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RECOVERING ARBITRARY ORDER DIFFERENTIAL OPERATORS
ON NONCOMPACT STAR-TYPE GRAPHS

V. YURKO

To the memory of A.G. Kostjuchenko.

ABSTRACT. We study an inverse spectral problem for arbitrary order ordinary dif-
ferential equations on noncompact star-type graphs. As the main spectral charac-
teristics we introduce and study the so-called Weyl-type matrices which are a genera-
lization of the Weyl function for the classical Sturm-Liouville operator. We provide a
procedure for constructing the solution of the inverse problem and prove its unique-
ness.

1. INTRODUCTION

We study arbitrary order ordinary differential operators on noncompact star-type
graphs with boundary conditions in boundary vertices and with matching conditions
in the internal vertex. Boundary value problems on graphs (networks, trees) often ap-
pear in natural sciences and engineering (see [1]-[6]). Most of the works in the spectral
theory on graphs are devoted to the so-called direct problems of studying properties of
the spectrum and the root functions. Inverse spectral problems (which consist in reco-
vering operators from their spectral characteristics) because of their nonlinearity, are
more difficult for investigating. For Sturm-Liouville operators on compact graphs inverse
problems of recovering potentials from various spectral characteristics were studied in
[7]-[13] and other works. The noncompact case for Sturm-Liouville operators was con-
sidered in [14]-[16]. Inverse problems for higher-order differential operators on compact
graphs were investigated in [17]-[18]. Inverse problems for higher-order differential ope-
rators on noncompact graphs have not been studied yet. We note that inverse spectral
problems for second-order and for higher-order ordinary differential operators on an in-
terval have been studied fairly completely by many authors (see the monographs [19]-[24]
and the references therein). Inverse problems for the matrix Sturm-Liouville equation
were investigated in [25]-[28].

In this paper we study the inverse spectral problem for arbitrary order differential
operators on noncompact star-type graphs. As the main spectral characteristics we in-
troduce and study the so-called Weyl-type matrices which are a generalization of the
Weyl function (m-function) for the classical Sturm-Liouville operator (see [29]) and a
generalization of the Weyl matrix for higher-order differential operators on the half-line
introduced in [23]-[24]. Properties of the Weyl-type matrices for noncompact graphs
are different from the compact case. In the compact case, the spectrum is discrete, and
the Weyl-type matrices are meromorphic with respect to the spectral parameter. In the
noncompact case, the spectrum consists of unbounded continuous and bounded discrete
parts, and the Weyl-type matrices have cuts, poles and spectral singularities in the com-
plex plane of the spectral parameter. We study analytical and asymptotical properties
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of the Weyl-type matrices for noncompact graphs.We show that the specification of the
Weyl-type matrices uniquely determines the coefficients of the differential equation on
the graph, and we provide a constructive procedure for the solution of the inverse prob-
lem from the given Weyl-type matrices. For studying this inverse problem we develope
the ideas of the method of spectral mappings [23]-[24]. The obtained results are natural
generalizations of the well-known results on inverse problems for the differential opera-
tors on the half-line. We note that the results and the methods of the theory of inverse
spectral problems can be useful for investigating inverse problems for partial differential
equations. Inverse problems for partial differential equations are reflected in [30-35] and
others works.

Consider a noncompact star-type graph 7 in R with the set of vertices
V ={v1,...,v,}, and the set of edges & = {e1,...,ep}, where e; = [v;,v,], j = 1,p—1,
are finite segments and e, = [vp, vp) is an 1nﬁn1te ray, vg := 0o (see fig. 1). The vertices
v1,...,Vp—1 are the boundary vertices, v, is the internal vertex, and

n ej = {vp}.

Let [; be the length of the edge e;, 7 = 1,p — 1. Each edge ¢;, j = 1,p — 1, is parame-
terized by the parameter z; € [0,[;] such that the initial point v; corresponds to z; = 0,
and the terminal point v, corresponds to xz; = l;. The ray e, = [v,, 00) is parameterized
by the parameter x, € [0, 00) such that x;, = 0 corresponds to the internal vertex v,.

Vg = X

€1

U2

v
A function Y on T may be represented as ¥ = {y,}
is defined on the edge e;.

