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Onset of Self-Excited
Oscillations of Traveling Wave
Thermo-Acoustic-Piezoelectric
Energy Harvester Using
Root-Locus Analysis
The onset of self-excited oscillations is developed theoretically for a traveling wave
thermo-acoustic-piezoelectric (TAP) energy harvester. The harvester is intended for con-
verting thermal energy, such as solar or waste heat energy, directly into electrical energy
without the need for any moving components. The thermal energy is utilized to generate a
steep temperature gradient along a porous regenerator. At a specific threshold of the
temperature gradient, self-sustained acoustic waves are generated inside an acoustic res-
onator. The resulting pressure fluctuations excite a piezoelectric diaphragm, placed at
the end of the resonator, which converts the acoustic energy directly into electrical
energy. The pressure pulsations are amplified by using an acoustic feedback loop which
introduces appropriate phasing that make the pulsations take the form of traveling waves.
Such traveling waves render the engine to be inherently reversible and thus highly effi-
cient. The behavior of this class of harvesters is modeled using the lumped-parameter
approach. The developed model is a multifield model which combines the descriptions of
the acoustic resonator, feedback loop, and the regenerator with the characteristics of the
piezoelectric diaphragm. A new method is proposed here to analyze the onset of self-
sustained oscillations of the traveling wave engine using the classical control theory. The
predictions of the developed models are validated against published results. Such models
present invaluable tools for the design of efficient TAP energy harvesters and engines.
[DOI: 10.1115/1.4004679]

1 Introduction

Extensive efforts have been exerted to develop and analyze vari-
ous configurations of thermo-acoustic engines [1–4]. The motiva-
tion behind these efforts is the fact that these engines are in effect
clean, compact, environmentally friendly, and low cost devices.
The Bell Telephone Laboratories (BTL) can be credited to the de-
velopment of a “standing wave” class of such thermoacoustic
engines whereby, steady heat energy was transformed into self-
sustained oscillating pressure waves which are then converted into
electricity using reversed acoustical speakers [5,6]. In spite of the
simplicity and reliability of the BTL concepts, their conversion effi-
ciency were relatively low (<10%) and the generated pressure
oscillations were relatively weak [3,7]. In order to overcome these
limitations, Ceperley [7,8] introduced a radically different concept
for achieving higher efficiencies whereby the produced acoustic
waves were forced to undergo phasing similar to inherently reversi-
ble and thus highly efficient Stirling engine [9]. The resulting class
of thermoacoustic engines is called the “traveling wave” engines.

Understanding the underlying physical phenomena that govern
the operation of this class of engines has been the focus of numer-
ous studies. Distinct among these studies are those dealing with
investigating the factors and mechanisms contributing to the de-
velopment of stable self-sustained pressure oscillations. In this
regard, it has been established by Lord Rayleigh that when the
heat release is in phase with the pressure fluctuation, then acoustic
oscillations are enhanced. Furthermore, if the generated acoustical

power exceeds the losses, then the oscillations grow until a self-
sustained limit is attained.

Yazaki et al. [10] investigated the stability boundary and ther-
mally produced acoustic power for traveling wave engines. The
obtained results were compared with those for standing wave
engines. It is concluded that the onset temperature ratios for trav-
eling wave engines are significantly smaller than those for stand-
ing wave engines. Also, Li et al. [11] established the limits of
self-excited oscillations using the fundamentals of finite-time ther-
modynamics and the law for minimizing entropy flow. In 2003,
Yu et al. [12] demonstrated these limits experimentally for a trav-
eling wave thermoacoustic engine. In 2004, Rivera-Alvarez and
Chejne [13] developed a simplified nonlinear model for the ther-
moacoustic phenomena to generate the bifurcation diagram in
order to extract the limits for onset of self-excited oscillations.

In 2009, de Waele [14] presented an alternate approach which
is based on lumped-parameter modeling to analyze the onset of
self-excited oscillations of traveling wave engines using the
theory of linear differential equations.

