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Contact Analysis of a Smooth Ball 
on an Anisotropic Rough Surface 
The effects of surface roughness and waviness upon the real contact areas, gaps 
between contact spots, and asperity contact pressures were studied. The distribution 
of real areas, gaps, and contact pressures are presented for different surface rough
ness, a and correlation lengths, p. The load-area relationship is compared to Bush's 
model of strongly anisotropic rough surface contact using a stochastic approach. 

1 Introduction 
The tribological behavior of a surface can often be related 

to the surface roughness. If the roughness is high, the area of 
intimate surface contact is usually much less than the apparent 
contact area and the contact stress will be inevitably high. The 
mode of contact with most metals will probably be plastic. On 
the other extreme, if the roughness is very low, the area of 
contact, as will be shown later, can be relatively large and 
approach a value equal to the nominal are such that ho gap 
exists between contact spots. 

For rough surface contacts, there is a need to know how the 
contact area, gaps, and contact stresses are distributed: does 
the contact consist of one relatively large spot, or a large 
number of evenly distributed smaller spots of equal size, or 
(more likely) a randomly distributed number of spots of widely 
different sizes? As the load increases, is the increase in real 
area due to an increase in their number or their sizes? 

In the past, stochastic techniques have been used to study 
rough surface contact problems, such as the proportionality 
of the load-area relationship (Greenwood and Williamson, 
1966; Bush et al., 1975), the distribution of contact areas and 
their size (Greenwood 1967; Sayles and Thomas 1978; Nayak, 
1971). The stochastic approaches usually assume that the dis
crete contact "spots" deform without interacting with each 
other and that the contacts tend to occur on the asperity peaks 
only. For nominally flat surfaces under light loads the indi
vidual contact spots may well be remote enough for these 
assumptions to be valid; however, for concentrated contacts, 
such as the contact of a sphere on a rough surface, it is not 
usually the case. 

As the roughness of a surface decreases, the contacts can 
be expected to occur on valleys as well as on peaks due to 
elastic conformity of the longer wavelength features. The de
velopment of numerical techniques for elastic rough surface 
(Webster and Sayles, 1986) contact has enabled us to consider 
the interaction of deformation from all the contact points. 
Therefore, in this paper, the influence of surface roughness 
on the distribution of real area, contact spot, gaps and contact 
stresses are studied using the numerical rough surfaces contact 
model described by Poon and Sayles (1993). 
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2 Rough Surface Contract Analysis 
A set of 11 abraded surfaces were prepared using silicon 

carbide abrasive paper of different grit size to produce different 
spatial structures. The surface parameters are characterized 
(White House and Archard, 1970) by the rms roughness a of 
the height distribution, and the correlation length (3* which 
describes the spatial structure of a surface. The correlation 
length (3* is defined in turns of the Autocorrelation Function 
p(r) by the relation p(/3*) = l/e. For larger values of (3*, the 
surface were obtained by an additional procedure of lapping 
the abraded surfaces with 1 /xm diamond paste for a short 
time. Asperity heights of each abraded surface were digitized 
by a Talysurf 4 with a fine tipped stylus. Each profile consisted 
of 100 digitized points at a sampling distance of 2 /xm, thus 
giving a profile length of 0.2 mm, which is slightly greater than 
the nominal contact width for the conditions used in the contact 
analysis. Since the values of a and (3* increase with the profile 
length, the surface roughness values a and /3* obtained from 
the profile length, which is near to the nominal contact width, 
can be said to be representative for the contact analysis. For 
a given profile, the magnification of the surface height values 
is changed to obtain different values of vertical roughness while 
the spatial structure remains unchanged. In this way, a total 
of 110 different profiles were available for contact analysis. 

In the contact analysis, the ball diameter is 12.7 mm, the 
material moduli of the upper and lower bodies E\—Ei = 207 
Gpa, Poisson's ratio p = 0.3, Hardness = 160 Hv for the spec
imen and the ball load is ION giving a mean pressure 0.56 Gpa. 

2.1 Effect of a. Figure 1 shows the contact stresses and 
surfaces deformation at a mean pressure of p„ = 0.56 Gpa for 
three surfaces having decreasing a but similar values of (3*. It 
can be seen from this set of Figures that for a constant ft*, as 
the roughness decreases, the area of contact increase and the 
state of changes from predominantly plastic to predominantly 
elastic and eventually reaches total conformity. 

