characterized by a forced vortex motion, the flow is
laminarized and turbulence is suppressed [15]. In the annular
region, which is similar to the free vortex motion, the skewness
of velocity is noticeable, so that the isotropy hypothesis for
turbulent viscosity does not work well and in the wall region the
skewness of the flow becomes weak [3].

Even though, there are some research works relating to the
swirling pipe flow, however majority of them have focused on
fully developed swirling flow and not on the developing region.

In this analysis, the boundary layer solution for the
turbulent swirling decay pipe flow is investigated. At the inlet of
the pipe, for the axial and tangential velocities, uniform and
solid-body rotation (SBR) distributions are taken into account,
respectively. The fluid flow from the pipe inlet is assumed to be
completely turbulence. Considering these assumptions at the
pipe inlet region may not be fully realistic but it can be justified
from the point of view of flow behaviour simplifications for
some conditions. The CFD calculation verifies closely the
above mentioned assumptions.

Applying the boundary layer momentum integrals,
governing equations are derived. There are two differential
equations and three unknowns, namely axial boundary layer
thickness, tangential boundary layer thickness and angular
velocity out of the boundary layer. The third differential
equation can be derived from the combination of the continuity
and tangential momentum equations far enough from the pipe
wall. Making use of the fourth-order Runge-Kutta scheme, the
solutions of the differential equations are obtained with the
suitable boundary conditions.

NOMENCLATURE

E=(5./8,)"" one-seventh power of the axial/tangential
boundary layer thickness

M momentum flux

R pipe radius

WO
Ro = Rossby Number

Rw
S swirl intensity
w, mean axial velocity
Ws Vs, core axial and tangential velocities
m mass flow rate
p static pressure
r,0,z coordinates
w,V axial and tangential velocities
y wall distance
Greek
w angular velocity
o displacement thickness
7] momentum thickness
0.,0, boundary layer thicknesses

along z and @ directions

Toz>Towo axial and tangential wall shear stresses
1% kinematic viscosity
Subscript
B top of the control volume
in inlet of the control volume
out outlet of the control volume
anal analytical solution

1 GOVERNING EQUATIONS

Two control volumes for axial and tangential directions are
considered near the pipe wall. Applying the integral method for
each control volume and considering the boundary layer
approximations, governing equations are derived. The velocity
normal to the pipe wall is assumed negligible as compared with
the other velocity components.

Approximate velocity profiles inside the boundary layers
are based on the 1/7" power distribution and out of the
boundary layers, the axial and tangential velocity components
are uniform and solid body rotation type, respectively.

ysaz:le(Sl)”7;y>5z:W=W5: (1)
5:

z

ys50:>VL:(6L)”7;y>50:>V59 =(R-8,)w~Rw(2)
0. 6

1.1 CONTINUITY EQUATION

Employing the continuity equation for a control volume,
starting at the entrance and ending at a desired axial position at
the developing region, and considering the 1/7™ power and
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uniform flow for the axial velocity distribution inside and
outside of the boundary layer, respectively, we follow up with:

52
W,aR> =Wy 1(R-5.)* + L 27 wR dy 3)

Substituting Eq. (1). into Eq. (3). and integrating the integral
term with respect to y, we obtain:

16, &7
W =W, (l-—"2+22 4 . 4
o =Ws.( R ) 4)

1)
Since?z = (0(0.1) , then the above expression can be simplified

as:

16
Ws =W (1+——*% 5
5. 0(+4R) (5)

1.2 MOMENTUM EQUATIONS
Figure 1. represents typical axial and tangential control
volumes. The momentum equation in the axial direction can be

derived as:
. . . 5,
M,, —M, —M, =- j "W v ddy -7, RAOd= (6)
z z z 0 dZ
) 5,
M,;, =I pwrdldy (7
- 0
) 5. ]
Mo, = [ pwzrdedy+i[r pwirdfdyldz (8
: 0 dz %
MB: = thZ Waz

iy =, —it _i[rz wrd@dyldz  (9)
B. out, in, d="Jo P 'y

. d b
Mg =Wy L[ pwrdodylds

d (% d o

—[I pwrdldyldz—Ws —[| pwrd@dyldz

dz Jo Sdz (10)