In this paper, the emphasis is placed on extending the work of
de Waele to predict the self-sustained limits for a class of travel-
ing wave thermoacoustic engines which are utilizing piezoelectric
alternators to harvest the acoustic energy and convert it directly
into electrical energy without the need for any moving compo-
nents. Furthermore, the predictions will be obtained using the con-
trol theory.

It is important here to note that the technology of using piezo-
electric alternators dates back to 1974, when Martini et al. [16] uti-
lized a piezoelectric regenerator to convert the acoustic oscillations
of a Stirling engine into electric energy. Examples of more recent
attempts include the work of Keolian and Bastyr [16], Symkos et al.
[17,18], and Matveev et al. [19] In the work of Keolian and Bastyr
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[16], the emphasis was placed on the development of a large scale
thermoacoustic engines and the proposed system included heavy
moving masses communicating with arrays of piezoelectric alterna-
tors. This is contrast of the work of Symkos et al. [17,18], and Mat-
veev et al. [19], where focus was on the development of small
engines for thermal management in microelectronics. Note that the
Symkos et al. [17,18] was primarily experimental in nature whereas
the work of Matveev et al. [19] was limited to theoretical analysis.

However, in all the above studies of thermoacoustic engines
with piezoelectric alternators no attempt has been reported on pre-
dicting mathematically the onset of self-excited oscillations. It is
therefore the purpose of this paper to develop a rigorous approach
to predict the limits of self-excited oscillations.

Accordingly, the paper is organized in six sections. In section
1, a brief introduction is presented. The concept of the traveling
wave thermo-acoustic-piezoelectric energy harvesters is intro-
duced in Sec. 2. The theoretical analysis of this class of energy
harvesters is developed in Sec. 3. Two methods or predicting the
onset of self-sustained oscillations are presented in Sec. 4 Theo-
retical performance characteristics of the harvester are discussed
in Sec. 5, and compared with the characteristics of conventional
open-ended thermo-acoustic engines. Section 6 summarizes the
conclusions of the present study.

2 Thermo-Acoustic-Piezoelectric Engine

Figure (1) displays a schematic drawing of the thermo-
acoustic-piezoelectric engine. The engine consists of six sec-
tions: the resonator tube (R), a loop containing the regenerator
(Re) and heat exchangers which are maintained at temperatures
Ta and Th, compliance (C), connecting tube (D), a pulse tube (t),
and an inertance (I). The heat source (Qi) generates a tempera-
ture gradient along the regenerator which in turn produces trav-
eling acoustic waves in the resonator tube. The oscillation
energy of the acoustic waves is amplified by the feedback com-
ponents (D, I, and C) and harnessed by the piezoelectric dia-
phragm (P) which converts the incident pressure pulsations
directly into electrical energy, to power the load RL, without the
need for any moving parts.

In the configuration, shown in Fig. 1, the regenerator is placed
between an ambient heat exchanger (1) maintained at tempera-
ture Ta and a hot heat exchanger operating at Th. An average
temperature gradient of (Th – Ta)=Lr is developed across the re-
generator length Lr, resulting in the generation of an acoustic
wave traveling through the regenerator. The wave carries with it
an acoustic power which is amplified as it propagates through
the regenerator. The acoustic oscillations undergo a sinusoidal
cycle that involves four strokes which are namely: compression,
displacement towards the hot heat exchanger, expansion, and
displacement towards the ambient temperature exchanger. The

oscillations continue to propagate through the pulse tube which acts
as a thermal buffer allowing the transmission of the acoustic power,
with little attenuation, to the looped section of the engine. The
looped section allows some of the acoustic power that leaves the
hot end of the regenerator to be fed back to the ambient end of the
regenerator via the ambient heat exchanger (2) while the majority
of the acoustic power passes into the resonator. The feedback path
of the loop has the inertance (I) and compliance (C) which are opti-
mally selected to boost the acoustic power and provide higher pres-
sures into the regenerator at its ambient end. The acoustic power
associated with the pulsations in the resonator is then harnessed by
the piezoelectric diaphragm (P) which converts the incident pres-
sure pulsations directly into electrical energy, to power the load RL,
without the need for any moving parts.