2.2 Effect of j3* Figure 2 shows the contact stresses and 
surface deformation at a mean pressure of p„ = 0.56 GPa for 
three surfaces having increasing (3* and similar a values. Again 
there is tendency to three types of contact. As (3* increases, 
the contact changes from predominantly plastic to predomi
nantly elastic. At large 0*, the contact tends to a state of total 
conformity. 
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Fig. 1 Three types of surface contact for three surfaces having de
creasing a but similar values of /}*. p„ = 0.56 Gpa, H = 160 H„ E, = E2 = 207 
Gpa, v, = v2 = 0.3 
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Fig. 2(a) Partial plastic contact 
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Fig. 2(b) Partial elastic contact 

Fig. 2(c) Almost total elastic contact 

Fig. 2 Three types of surface contact for three surfaces having in
creasing /3* but similar values of a. p„ = 0.56 Gpa, H = 160 H„ E1 = E2 = 207 
Gpa, v, = v2 = 0.3 
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Fig. 3 Variation of real area and plastic area with ulji' for 110 surfaces 
with different combination of a and 0* 
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Fig. 4 Variation of real area with load for different <J//3* 
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Fig. 5 Variation of plastic area with load for different alp* 

2.3 Effect of <T//3* In the characterization of rough sur
faces, it has been found that many surfaces contact conditions 
can be related to the ratio a//3* (Whitehouse and Archard, 
1970). Indeed, the contact area can be related to a/13*, as shown 
in Fig. 3, which represents the results of 110 surface profiles 
with different a and /3*. 

At large o/fi*, the asperity contact will be predominantly 
plastic. A value of the ratio of plastic area/real area Ap/Ar 
can be chosen to represent the mode of plastic deformation. 
At a very small o/fi*, there exists a small but finite value of 
<T//3* below which the real area is equal to the nominal area. 

2.4 Effect of Load. It is generally believed that the real 
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Fig. 6(c) o7j3* = 0.015 

area is directly proportional to load for light loads. Here, the 
proportionality of the load-area relationship is investigated. 
Figures 4 and 5 show the variation of real area and plastic 
area with load for different o//3*. In all cases proportionality 
is seen to be valid over a limited range of pressure and this is 
usually the low pressure region. However, in some cases pro
portionality extends over a wide range of loads. 
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2.5 Distribution of Contact Areas, Pressures, and 
Gaps. In this section, the distribution of contact areas, con
tact pressures and gaps for different a/13* are examined. In 
order to have enough sample data for the distribution curves 
to be representative, contact results obtained from 7 to 8 sur
faces with the same ratio of a//3 at a mean pressure of p„ = 0.56 
Gpa are used. 

Pressure/Hardness 

Fig. 6(h) alp* = 0.0013 

Fig. 6 Pressure distribution for different <r//3*.p„ = 0.56 Gpa, H=160 H„ 
E, = E2 = 207 Gpa, v, = v2 = 0.3. 

Figure 6 shows the distribution of contact pressure for dif
ferent CT/J3*. The contact pressure is the average pressure in 
the ^-direction. For large o/fi*, the contact is predominantly 
plastic and for small <r/|8*, the contact is predominantly elastic. 
For a/73* < 0.005, the pressure distribution tends to a Gaussian 
form. For each distribution, the average pressure is calculated 
and the results are shown in Fig. 7. (The average pressure is 
the average value over the local contact asperity pressures and 
is not the nominal pressure.) The average pressure appears 
proportional to a/ft . 

Figure 8 shows the distribution of contact areas for different 
CT/|8*. The log-normal distribution curve is superimposed for 
comparison. For large <J/(5* , the distribution is generally pos
itively skewed. This means that the contact consists of a rel
atively large number of smaller contact spots. For an inter
mediate value of ff//3*, for example, 0.006<o/|6* <0.013, the 
distribution is closely log-normal. As CT//3* becomes smaller, 
the distribution tends to be negatively skewed. This indicates 
the contact is dominated by some larger contact spots. This 
can be interpreted as the individual contact spots merging 
together to form a larger spot as the surface becomes smoother. 

Figure 9 shows the cumulative area distribution for different 
values of CT/J3* . The graph is scaled such that a straight line is 
produced when the distribution is log-normal. It can be seen 
that the distribution is closely log-normal for large <r//3*. As 
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Fig. 7 Variation of mean contact pressure with o//3*. p„ = 0.56 Gpa, 
H = 160 Hv, E, = E2 = 207 Gpa, v, = v2 = 0.3. 
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a/p* becomes very small, the distribution does not follow a 
log-normal form. This may be due to the inadequacy of the 
area population as some smaller contacts merge together to 
form a larger contacts. 