=—rzd—pdzrd0dy—rwRd6dz
0 dz

It should be noted that the axial shear stress out of the boundary
layer thickness is negligible.
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Figure 1. Typical axial and tangential control volume

Since the free stream or core region is taken to be moving
with rw around the pipe axis, there is a radial pressure

gradient out of the boundary layer. A radial pressure gradient
inside the boundary layer must be existed as well to keep the
flow in circular path around the pipe axis. Most of the
literatures [5,6,16], have considered a constant pressure inside
the boundary layer, having these assumptions that both the
boundary layer thickness compared with the pipe radius and
radial pressure gradient are small as well.

In this study, since the type of swirling is solid body
rotation and fluid is in turbulent regime, for a specified
Reynolds and Rossby numbers, one may expect to have very
large angular velocity. So, the radial pressure gradient may be
considerable [17]. Consequently, considering the small
boundary layer thickness with respect to the pipe radius, the
radial pressure gradient will be:

—d—pszmz (11)
dy

Integrating Eq. (11). respect to y and considering the pressure at
the edge of the axial boundary layer as the known boundary
condition, we come up with the following relation:

p=ps +po’R(S, - ) (12)

The axial pressure gradient can be derived making derivative
with respect to the z direction from the Eq. (12).:

dp  dps. d
e % Hh R (0% (S, - 13
& P dz(w(z ») (13)

where the axial pressure gradient on the edge of the boundary
layer can be obtained as:

s _ 1d
dz ,02 dz

(W5 +R*w’) (14)
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Substituting Eq. (14). into Eq. (13). and combining with Eq.
(10)., the axial momentum equation is obtained as:

_ aw,
L wiay+w, 25,
dz * dz (15)
- J-J:Rza)d—wdy—R(ézza)d—w+ w*6, _chZ) = Dz
0 dz dz dz P
1 ~ 7
where 6, =—J, and 8 =—9, .
8 72
The manipulation of Eq. (15). results in:
E(Wﬁ W052)+1W§2
288 = 72 " do, 7
RS 5 e p U9
+16 >R ( L+ = P
(4R+96,)° (4R+9),)

The procedure to obtain the tangential momentum equation
is the same as axial direction. So, it follows:

)
%[Iogpwvrz d6 dy]dz -

(17)
d o _ Tye
Vs, (R—ag)g[jo pwrd0dy]ds =2 RO Rz

The simplified forms of the tangential momentum equation
are given for the following two cases:
If &, <o, then:

d .7 8
—[=Vs Ws O E -V
dz[9 5,W5.0.E7)—Vs,

d 7 -8 T,0
—[=Wsd,E7]=—"" (17.1
LW b= =T )

and if 0, < 9,

d

z

7 7
ViWs6.(—E~' ——E
{55 5. 2(8 - )}

d 7 1 7,
_V59 d {W5252(E 7_§)}:_ p0 (172)

z

The axial and tangential components of the shear stresses at
the wall are required in Egs. (16). and (17). It should be
mentioned that, in turbulent flow the wall shear stress can not
be obtained by using velocity gradient. Therefore, an empirical
expression based on the Blasius law for the 1/7™ power velocity
distribution is used [18].

In order to evaluate two wall shear stresses the behaviour
of the total velocity near the wall is used. Considering flow

direction near the pipe wall and doing algebraic simplifications,
axial and tangential shear stresses can be derived as follow:

7,. =0.0225pWs (W5 + V52€E2)3/8(5L)”4 (18)

Vv
7,0 =0.0225pVs EGW5* + VoD N 9)

z

There are three unknowns namelyd, , E and @ and only

two equations. The third differential equation can be derived
from the combination of the continuity and tangential
momentum equations in far from the wall region, where the
flow can be considered as inviscid. It follows:

dw s

%3 0z

(20)

Putting Eq. (5). into Eq. (20). and making integration with
respect to z, a relation for the angular velocity of the free
stream, @ , can be obtained.