Fix n > 2. Let ¢, = {qv; }j:ﬁ, v = 0,n — 2 be integrable complex-valued functions
on T. Consider the following n-th order differential equation on 7'

j=Tp» Where the function y;(z;),

(1) (n) x] + qu’J x] ) = )‘yj(xj)7 J=1L1p,

where ) is the spectral parameter, g, ;(x;) are complex-valued integrable functions, and

(V)( j) € AC[0,1;], j = 1,p, v =0,n — 1, for all [, > 0. Denote by ¢ = {¢,},_g;,—3 the
set of the coefficients of equation (1); ¢ is called the potential.

Consider the linear forms

]1/ yj Z’Y]uyy(u) ] = 1,p — 1, V= O,TL — 1,
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where ;,,, are complex numbers, and v;,, := ¥, 7 0. The linear forms U;,, will be used
in matching conditions in the internal vertex v, for special solutions of equation (1).

v (u+1)7r)

Let A = p™. The p - plane is partitioned into sectors S of angle = (arg pE (TN -
v= m) in which the roots Ry, Ra, ..., R, of the equation R —1 = 0 can be num-
bered in such a way that

(2) Re(pR1) < Re(pR2) < --- < Re(pR,), peS.

Let p* :=2n max 9v5llL(e;)- Tt is known [36, Ch. 1] that for each fixed j = T,p, on the

edge e; there exists a fundamental system of solutions of equation (1) {Ex;(z;, p)}—15
having the properties:

1) for each sector S with the property (2), the functions E,E;_l)(:vj,p), k,v = 1,n are
holomorphic in p € S, |p| > p*, and are continuous for p € S, |p| > p*;

2) as |p| = o0, p€ S,

v—1 v—
3) B (a5.0) = (0Ri)" ™" exp(pRia; 1],
where k,v =T, § = T,p, [1] = 1+ O(s1).
Let o = {¢skj}j—15 s = Lp— 1, k = I,n, be solutions of equation (1) satisfying
the matching conditions

P00 + Upy (urj (2, 0) =0, j=Tp—1, v=0k—1,

(4) p—1
YO0 + 3 Ujp (haj (25, 0) =0, v=Fkn—1

j=1

and the boundary conditions

w(l’_l) (07 )\) = 5kvv V= 177ka

sks

(5) wgi;l)(oa)‘)zov gzlan_ka j:Lp—l\S,

Vskp(xp, ) = Olexp(pRrxp)), pES, xp— 00

for each sector S with property (2). Here and below, dy, is the Kronecker symbol. The
function Wy is called the Weyl-type solution of order k with respect to the boundary
vertex v,. We introduce the matrices

Ms(AN) = Moo (Mg pety s=1,p—1,

w=1ln>

where Mg, (N) := qu;;”(o, A). It follows from the definition of 1)sy; that Mg, (X) = k.

for k > v, and det Mg (\) = 1. The matrix M (\) is called the Weyl-type matrix with
respect to the boundary vertex vs. Denote by M = {M;},_15— the set of the Weyl-type
matrices. The inverse problem is formulated as follows.

Inverse Problem 1. Given M, construct q on 7.

We note that the notion of the Weyl-type matrices M is a generalization of the notion
of the Weyl function (m-function) for the classical Sturm-Liouville operator ([21], [29])
and is a generalization of the notion of Weyl matrix introduced in [23]-[24] for higher-
order differential operators on the half-line. Thus, Inverse Problem 1 is a generalization
of the classical inverse problems for differential operators on the half-line.

In section 2 asymptotical and analytical properties of the Weyl-type solutions and
Weyl-type matrices are studied. Section 3 is devoted to the solution of auxiliary inverse
problems of recovering the potential on a fixed edge. In section 4 we study Inverse
problem 1. For this inverse problem we provide a constructive procedure for the solution
and prove its uniqueness.
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2. AUXILIARY PROPOSITIONS

For the existence and a "regular behavior” of the Weyl-type solutions and the Weyl-
type matrices, one needs certain restrictions on the coefficients 7;,, from the matching
conditions (see [17] for more details). In order to formulate regularity conditions for
matching we introduce the numbers Agk, s=1,p—1,k=1,n—1, as follows:

A, = det[dy;, ]

jo=Tp  F=Ln—1

where dj;, = [d}; ¢ ] are matrices of the form

kjv
drn = [dy; ] =T n—k’ dﬁl 717u—1RZ;§1a
dijp = [dy, ]Mg Tk dk]p_RM ' J=Lp—-1,
di1, = [dff ]M’ o S, =0, v=2p—1,
dkjl [ ]# =1n—k’ dzjl =0, j=2,p-1,
dyjy = [d}, ]M, w7 Ay = 01 By e v =2p- 1,
dipr = [d}; ]u, o dkfyl =M k+u71R5§i§71’
dkpp [ kpp ] =1,n—k, (=1,k’ dfif,p = Rk+“ 17
diopy = d 2 ] =T,n—k, =1,k dll;LpV '7V;/€+M—1Ritllé:ré’ v=2p-1

The numbers A%, s = 2/p—1, k = 1,n — 1, are obtained from AY, by interchanging
places of v,, and v1,.
We assume that

(6) A% #£0, s=1,p—1, k=1,n—1.

Condition (6) is called the regularity condition for matching. Differential operators on
T which do not satisfy the regularity condition for matching (6), possess qualitatively
different properties for the formulation and the investigation of inverse problems, and are
not considered in this paper; they require a separate investigation. We note that (6) is
a generalization of the regularity condition for Sturm-Liouville operators on graphs (see
[37]). In particular, for the so-called standard matching conditions [8], (6) is satisfied
obviously. We also note that the regularity condition (6) play a similar role in inverse
problems as the Birkhoff regularity conditions [36] in direct problems.

Now we are going to study the asymptotic behavior of the Weyl-type solutions. Denote

Qe
Wk = S];ikl, k= ]_,TL, Qk = det[Rgfl}E’V:ﬁ, QO = 1.

Lemma 1. Fiz j =1,p — 1 and a sector S with property (2).
1) Letk=1,n—1, and let y;(x;, p) be a solution of equation (1) on the edge e; under
the conditions

(7) yj (0,p) = - =y (0, p) = 0.

Then for xj € (0,1], v=0,n—1, p € S, |p| — oo,

8) i (s, p Z Aui(p)(pR,)” exp(pRyu;)(1],
p=k+1

where the coefficients A, ;(p) do not depend on x;. Here and below we assume that
arg p = const, when |p| — oco.
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2) Let k = 1,n, and let y;(xz;,p) be a solution of equation (1) on the edge e; under
the conditions
k—2 k—1
y;(0,p) = =420, =0, 5" 7(0,p) = 1.

Then for zj € (0,1;], v=0,n—1, pe S, |p| = o0,

y w
9) ( )(33 p) = pkfl (pRy)" exp(pRiz;)[1 Z Byj(p )" exp(pR,x;)[1],
pn=k+1

where the coefficients B,,;(p) do not depend on x;.

Proof. Using the fundamental system of solutions {E,;(z;, p)} one can write

p=1,n>
(10) i (25, p Z By (x5, p)-

Substituting (10) into (7) we obtain a linear algebraic system with respect to
A1(p), ..., Akj(p). The determinant A(p) of this system has the asymptotics A(p) =
Q. + O(p71) as |p| = oo. Solving the system by Cramer’s rule and taking (3) into
account we get
(11) Agj(p) = Y (ceus + O™ ))Aui(p), €=1F,

p=k+1

where c¢,,; are constants. Substituting (11) into (10) and using (3) we arrive at (8).
Relations (9) are proved analogously.

O

Lemma 2. Fiz a sector S with property (2). For v =0,n—1, s = 1,p—1, k =
1,n, s € (0,15), the following asymptotical formula holds:

1% w 1%
(12) D) (24, N) = 2 (pRy)” exp(pRias)[l]), p €S, |p| = oo

Proof. For k = n, the assertion of the lemma follows from Lemma 1. Fix & = 1,n — 1,
s = 1,p— 1. By virtue of (5) and Lemma 1, one gets for z; € (0,{;), v = 0,n —1,
p €S, |p| = oo,

W) (23, \) = o2 (pRy)” exp(pRya,)[1 Z Ask )Y exp(pRys)[1],
p p=k+1
W) (25,A) = AE(p)(pR,)” exp(pRua)[l], j=Tp—1
(13) 1/}5kj(xjﬂ ) Z [L](p)(p ,LL) exp(p #x])[ L J , P \57
p=n—k+1

k

W) (@, X) = 3 AZE () (pR,)” exp(pR,y)[1],
p=1

where the coefficients A%%(p) do not depend on x; and v. Substituting (13) into (4) we
obtain a linear algebraic system o with respect to Aff; The determinant Ay (p) of this
system has the asymptotics

Aui(p) = Alexp (o( zn: Ry )l + Z )(le*l))

p=k+1 p=n—k+1
pES, |p| = o0
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Solving the system o4 by Cramer’s rule we get

A (0) =~ (4t + 0(5) ) explp(R = Ru)L). =+ Tm.