PROBABILITY DENSITY DISTRIBUTION 

STANDARD DEVIATION = ,536 

MEAN VALUE = 2.293 

NORMALISED SKEWNESS « - . 3 3 3 

NORMALISED KURTOSIS = 3.132 

1.00 2.00 3.00 4.03 

LOG ( Area - (im2 ) 

Fig. 8(e) rf/S* = 0.0064 

Figure 10 shows the contact area created by varying the 
height of the roughness of the same abraded surface under the 
same mean pressure of 0.56 Gpa. Some smaller contacts merge 
into a larger contact as the surface roughness decreases. Figure 
11 shows the variation of the number of contact spots with a/ 
/3*. As expected, at small a/p*, the number of contact spots 
becomes smaller as a result of the merged contacts. As a/p* 
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Fig. 8 Contact area distribution for different alfi". p„ = 0.56 Gpa, H = 160 
H„ E, = E2 = 207 Gpa, I/, = v2 = 0.3. 

increases, the number of contact spots gradually increases until 
at large a/0*, it appears to approach a constant value. 

The mean contact area for each distribution is calculated 
and shown in Fig. 12. The mean area changes very little over 
the range of a//?* used, but increases slightly for small cr//3*. 
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Fig. 10 Effect of increasing the surface roughness of a surface with 
the same 0* on the size of individual contact. p„ = 0.56 Gpa, H= 160 H„, 
Ei = £z = 207 Gpa, v, = v2 = 0.3. 

Fig. 11 Effect of o//3* on the number of individual contacts 

Journal of Tribology OCTOBER 1994, Vol. 116 / 855 Downloaded From: https://tribology.asmedigitalcollection.asme.org on 06/28/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



E 

o/B* 

Fig. 12 Variation of mean contact area with alp* 

PROBABILITY DENSITY DISTRIBUTION 

STANDARD DEVIATION • .243 

MEAN VALUE • 2.550 

NORMALISED SKVNE55 = .364 

NORMALISED KURT051S = 2.258 

1.00 2.00 3.00 

LOG( S p a c i n g - Urn2 ) 

Fig. 13(a) alfi* = 0.022 

PROBABILITY DENSITY DISTRIBUTION 

1.00 

.90 

• SO 

.40 

.20 

-

-

-

-

STANDARD DEVIATION = 

MEAN VALUE 

NORMALISED GtCEVHESS = 

NORMALISED KURT0S1S = 

, --

.329 

2.523 

,446 

2.414 

j 

til ji 
1 

LL , 
1.00 2.00 

LOG( S p a c i n g -

Fig. 13(b) <r/g* =0.017 

3.00 

am2 ) 

This result is in keeping with Greenwood's (1967) theory of 
how electrical contact resistance and friction theories can be 
explained in terms of a constant spot size. 

Figure 13 shows the distribution of gaps for different a/13*. 
Unlike the distribution of contact area, the distributions are 
mostly positively skewed, indicating a larger population of 
smaller gaps between contacts. 

Figure 14 shows the variation of the number of gaps with 
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<T//3*. At small o/fi*, the number of gaps becomes smaller due 
to conformity. As a/fi* increases, the number of gaps gradually 
increases until at large o/fi*, it appears to approach a constant 
value. 

For each distribution curve, the mean gap is calculated and 
shown as a function of CT//3* in Fig. 15. The results show that 
the mean gap increases slightly with cr//3*. 
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Fig. 13 Gap distribution for different a/0*. p„ = 0.56 Gpa, H=160 H„ 
E, = E2 = 207 Gpa, v, = v2 = 0.3. 

2.6 Density of Contacts. The density of contacts Dc is 
defined as the number of contact elements divided by the total 
number of elements. Figure 16 (curve a) shows the variation 
of Dc with ff/|8*. The results show that the density of contacts 
decreases as a//3* increases. As a/13* becomes greater, the rate 
of decrease in Dc is smaller. 

Fig. 15 Variation of mean gap with alfl* 

Fig. 16 Variation of contact density with olf}': (a) number of contacts/ 
number of elements; (b) number of peaks in contact/number of contacts; 
(c) number of valleys in contact/number of contacts; (d) number of shoul
ders in contact/number of contacts. 