3 Modeling of the Thermo-Acoustic-Piezoelectric

Engine

3.1 The Piezoelectric Diaphragm. The constitutive equation
of the piezoelectric diaphragm is given by Ref. [20]:

S
D

� �
¼ 1=cE d

d e

� �
TP

E

� �
(1)

where S¼ strain, D¼ electrical displacement, TP¼ stress,
E¼ electrical field, cE¼Young’s modulus, d¼ piezoelectric
strain coefficient, and e¼ permittivity.

Expanding the first row of Eq. (1) gives:

TP ¼ cE S � eTE or TP ¼
1

tP
cE xR � eTvP

� �
(2)

where tP and vP, denote the thickness and voltage of the piezo-
diaphragm, respectively, and eT ¼ d cE.

The equation of motion of the diaphragm can be written as:

mP€xR þ TPAR ¼ ARPt (3)

where mP, xR, and AR, denote the mass, displacement, and area of
the piezo-diaphragm. Also, Pt¼ pressure inside the resonator and
pulse tubes. In Eq. (3), the viscous damping effect in the resonator
is neglected relative to the dominant viscous losses in the regener-
ator. Also, other finite wavelength effects are neglected as it is
assumed that the wavelength k of the self-sustained oscillations is
greater than the length L of the resonator. This assumption is im-
portant to justify the use of the lumped-parameter approach.

Combining Eqs. (2) and (3) gives:

€xR þ x2
nxR � dx2

nvP ¼
aR

AR
Pt (4)

where x2
n ¼ cEAP=tp

� �
=mp and aR ¼ A2

R=mP.
Expanding the second row of Eq. (1) and using Eq. (2) gives:

D ¼ dTP þ eE ¼ d cE S � eTE
� �

þ eE

¼ eTSþ eð1� k2ÞE or q¼ eTAR
xR

tP
þ eAR

tP
ð1� k2ÞvP

¼
ð

idt (5)

where q and i are the charge and current of the piezoelectric
diaphragm and k2 ¼ dcE=e¼ electromechanical coupling factor.
Differentiating Eq. (5) with respect to time, it reduces to:

i ¼ eTAR

t
_xR þ CP _vP ¼ �vP=RL (6)Fig. 1 Traveling wave thermo-acoustic piezoelectric energy

harvester
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or
RLCP _vP þ vP þ RLKPd _xR ¼ 0 (7)

where KP ¼ cEAR=tPð Þ¼ stiffness of the piezo-diaphragm and
CP ¼ eAR=tPð Þð1� k2Þ¼ blocked capacitance of the piezo-
diaphragm.

Applying the Laplace transform to Eqs. (4) and (7) and elimi-
nating the voltage vp gives:

VR ¼
aR 1þ RLCPsð Þ

RLCPs3 þ x2
nRL CP þ d2KPð Þsþ x2

n

� 	Pt (8)

where VR ¼ ARxR¼ volume change of the resonator

3.2 The Thermo-Acoustic Components

3.2.1 Momentum Equation of Inertance. The dynamics of the
inertance are given by:

d2Vd

dt2
¼ A2

i

Mi
Pr ¼ aiPr (9)

where Vd¼ volume of connecting volume, Ai¼ cross sectional
area of inertance, Mi¼mass of fluid inside the inertance, and
Pr ¼ ðPt � PcÞ= pressure drop across inertance.

3.2.2 Conservation of Mass Equations. Assuming that the
pressure variations, in all components, are much smaller than the
average pressure, then the volume Vi of the ith component can be
replaced by the average values Vi0.