Ak (p) = p,},l (aff; + 0(%)) exp(pRils), p=T1.k,

(14)
A% () = —(ast + O(2)) exp(pRils) exp(~pRy;)
M‘P)—sz @i +0( ) ) xP(PBkls) exp(=pliyl;),
j:]-ap_]-\sa /J“:n_k—’_]-vn?
where ai’j are constants. Substituting (14) into (13) we arrive at (12). O

It follows from the proof of Lemma 2 that one can also get the asymptotics for

wizz(xj, A), j # s; but for our purposes only (12) is needed. Denote Iy := {A: £Im A >

0}. Using the standard technique (see [23-24]) one gets that the following assertion holds.

Lemma 3. The Weyl-type functions Mgy, (X), v > k, are holomorphic in 11+ and TI_

with the exception of at most countable bounded sets of poles A:,W and A, ,, respectively,
+

skv
and A, respectively. In other words, for real X (with the exception of the bounded sets

AL and A;,W ) there exist the finite limits

skv

and My, (X\) are continuous in I1, and I1_ with the exception of the bounded sets A

ME () = olim Mo, (A £ iz).

3. AUXILIARY INVERSE PROBLEMS

In this section we study auxiliary inverse problems of recovering the potential on each
fixed edge. Fix s = 1,p — 1, and consider the following inverse problem on the edge
es which is called IP(s): Given the Weyl-type matriz M, construct the functions qys,
v=0,n—2 on the edge e;.

In the inverse problem IP(s) we construct the potential only on the edge es, but the
Weyl-type matrix M, brings a global information from the whole graph. In other words,
IP(s) is not a local inverse problem related to the edge es.

Let us prove the uniqueness theorem for the solution of IP(s). For this purpose
together with ¢ we consider a potential q. Everywhere below if a symbol a denotes an
object related to ¢, then & will denote the analogous object related to q.

Theorem 1. Fiz s = 1,p— 1. If My = M, then qus = Gus, v = 0,n — 2. Thus, the
specification of the Weyl-type matriz My uniquely determines the potential on the edge es.
Proof. Let {Cy;(xj,\) }y—17, J = L, p be the fundamental system of solutions of equation
(1) on the edge e; under the initial conditions C,Ef”(o, A) = 8k, k,v = 1,n. For each

fixed z; € [0,1;], the functions C,ngl)(mj, A), k,v =1,n, j = 1,p, are entire in X of order
1/n. Moreover,

(15) det[c,g;*”(xj, Mtz = L.

Using the fundamental system of solutions {Cj;(z;, A) };—75, one can write

(16) wskj(xja)\) = Z Mskj;t()‘)C#j(mjv)‘)a j = ]-7pa s = 17]9 - 17 k= an

p=1
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where the coefficients My;,(A) do not depend on ;. In particular, Mgs,(A) = Mg, (X)),
and

(17) djsks(xs; ) Cks CL’S, Z Msk,u #S(xsa)\)‘
p=k+1

It follows from (15) and (17) that
(18) det[y Y (26, Nyt = L.

1,n

Denote s (a5, A) := [ (@5, N, » Cs(@s, A) := [CL (@, \)],, o - Then re-
lation (17) can be written in the form

(19) ¢s(xsa )‘) = Cs(xsa )‘)MST(A)a
where T is the sign for the transposition. According to (15) and (18),
(20) det s (x5, A) = det Cs(xs, A) = 1.