16, 4
=~ (1+——= 21
o=, 2 ) (21)

As the angular velocity is derived analytically, the
boundary conditions for the remaining two differential
equations are as follow:

z=0; §,=0
(22)
z=0; E=1.0

Since Egs. (16). and (17). are identically infinity at z =0, thus
we should have another approach for our estimation of the

results nearly the pipe inlet. In this regard, the boundary layer

4/5

thickness is estimated by « z"'” (see, for example, [5]) and the

value of E equal unity at the above region.

2 RESULTS OF NUMERICAL SOLUTION

The numerical solution for the governing equations is
performed using the fourth-order Runge-Kutta scheme.

To study the effect of the swirl on the fluid flow behaviour,
several calculations are performed considering a mean axial
velocity and several Rossby numbers. Figure 2. shows the
dimensionless core axial velocity for several Rossby numbers.
As it is shown, increasing the Rossby number, the
dimensionless core axial velocity will be increased. It is obvious
that in swirling flow, the decay of swirl in the pipe leads to
decay in the radial pressure gradient. Consequently, the axial
pressure gradient along the pipe axis may decrease more than
would be the case for non-swirling flow [13]. As the pressure
gradient decreases, the axial velocity gradient along the pipe
axis should be decreased. The above mentioned expression is
confirmed by the results of Fig. 2.
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Figure 2. Distribution of dimensionless axial velocities
along the pipe axis

Figures 3. and 4. show the axial and tangential shear
stresses along the pipe wall. As it is expected, the axial and
tangential shear stresses are decreased along the pipe wall since
the boundary layer thickness increases and swirl intensity
decreases. Meanwhile, these two parameters are decreased by
increasing the Rossby number.
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Figure 3. Axial wall shear stress along the pipe wall
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Figure 4. Tangential wall shear stress along the pipe wall

3 RESULTS OF ANALYTICAL SOLUTION
Parametric studies of different terms of the axial
momentum equation are necessary to find out the nature and
variation of them with respect to different Rossby numbers.
Focusing on the left hand side of the Eq. (16). and using the
boundary layer solution, it can be rearranged as:

s w2 370 T 5 g2 0 |0 o
288 R 72 4 R

The right hand side of the Eq. (16). can be reformulated in
more simple form as:

RHS : 0.0225 W07/4(1+5—2)(1+EZR;2)3/8 (L) (24
2R — 0,
Considering the large Rossby numbers, the term ¢ can be
neglected with respect to the term a. On the other hand we
realize that at high Reynolds number or at the pipe inlet, the
boundary layer thickness is so small relative to the pipe radius.
Consequently, the term « is negligible compared to the term b.
Figure 5. shows the variation of term d along the z axis for
different Rossby numbers. It can be seen that increasing the
Rossby number causes the value of term d to approach to one.
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Figure 5. Variation of term d in Eq. (24). along the pipe
axis

In order to derive a relation between &, and z , Egs. (23).
and (24). are manipulated, simplified and integrated to give:

w W
3.45744(—2)11 63 =2 56, = 0.37(=2) 7Y (25)
Vv 14

The above expression is similar to the relation for the
turbulent flat plate, which is expectable since we consider high
Rossby number and very small boundary layer thickness.
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In swirling internal pipe flow it is important to realize the
swirl decay rate along the pipe axis. Thus the swirl intensity
should be defined in advance. The swirl intensity for axis-
symmetric flow is defined as [7]:

2 R
S=—r I wvrdr (26)
RW; S
This may be broken down into:

R-a R-b R
I wvrldr + I wvrldr + I _ wvrzdr} 27
0 R-a b

2
S:R3W2{

where @ and b may be replaced by 8, andS,. The swirl
intensity for each situation can be calculated using the above
expression.