Hence, the conservation of mass equations for all the compo-
nents are given by:

Pulse Tubet: _Vh ¼ _Vt þ
1

wt

dpt

dt
(10)

Connecting Volume D: _Vd ¼
dVd

dt
þ 1

wd

dpt

dt
(11)

Resonator R: _VR ¼
dVR

dt
þ 1

wR

dpt

dt
(12)

Compliance C: _Vc ¼
dVd

dt
� 1

wc

dpc

dt
(13)

where wi ¼
cpi

Vio
; with i ¼ R;C; D; t (14)

Note that the second terms of Eqs. (10) through (13) accounts for
the compressibility effects.

Also,
_Vt ¼ _Vd þ _VR (15)

Using Ceperley’s analysis of the regenerator [7,8], then the mass
conservation over the regenerator can be written as:

_Vh ¼ s _Vc (16)

where s ¼ Th=Ta¼ temperature ratio of the hot to cold ends of the
regenerator

3.2.3 Pressure Drop Across the Regenerator. The volume
flow, entering the regenerator, is assumed to be proportional to the
pressure drop Pr and can be written as

_Vc ¼ �Crpr (17)

where Cr is the flow coefficient given by de Waele (2009) in terms
of the regenerator parameters

3.3 The Combined Thermo-Acoustic Piezoelectric
System. Combining Eqs. (8) through (17), results in a single equa-
tion describing the pressure oscillations in the resonator tube as
influenced by all the design parameters of the traveling wave
engine and in particular the temperature ratio s. This equation is:

s5 þ a4s4 þ a3s3 þ a2s2 þ a1sþ a0

� �
Pt ¼ 0 (18)

where

a4 ¼
1

RLCP
1þ CrwcRLCP þ sCrweRLCPð Þ (19)

a3 ¼
1

RLCP
x2

nRL CP þ d2KP

� �
þ Crwc þ sCrwe

� 	

þ 1

RLCP
aiwc þ aiwe þ aRweð ÞRLCP½ � (20)

a2 ¼
1

RLCP
x2

nþCrwcx
2
nRL CPþ d2KP

� �
þ aiwcþ aiweþ aRweð Þ

� 	

þ 1

RLCP
aRweCrwcRLCPþ sCrwex

2
nRL CPþ d2KP

� �� 	
(21)

a1 ¼
1

RLCP
Crwcx

2
nþ ai wcþweð Þx2

nRL CPþ d2KP

� �
þ aRweCrwc

� 	

þ 1

RLCP
aRweaiwcRLCPþ sCrwex

2
n

� 	
(22)

a0 ¼
1

RLCP
ai wc þ weð Þx2

n þ aRweaiwc

� 	
(23)

Analysis of the roots of Eq. (18) can reveal the dynamic behavior
of the system whether it is stable oscillatory, self-excited, or
unstable oscillatory. In particular, this analysis can establish the
values of the temperature ratio s that can induce self-excited oscil-
lation which is essential to the sustained operation of this class of
thermo-acoustic engines.

Note that when setting RL ¼ 0;CP ¼ 0; KP ¼ 0; and xn ¼ 0;
Eqs. (18) through (23) reduce to:

s4 þ b3s3 þ b2s2 þ b1sþ b0

� �
Pt ¼ 0 (24)

where

b3 ¼ Crwc þ sCrweð Þ; b2 ¼ aiwc þ aiwe þ aRweð Þ;
b1 ¼ aRweCrwc; and b0 ¼ aRweaiwc (25)

The above equations are the same as those obtained by de Waele
(2009) for an open-ended traveling wave thermo-acoustic engine
without piezoelectric harvesting capabilities.

3.4 Impedance Matching Condition of the Energy
Harvester. In order to maximize the conversion of the acoustic
power of the resonator into electrical power, it is essential that the
acoustic impedance of the resonator matches the mechanical im-
pedance of the piezoelectric diaphragm.