We define the matrix Ps(zs, A) = [Psjx (s, )‘)]j,k:ﬁ by the formula
Ps(xsv )\) = ¢s(fﬂs, )\)({lzjs(‘rsv A))_:L'

Taking (20) into account we calculate

,stk(xSv /\) = det[wggs 1)(33‘5 ) '(ZJ 1/)3('1:57 )7¢§{/;1)(7;S7 )‘)’

(21) w‘gﬁs 2)<.’17S7 )7"‘)QLSVS($57 v=In — Z V+k - 1ngsl)<$s7 )

X det /&‘g%)s('rsa )7 1/15 wv+1, S(msa )‘)a
1/;;537175(%, ) e a’lpsls(xs; )]

It follows from (21) and Lemma 2 that for x5 € (0,15), k =1,n, |A| = oo, arg A =0+ 0, 7,
one has

(22) Poik(s,A) — 011 = O(p™ ).
We transform the matrix Ps(zs, A). For this purpose we use (19)
Ps(zs,A) = ws(mm)‘)(ijs(ms,)‘))_l
= Cs(xm)‘)MST()‘)(MST()‘))_l(és(xSa/\))_1 = Cs(xs,/\)(és(xs, /\))_1-

In view of (20) we conclude that for each fixed g, the matrix-valued function Ps(xs, \)
is an entire function in A of order 1/n. Together with (22) this yields Pg11(xs, A) = 1,
Psik(xs,A) =0, k =2 n. Since

Ps (s, )¢S(x5» A) = Ys(ws, A),

it follows that ¥sxs(zs, A) = ¢sks($57 A) for all z, A\, k, and hence ¢, = Gus, v =0,n — 2.
Theorem 1 is proved. O

e=0n—T\k—1

Using the method of spectral mappings one can get a constructive procedure for the
solution of the inverse problem IP(s). It can be obtained by the same arguments as for
n-th order differential operators on the half-line (see [24, Ch. 2] for detais).

Now we define an auxiliary Weyl-type matrix with respect to the internal vertex v,.
Let i (zp, A), k = 1,n, be solutions of equation (1) on the edge e, under the conditions

S 0,0) = 6y v =1,F,
(23) o
¢Pk(xl)a )‘) = O(exp(kaxl)))a xp - o0, p S S
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in each sector S with property (2). We introduce the matrix M, () = [Mpr, (N)]g ,—17>
where My, (A) := wz()ll;fl)(o,/\). Clearly, Mk, (A) = 0k, for k > v, and det M,(\) = 1.
The matrix M, ()) is called the Weyl-type matrix with respect to the internal vertex v,,.
Consider the following inverse problem on the edge e, which is called IP(p): Given the
Weyl-type matriz M,, construct the functions q,,, v = 0,n — 2 on the edge e,.

This inverse problem is the classical one, since it is the inverse problem of recovering
n-th order differential equation on the half-line from its Weyl-type matrix. This inverse
problem has been solved in [24]. In particular, the following uniqueness theorem has
been proved in [24].

Theorem 2. If M, = Mp, then qup = Gup, v = 0,n — 2. Thus, the specification of the
Weyl-type matriz M, uniquely determines the potential on the edge ep.

Moreover, in [24] an algorithm for the solution of the inverse problem IP(p) is given,
and necessary and sufficient conditions for the solvability of this inverse problem are
provided.

4. SOLUTION OF INVERSE PROBLEM 1

In this section we obtain a constructive procedure for the solution of Inverse Problem 1
and prove its uniqueness. Our plan is the following.

Step 1. Solving the inverse problem IP(s) for each fixed s = 1,p — 1, we find the
functions q,s, v = 0,n—2, s = 1,p—1, i.e. we find the potential ¢ on the edges

€1,-..,€p—1-

Step 2. Using the knowledge of the potential on the edges e, ..., e,_1, we construct
the Weyl-type matrix M.

Step 3. Solving the inverse problem IP(p) we find the functions q,,, v =0,n — 2, i.e.
we find the potential on the edge e,,.

Steps 1 and 3 have been already studied in Section 3. It remains to fulfil Step 2.

Suppose that Step 1 was already made, and we found the functions ¢,s, v = 0,n — 2,
s =1,p—1, ie. we found the potential ¢ on the edges e1,...,ep—1. Fix s =1,p— 1. All
calculations below will be made for this fixed s. Using the knowledge of the potential on
the edge e, we calculate the functions Cis(xs, A), k = 1,n, and the functions ¥ggs(ws, A),
k = 1,n, by (17). Now we are going to construct the Weyl-type matrix M, using
Ysks(Ts, A), k = 1,n. First we prove an auxiliary assertion.