In order to derive an analytical relation for the swirling
decay rate using the Eq. (27)., we should generally have both
0, and d,. The first term has been approximated considering
appropriate assumptions. The second term must be derived from
the Eq. (17). which is too complicated. As an approximate
estimation of the §y, we may go back to numerical solution.
Figure 6. shows that for the large Rossby numbers, the ratio of
the boundary layer thicknesses are approximately unity.
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Figure 6. Ratio of axial to tangential boundary layer
thickness w.r.t. the pipe axis

Simplification of Eq. (27)., considering previous
assumptions leads to analytical swirl intensity formulation as:

R g 037
S =l q-= 14 28
anal 2 ( 9 R ) ( )

Equation (28). represents analytical swirling decay rate for
developing swirling pipe flow.

Swirl Intensity

0.92 ! ! !

Figure 7. Swirling decay rate, numerical and analytical
solutions; Wo=5 m/s, Ro=5

The results of analytical and numerical solutions are shown
in Fig. 7. The analytical result is based on the Eq. (28). The
deviation from numerical results at large axial distance is due to
lack of compatibilities of basic assumptions in deriving the
analytical formulation for the swirl decay rate.

4 RESULTS OF CFD SIMULATION

In this research, CFD simulation is used to support the
ability of our numerical approach. In this regard, the FLUENT
software has been employed. Considerable attention has been
paid to find out the most reliable approach to model the
Reynolds stresses for this type of flow.

In this regard, the Reynolds stresses in Navier-Stokes
equations are modeled by using RSM formulation. Figure 8.
shows the dimensionless axial velocity obtained from the
numerical and CFD calculations.
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Fig. 8. Distribution of dimensionless axial velocity,
numerical and CFD calculations; Wo=5 m/s, Ro=5
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Considering CFD calculation, the pipe length has been
considered very large to ensure fully developed flow at the
outlet. Figure 8. shows that at far enough from the pipe inlet,
two results of numerical and CFD calculations converge.
Assumption of turbulent flow condition just at the pipe inlet is
not exact, as the flow regime should pass from laminar and
transient to turbulent regime. It should be noted that both
numerical and CFD calculations have some weaknesses, since
they are not capable of capturing simultaneously laminar,
transient and turbulent zones. In addition, the axial velocity may
be affected by the swirling velocity at the pipe inlet. However
the results of CFD calculation seems to be more realistic than
the numerical solution, as it solves full Navier-Stokes equations.

Therefore, the CFD approach has the capability of
capturing the above mentioned flow behaviour. The positional
lag between CFD and numerical calculations at Fig. 8. is due to
this difference in calculation scheme.

Consequently, it seems that for high Reynolds and Rossby
numbers both numerical and CFD simulations will be reliable
since the entrance effects are dominated.

Figure 9. shows error analysis of the results of swirl
intensity decay rate for CFD and numerical calculations as well.

As it is seen the difference between these two results fall

into £ 5 % which is well acceptable.
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Figure 9. Swirling intensity decay rate, comparison with
CFD calculation; W,=5 m/s, Ro=5

5 CONCLUSIONS

So far, in this research three methods of analysis were
implemented to model the developing turbulent swirling decay
pipe flow. Numerical solution applying the fourth-order
Runge-Kutta scheme shows that this method is well applicable
at both high Reynolds and Rossby numbers which leads to
reasonable results.

Analytical solution for large Reynolds and Rossby number
follows up properly the numerical solution except for large
distance from the pipe inlet which shows a rather deviation.

CFD simulation results support the validity and domain of
the results of the numerical scheme, except for a narrow
entrance region where there is a positional lag between two
schemes.

The positional lag between CFD and numerical calculations
at Fig. 8. is due to difference in formulations of these two
methods.

It is concluded that the results of CFD calculations are
more realistic since the full Navier-Stokes equations are solved
in this concern. We must realize that the assumption of turbulent
flow condition just at the pipe inlet is not exact as the flow
regime should pass from laminar and transient to turbulent
regime.

We may rely on the results of analytical solution at high
Reynolds and Rossby numbers since this method of analysis
shows cost effective performance than numerical and CFD
solutions.

Error analysis of the swirl intensity results of CFD and
numerical calculations has been performed. The difference
between these two results is shown in Fig. 9. which falls into

£ 5 % being well acceptable in swirl intensity decay rate.
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