3.4.1 Acoustic Impedance of Resonator. The acoustic imped-
ance of the resonator Za can be determined from:

Za ¼
ARPt

dVR=dt
(26)

Using Eq. (8), the above equation in the Laplace domain reduces to:

Za ¼
ARPt

sVR
¼

AR RLCPs3 þ x2
nRL CP þ d2KPð Þsþ x2

n

� 	
aR 1þ RLCPsð Þs (27)
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3.4.2 Mechanical Impedance of Piezoelectric Diaphragm. The
mechanical impedance of the piezoelectric diaphragm is shown in
the Appendix to be given by:

ZP ¼
1

AR
s

KP

x2
n

þ KP

s
þ /2RL

1þ RLCPs

� �
(28)

where / ¼ �d2KP¼ transformation ratio of the piezoelectric
diaphragm

After some manipulations, Eq. (28) reduces to:

ZP ¼
1

AR

KP 1þ RLCPsð Þs2 þ KPx2
n 1þ RLCPsð Þ þ /2RLx2

ns

x2
n 1þ RLCPsð Þs

¼
AR RLCPs3 þ x2

nRL CP þ d2KPð Þsþ x2
n

� 	
aR 1þ RLCPsð Þs (29)

It can be seen from Eqs. (27) and (29) that Za = ZP, i.e., imped-
ance matching is ensured.

4 Conditions for Onset of Self-Sustained Oscillations

The conditions for onset of self-sustained oscillations can be
established by considering the following two methods:

4.1 Classical Method. In this method, Eq. (18) is rewritten
as follows:

s5 þ a4s4 þ a3s3 þ a2s2 þ a1sþ a0

� �
Pt ¼ 0 (30)

For oscillatory response of the form Pt ¼ Poeixt where Po and x
are the amplitude and frequency of pressure oscillations, Eq. (30)
yields:

ix5 þ a4x
4 � ia3x

3 � a2x
2 þ ia3xþ a0 ¼ 0 (31)

Equating the coefficients of the real and imaginary terms on both
sides gives:

a4x
4 � a2x

2 þ a0 ¼ 0 (32)

and
x4 � a3x

2 þ a1 ¼ 0 (33)

Equations (32) and (33) are two equations in two unknowns
which are namely: x and s denoting the frequency of oscilla-
tions and temperature ratio of the hot and cold ends of the regen-
erator respectively. Solving these two equations simultaneously,
using Newton-Raphson method, yields the values of x and s for
any prescribed values of the design parameters of the traveling
wave harvester. This method requires an initial guess of x and s
followed by an iterative procedure to converge on the final
values.

4.2 Root Locus Method. This method is deep rooted in the
control theory and yields exact results for x and s without the
need for an initial guess or use of the iterative method of Newton-
Raphson. In this method, Eq. (18) is rewritten as follows:

1þ s
NumðsÞ
DenðsÞ ¼ 0 (34)

Table 1 Main geometrical and physical parameters of a proto-
type of the harvester (de Waele, 2009)

System parameter Symbol Value

Resonator diameter DR 0.102 m
Length of resonator Lac 2 m
Regenerator diameter Dr 0.0889 m
Length of regenerator Lr 0.073 m
Length of pulse tube Lt 0.24 m
Diameter of pulse tube Dt 0.078 m
Average length of space D Ld 0.209 m
Diameter of space D Dd 0.085 m
Length of inertance tube Li 0.256 m
Diameter of inertance tube Di 0.078 m
Average volume of space C Vc 0.00283 m3

Ambient temperature Ta 300 K
Average pressure P0 3 MPa
Specific-heat ratio c 1.67
Density qo 4.81 kg=m3

Stiffness of piezo-diaphragm KP 35800 N=m2

Capacitance of piezo-diaphragm CP 112E-9 Farad
Load resistance RL 1,000 Ohms (X)
Piezoelectric coupling coefficient d –180E-12 m=volt

Fig. 2 Root locus plot of a conventional open-ended thermo-acoustic engines with resonator
length L 5 2 m. (a) overall view and (b) close-up view.
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where

NumðsÞ ¼ Crwes RLCPs3 þ s2 þx2
nRL CP þ d2KP

� �
sþx2

n

� 	
(35)