Lemma 4. Fiz s =1,p — 1. Then the following relations hold:

(v—1)
1/1 1 (Oa )‘)
24 M, =2 "' =2
( ) PlV()\) 1/}511)(07 )\) bl v an7
25) Mo = SO, G2 0.0, 98550 (0,0)], 1%
pkv - 9

-1
det| gfw )(0»)‘)]5,”:@
k=2n-1, v=k+1,n.

Proof. Denote zp1(xp, A) := Ys1p(2p, A) (1hs1p(0, A)) 1. The function z,1(x,, ) is a solu-
tion of equation (1) on the edge e,, and z,1(0,A) = 1. Taking (5) and (23) into account
we conclude that the solutions zp1(xp, A) and ¥p1(zp, A) satisfy the same boundary con-
ditions, and consequently, zp1(Zp, A) = ¥p1(zp, A). Thus,

_ wslp(xzn )\)

(26) %1(%)\) - ¢51p(0 )\) .
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Similarly, we calculate

det[1hsyp(0,A), - ., §ﬁ;2)(0,>\),wsup(zpak)h 1k

(27)  Ypr(xp, A) = — —%  k=2n—1.
dethitin ") (0, Ve 17

Since Mpr, (X)) = ’(/J(V 1)(0 A), it follows from (26)—(27) that (24)—(25) hold. O
Using the matching conditions (4) we get

(28) UjV<wSkj) = Usu(wsks)a 0<v<k<n-1

Since the functions ¥,k were already calculated, the right-hand sides in (28) are known.

For each fixed k = 1,n — 1, we successively use (28) for v = 0,1,...,k — 1, and calculate

reccurently the functlonb

(29) WA, k=Tn-1, v=0k-1, j=TLp 1\s

Furthermore, it follows from (16) and (5) that Mg, (A) = 0 for p = 1,n—k, j =
I,p—1\ s, and consequently,

Yoy (@), \) = }: Makjp (N Cj(xj,N), k=T,n—1, j=T,p—1\s.
p=n—k+1

This yields

(30) P15, 0) = Z Mju(NCD (15, ),
p=n—k+1

v=0n—-1, k=1Ln-1, j=1p—1\s

Fixk=1,n—1, j =1,p— 1\ s, and consider a part of relations (30), namely, for v =
0,k — 1. They form a linear algebraic system with respect to the functions Mg, (A), p =
n — k + 1,n. Solving this system by Cramer’s rule we find these functions. Substituting
them into (30) for v > k, we calculate the functions

(31) VDN, k=Tn—1, v=kn-1, j=Lp-1\s.
Substituting now the functions (29) and (31) into (4) we find
(32) 0,0, k=Tn—1, v=0n-1

Since the functions (32) are known, one can calculate the Weyl-type matrix M, via
(24)—(25).

Thus, we have obtained the solution of Inverse Problem 1 and proved its uniqueness,
i.e. the following assertion holds.

Theorem 3. The specification of the Weyl-type matrices M = {MS}S:ﬁ uniquely
determines the potential ¢ on T. The solution of Inverse Problem 1 can be obtained by
the following algorithm.
Algorithm 1. Given the Weyl-type matrices M = { M}
1) Find the functions q,s, v = 0,n—2, s = 1,p — 1, by solving the inverse problem
IP(s) for each s =1,p — 1.
2) Fiz s =1,p — 1, and calculate C’,(C:)(lj, A) fork=1,n,v=0n—1.
3) Construct the functions wiz)s(ls, A, k=1,n—1,v=0,n—1 by the formula

s=1,p—1-

PN = COMN + S M (NCE 1, A).
u=k+1
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4) Find the functions wskj( AN, k=1,n—1,v=0k—1,j=1,p—1\s, by using
the recurrent formulae (28).
5) Calculate Mg (N), k=1,n—1, p=n—k+1,n, j=1,p—1\s, by solving the
linear algebraic systems

S MauWCY 15,0 =001, N), v=0,k—1,
p=n—k+1
for each fized k =1,n — 1, jfl pfl\s.
6) Construct the functions w (lj7)\), k=1I,n—-1,v=kn—-1j5j=1p—1\s, by
the formula

skj

PN = Y MagaWNG 1N, vk
p=n—k+1
7) Find the functions z/Jskp( A, k=1,n—1,v=0,n—-1, by (4).
8) Calculate the Weyl-type matriz M, via (24)-(25).
9) Construct the functions q,p,, v = O n — 2, by solving the inverse problem IP(p).
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