It is generally believed that contacts take place on the asperity 
tips and as a consequence wear and plastic deformation is 
confined to asperity peaks and the valleys remain untouched. 
For rough surfaces, the statement is reasonably acceptable. 
However, for very smooth surfaces, contacts can occur in the 
valleys due to significant amounts of elastic conformity. It is 
instructive to know among the contact how many are peak, 
valley or neither peak nor valley, as surface roughness varies. 
For convenience, a point which is neither a peak nor a valley 
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is called a shoulder. The proportion of contacts occurring on 
peaks, valleys and shoulders is also shown in Fig. 16 . The 
proportion of peaks among contacts increases with a/fi. At 
large cr//3*, the contacts mainly occur on peaks, and the pro
portion of valleys in contacts varies only slightly. But as o/fi* 
becomes smaller than 0.008, there is a definite increase in the 
proportion of valleys in contact. The proportion of contacts 
on shoulder does not change appreciably for a/j3* < 0.012. But 
as o/fi*> 0.012, it also decreases with a/(3*. 

3 Comparison of Numericl and Stochastic Re
sults. Traditionally, load-area relationships have been de
rived by a stochastic approach. Bush et al. (1975) have studied 
the contact of strongly anisotropic rough surfaces and there
fore provide a suitable model for comparison. Onions and 
Archard (1973) have provided a model for isotropic surfaces. 
Although exact agreement would not be expected, it is of 
interest to know how comparisons behave. 

Bush et al. modeled the surface as parabolic ellipsoids having 
a Gaussian distribution of heights. They derived the following 
expressions for the relationship between the normal load W 
and the contact area A, 

Table 1 Numerical results for load/area analysis 

where 

W Q7r(A2 + Ar'2)1/2 

A ~ 2vrk7K(k) 

— 0.4777X 
k = -1-1.3211A 

k = (\-k") 72-.1/2 

E' = 
\-v\ \-vj 
E, + E, 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

m02 and m20 are spectral moments in orthogonal directions, A 
is the anisotropic bandwidth parameter and K(k) is the com
plete elliptical integral of the first kind. 

In order to apply the Bush model to compare with the nu
merical model, the value of A is chosen 0.01, which corresponds 
to a very high degree of anisotropy. The elliptical integral is 
evaluated using tables (Dwight, 1966) for A = 0.01, thus the 
theory of Bush can be stated as W/A = 0.214E'\fm2. 

Onions and Archard modeled the surface as possessing a 
Gaussian height distribution with an exponential autocorre
lation function, and derived an expression for isotropic sur
faces, i.e., W/A = 0.3'o/f3*. 

The numerical results are summarized in Table 1. Figure 17 
shows the load/contact area results from the numerical contact 
model plotted against E'\fm2. West et al. (1987), using nu
merical analysis of a two-dimensional contact of a cylinder on 
a nominally rough surface, have shown that their results agree 
well with Bush's theory. Their results are also shown for com
parison in Fig. 17. The straight line gives the result from Bush's 
analysis. The agreement is good for surfaces with 
E'^m2> 0.002. However, for surfaces with smallE'^Jm2, the 
results appear to deviate. The deviation can be explained by 
conformity and the effect of concentrated contacts. For very 
smooth surfaces, it has been shown that the contact area ap
proaches the nominal area which is given by, 

3 WR\ln 

A„ = * l ^ r ) . (7) 

Surfaces 

1 
2 
3 
4 

8 
9 
10 
11 
12 
13 

CT(Hm) 

0 . 0 0 5 
0 . 0 7 9 
0 . 0 6 5 
0 . 0 4 1 
0 . 1 5 6 
0 . 1 1 4 
0 . 0 1 5 
0 . 1 9 0 
0 . 1 8 0 
0 . 0 4 6 
0 . 0 6 5 

• 0 . 0 6 8 
0 . 0 4 6 

p* (Jim) 

4 . 6 0 
4 . 7 3 
7 . 8 0 
1 8 . 4 
1 7 . 8 
2 6 . 8 
3 . 4 0 
6 . 2 5 
7 . 5 4 
5 . 8 0 
6 . 2 0 
6 . 1 2 
4 . 7 2 

m2 

4 . 5 5 E - 6 
1 . 4 3 E - 4 
3 . 0 3 E - 4 
2 . 9 6 E - 5 
1 . 8 6 E - 4 
1 . 9 7 E - 4 
3 . 6 4 E - 5 
3 . 6 7 E - 3 
2 . 5 1 E - 3 
1 . 5 1 E - 4 
2 . 7 4 E - 4 
2 . 8 2 E - 4 
3 . 0 1 E - 4 