DenðsÞ ¼ RLCPs5 þ 1þ CrwcRLCPð Þs4

þ Crwcx
2
nRL CP þ d2KP

� �
þ Crwc

�
þ aiwc þ aiwe þ aRweð ÞRLCP�s3

þ x2
n þ Crwcx

2
nRL CP þ d2KP

� ��
þ aiwc þ aiwe þ aRweð Þ þ aRweCrwcRLCP�s2

þ Crwcx
2
n þ ai wc þ weð Þx2

i RL CP þ d2KP

� ��
þ aRweCrwc þ aRweCrwcRLCP�s
þ ai wc þ weð Þx2

n þ aRweaiwc

� 	
(36)

The loci of the roots of Eq. (34) are plotted for values of s such
that 0 < s <1. These loci extend between the poles of the trans-
fer function Num(s)=Den(s) when s ¼ 0 and the zeros of
Num(s)=Den(s) as s!1. The values of x and s that ensure os-
cillatory and self-sustained oscillations are obtained when the loci
cross the imaginary axis of the s-plane.

5 Theoretical Performance of a Thermo-Acoustic

Piezoelectric Harvester System

5.1 Numerical Prototype of the Harvester. The main geo-
metrical and physical parameters of a numerical prototype of the
thermo-acoustic piezoelectric harvester system are listed in Table 1.

5.2 Characteristics of Conventional Open-Ended
Thermo-Acoustic Engines

5.2.1 Root Locus Plots. Figure 2 shows the root locus plot of
the characteristics equation of a conventional open-ended thermo-
acoustic engines with resonator length L¼ 2 m. The overall view,
shown in Fig. 2(a) indicates that the system has four poles located
at s ¼ 1032.6 6 2715.7i, and –12.7 6 653.4i and three zeros
located at s¼ 0. The close-up view, shown in Fig. 2(b) zooms in
on the zone where the branches of the root locus cross the imagi-
nary axis of the s-plane indicating that the onset of oscillations
occurs when s ¼ 1:13 and x=2p ¼ 103 Hz. These results match
those obtained by the classical=Newton-Raphson method and by
de Waele [14].

Figure 3 summarizes the effect of the resonator length on the
profile of the root locus plot and the parameters s and x which
define the onset of oscillations. The figure indicates clearly that
increasing the resonator length reduces the values of both s and x.
Such changes are attributed to the migration of the poles of the
system closer to the imaginary axis and towards the origin of the
s-plane.

5.2.2 Summary of System Characteristics. Figures 4(a) and
4(b) summarize the effect of the resonator length on the parame-
ters of onset of self-sustained oscillations s and x. The displayed
results confirm the conclusions drawn from the root locus analysis
and Fig. 3 which indicate that increasing the resonator length
reduces the values of both s and x. Figure 4(c) displays the effect

Fig. 3 Effect of resonator length on root locus plot and onset parameters (s and x) of a conventional open-ended thermo-
acoustic engines [(a) –L 5 1 m, (b) –L 5 2 m, (c) –L 5 3 m]

Fig. 4 Effect of resonator length on the temperature ratio s,
frequency x, and dimensionless frequency on onset oscilla-
tions for a conventional open-ended thermo-acoustic engines.
[(a) temperature ratio s, (b) frequency x, (c) dimensionless
frequency].
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of the resonator length on the dimensionless frequency xL=c
where c denotes the speed of sound (c =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cP0=q0

p
¼ 1; 020 m=s).

The figure ascertains the convergence of xL=c to p=2 which is the
limiting frequency of closed-open resonators. Note that, for the
considered example, the ratio k=L ranges between 4.47 for
L¼ 4 m to 5.9 for L¼ 1 m.

5.3 Characteristics of Closed-Ended Thermo-Acoustic-
Piezoelectric Harvester

5.3.1 Root Locus Plots. Figure 5 shows the corresponding
root locus plot of the closed-ended thermo-acoustic-piezoelectric
energy harvester with resonator length L¼ 2 m. Figure 5(a) ascer-
tains that the system has five poles located at s¼ –8928.6,
–1028.2 6 2715.2i, and –171 6 1447.2i and four zeros located at
s¼ 0, –8928.6, –0.0000 6 1293.7i as implied by Eqs. (36) through
(38). The zoom in of Fig. 5(b) displays the zone where the root
locus crosses the imaginary axis of the s-plane indicating that self-
sustained oscillations occur when s ¼ 1:76 and x=2p ¼ 228 Hz.
These results match those obtained by the classical=Newton-
Raphson method. Furthermore, these results are much higher than

the corresponding values obtained with the conventional open-
ended resonator which were s ¼ 1:13 and x=2p ¼ 103 Hz.

Figure 6 illustrates the effect of the resonator length on the
shape of the root locus plot and the values of the parameters s and
x which define the threshold of self-sustained oscillations. The
figure indicates also that increasing the resonator length reduces
the values of both s and x as in the case of the conventional open-
ended resonator. Such changes are again attributed to the migra-
tion of the poles of the system closer to the imaginary axis and
towards the origin of the s-plane.

Figure 7 demonstrates the importance of using the root locus
method as compared to the classical=Newton-Raphson method.
The figure displays the root locus of the harvester when the reso-
nator length is 0.5 m. In this case, the system poles are –8928.6,
–175.1 6 4209.5i, and –870.3 6 2815.1i while the system zeros
are 0, –8928.6, and –0.0000þ 3288.2i. For such a combination of
poles and zeros the root locus never crosses the imaginary axis of
the s-plane except at the locations of the zeros where s ¼ 1: This
means that self-sustained oscillation may occur if Th=Ta ¼ 1
which is practically impossible to achieve. Hence, self-sustained
oscillations are not possible to occur for such a resonator length.

Fig. 5 Root locus plot of a closed-ended thermo-acoustic-piezoelectric energy harvester
with resonator length L 5 2m [(a) overall view, (b) close-up view]

Fig. 6 Effect of resonator length on root locus plot and onset parameters (s and x) of a closed-ended thermo-acoustic-piezo-
electric energy harvester [(a) –L 5 1 m, (b) –L 5 2 m, (c) –L 5 3 m]
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Such a conclusion cannot be drawn using the classical=Newton-
Raphson method.

5.3.2 Summary of System Characteristics. Figures 8(a) and
8(b) illustrate the effect of the resonator length on the parameters
of onset of self-sustained oscillations s and x. The displayed
results confirm the conclusions drawn from the root locus analysis
and Fig. 6 which indicate that increasing the resonator length
reduces the values of both s and x. Figure 8(c) displays the effect
of the resonator length on the dimensionless frequency xL=c
where c denotes the speed of sound. The figure ascertains the con-
vergence of xL=c to p which is the limiting frequency of closed-
closed resonators. Note that, for the considered example, the ratio
k=L ranges between 2.01 for L¼ 4 m to 3.04 for L¼ 1 m.

6 Conclusions

This paper has presented a comprehensive analysis of the onset
of self-sustained oscillations of a traveling wave thermo-acoustic-
piezoelectric energy harvester as compared to conventional thermo-
acoustic engines with open-ended resonators. The presented analy-
sis of this class of harvesters is based on the lumped-parameter
approach. The resulting multifield analysis combines the dynamics
of the acoustic resonator, feedback loop, and the regenerator with
the characteristics of the piezoelectric harvester. The classical con-
trol theory is utilized to analyze the onset of self-sustained oscilla-
tions of the traveling wave harvester. The obtained results indicate
that increasing the length of resonator is accompanied with a reduc-
tion in the frequency x and critical temperature ratio scritical of self-
sustained oscillations. The obtained values are found to be high for
the closed-ended harvester as compared to conventional open-
ended resonators. More importantly, it is demonstrated that self-
sustained oscillations cannot be achieved when the resonator length
falls beyond a critical threshold using the root locus analysis
method. The predictions of the developed analysis tools are vali-
dated against published results. Such tools present invaluable
means for the design of efficient thermo-acoustic-piezoelectric
(TAP) engines. These engines can; for example, be used to harvest
waste energy from internal combustion engines and electronic cir-
cuit boards or the vast solar energy incident in areas far from the
power grid such as nomadic communities and mountainous
regions.