W/A (N/Mm2) 

4 . 8 5 E - 4 
7 . 0 9 E - 4 
7 . 3 6 E - 4 
5 . 0 0 E - 4 
8 . 0 0 E - 4 
5 . 6 6 E - 4 
5 . 8 3 E - 4 
1 3 . 5 E - 4 
1 1 . 9 E - 4 
7 . 5 4 E - 4 
8 . 3 0 E - 4 
7 . 7 1 E - 4 
7 . 5 6 E - 4 

W/A = 0.56 Gpa 

EVm2 

Fig. 17 Variation of load/area results with E'Vm2. • Rough surface 
contact results; • West and Webster results; — from Bush's theory. 

W/A = 0.56 Gpa 

Fig. 18 Variation of load/area of trip*. The straight line gives the results 
from Onions and Archard's theory. 

where Wis the load and R is the radius of the ball. Then the 
load/area is given by, 

W AE'Wxn 

A ~ 3TT7? 
(8) 

Therefore, for a conforming surface W/A is proportional 
to Wm and inversely proportional to the radius R. Thus the 
results for a ball with a small radius are expected to be higher 
than results for two nominally flat contacts. 

The average W/A„ is given by the nominal pressure which 
is 0.56 Gpa. Therefore, the load/area results would be expected 
to converge to 0.56 Gpa as shown in Fig. 18 when the surfaces 
become very smooth. As the surface roughness increases, the 
contacts are fewer and the load is spread more evenly like that 
shown in Figs. 1 and 2. In this case the effects of having so 
called concentrated contacts become less significant and results 
agree equally well with Bush's theory for nominally flat sur-
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faces, and with the results of West and Webster for 2-D cy
lindrical contacts. 

Figure 18 shows the W/A results from the numerical model 
plotted against a/B*. The straight line gives the results from 
Onions and Archard's theory. Exact agreement would not be 
expected because in Onions and Archard's model the surface 
roughness was assumed to be isotropic. From the figure, as 
a/B* becomes smaller, the load/area value approaches the 
value given by the nominal pressure. 

4 Conclusions 
A numerical elastic-plastic contact model has been used to 

analyze a sample set of rough surface profiles. The real area 
and plastic area are found to dependent on the ratio a/B*. For 
a particular value of a/B*, the real and plastic area can be 
determined by the curve shown in Fig. 3. In general, there 
exists different types of contact depending on the value of a/ 
B*. For large a/B*, the contact is predominantly plastic. The 
area is less dependent on a/B*. For intermediate a/B*, the 
contact is predominantly elastic. As a/B* becomes smaller, 
there exists a finite value of a/B* such that the real area is 
equal to the nominal area. 

The load-area relationship for different a/B* has been in
vestigated. The hypothesis that the real area of contact is pro
portional to load has been shown to be approximately true for 
surfaces with the intermediate values of a/B* and large values 
of a/B* at relatively low loads. For a surface with a very small 
value of a/B*, the real area approaches the nominal area 
asymptotically. Results have been compared with Bush's sto
chastic contact model for highly anisotropic rough surfaces 
and agreement is good for surfaces with relatively large values 
of a/B*. However, as a/B* becomes smaller, the load/area 
approaches the values given by the nominal pressure for smooth 
surface contacts. 

The distribution of contact pressures, contact areas, and 
gaps have been investigated for various a/B*. The distribution 
of pressures can follow a Gaussina form for intermediate a/ 

8* or small a/B* while the distributions become skewed to
wards the flow pressure of the softer material at large a/B*. 

In general, the distribution of contact areas follows a Gaus
sian form for intermediate and high values of a/B*. The av
erage size and number of the contact spots does not vary 
appreciably for intermediate and large values of a/B*. But at 
small values of a/B*, the number of contact spots is small and 
their sizes are large. 

The distribution of gaps is generally positively skewed for 
all values of a/B*. The average gap increases slightly with a/ 
B*. For small a/B* the number of gaps is small. The number 
of gaps increases with a/B* and approaches a contact at value 
at large a/B*. 
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