It is important here to note that although the paper has pre-
sented a detailed theoretical analysis for predicting the onset of
self-excited oscillations in traveling wave thermoacoustic energy
harvesters, it opened the door for many issues to be addressed in
future studies. A natural extension of this work is to validate the
theoretical predictions experimentally. Work is now in progress to
achieve such an objective.

Furthermore, work is also in progress to devise simple and reli-
able means for maintaining stable and robust self-sustained oscil-
lations in case of the presence parameters uncertainty or changing
environmental conditions which may derive the operating point of
the harvester to right or left-hand sides of the s-plane.

Further work is also needed to optimally select the design pa-
rameters of the energy harvester including the temperature ratio s
in order to maximize its conversion efficiency.

There is also a need for devising more compact designs of the
traveling wave energy harvesters in order to expand the range of
their applications to areas which are only limited by our
imagination.
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Nomenclature
AR ¼ diaphragm and resonator area
CD ¼ diaphragm compliance

cE ¼ Young’s modulus of diaphragm
cf ¼ sound speed

Cp ¼ capacitance of piezo-diaphragm
d ¼ piezoelectric strain coefficient
D ¼ electrical displacement
Di ¼ diameter of ith component

eT ¼ piezoelectric strain coefficient

E ¼ electrical field
i ¼ current
k ¼ electro-mechanical coupling factor

KP ¼ stiffness of piezo-diaphragm
Li ¼ length of ith component

Fig. 7 Root locus plot and onset parameters (s and x) of a
closed-ended thermo-acoustic-piezoelectric energy harvester
with resonator length L 5 0.5 m

Fig. 8 Effect of resonator length on the temperature ratio s fre-
quency and dimensionless frequency of onset of oscillations
for a closed-ended thermo-acoustic-piezoelectric energy har-
vester [(a) temperature ratio, (b) frequency, (c) dimensionless
frequency]
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DPp ¼ pressure across piezo-diaphragm
Pi ¼ pressure of ith component
q ¼ electrical charge
Q ¼ volumetric flow rate
Qi ¼ input heat
RL ¼ load resistance

s ¼ Laplace complex number

sE ¼ compliance
S ¼ strain
tP ¼ diaphragm thickness
T ¼ temperature

TP ¼ piezo-stress
vP ¼ piezoelectric voltage
Vi ¼ volume of ith component
xi ¼ position of ith component

Za ¼ acoustic impedance
Zp ¼ impedance of piezo-diaphragm

Greek Letters

e ¼ permittivity
c ¼ ratio of specific heats
q ¼ density
s ¼ temperature ratio
x ¼ frequency of oscillation

xn ¼ natural frequency of oscillation

Subscripts

C ¼ hot cavity
D ¼ regenerator
I ¼ inertance
t ¼ tube

R ¼ resonator

Appendix

A.1 Mechanical Impedance of Piezoelectric
Diaphragm. The electrical circuit describing the interaction
between the mechanical and electrical domains of the piezo-
diaphragm is shown in Figure 9.

In the above circuit, the piezo-diaphragm act as a transformer
of the electrical energy into mechanical energy with a transformer
turning ratio¼/ given by:

/ ¼ �dKP=AR (A1)

Further simplification results in the circuit shown in Figure 10
where Z is given by:

Z ¼ RL

1þ RLCPs
(A2)

Therefore, the dynamics of the piezo-diaphragm can be described
by:

mPsþ s

KP
þ RL/

2

1þ RLCPs

� �
sXR ¼ ARPt (A3)

Equation (A3) can be rewritten as:

Pt

sXR
¼ 1

AR
mPsþ s

KP
þ RL/

2

1þ RLCPs

� �
¼ ZP (A4)

where ZP denotes the mechanical impedance of the piezoelectric
diaphragm.
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