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Abstract

In this paper we consider Fibonacci inequalities and relate them through the sequence
{mr}::l defined by where n is a fixed natural number and F,, F,, F;, ...are the ordinary
Fibonacci numbers.
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INTRODUCTION

“Fibonacci inequalities” have been studied in a variety of contexts. Atanassov [3]
considered the Fibonacci inequalities and relate them through the sequence {mr }'::0 defined by
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m, = F.F

r° n+l-r?

where nis a fixed natural number and F, F,, F,, ....... are the ordinary Fibonacci
numbers as defined in [4]. We consider the similar Fibonacci inequalities and relate them
through the sequence {mr}f:l defined by m, =FF,,, .F where nis a fixed natural number

n+l-r° n+2-r?

and F, F,, F,, ....... are the ordinary Fibonacci numbers.

Theorem: For every natural number k, the following inequalities for the elements of the
sequence {m, }_ are valid :

(@) Forn =4k,
() FFyFua > FFRy L Fuy > > Py a P Fas > FooFaa P > P s FosFa, > > Fy RF,
(i)

FoFaaFa > FiFacsFace > > FuFaaFoc > FacaFacFos > FasFac o P > > Ry B R
(b) For n=4k+1,

()

FFuiFage > FBFaaFac > > FaaFaaFace > FaoFacFaa > PPy Fo > > By B R
(i)

F R Fun > FiFaoFaa > > By R Fos > Faca Faca Focee > FasFaca Fac > - > Fyn B R,
(c) For n = 4k+2,

()

FFaoFacs > FsFacFacs > > FacaFaco Fos > FacoFaca Focee > FacaFaa Fax > - > Fa o BLF,

(i)

FoFuaFace > FiFacaFac > > By FasFaca > Faca P Fais > FacsFacFas > > P B R
(d) For n = 4k+3,

()

FFusFace > BFRaaFace > > FaaFagsFaca > Faco Face Facs > FacaFacFan > > Fy B R
(i)

FoFuoFacs > FaFacFaca > > Py P aFacs > Foca FokisFokes > FasFaca ok > > F sRF,

Proof : case (a)
(i) F1F4k+4F4k+5 - F3F4k+2F4k+3

_ 2
= FoaFacs t Faa — 2Fac2Fas
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= F42k+3 + I:42|<+4 - F4k+2 F4k+3
= Fos+ Faos(Fas — Fuyen) >0

Thus, FF,.,Fi.s > FFoFa s
This shows that the inequality (1.1) is valid for i = 1.
S T S S D = 1.1)
Let us assume that, for some i, 1<i<Kk, the inequality (1.1) is true.
For desired result, we use induction method and prove that the inequality
F2i+l F4k—2i+4 F4k—2i+5 > F2i+3 F4k—2i+2 F4k—2i+3 ---------- (1-2)
is also true.
BUt7 I:2i+1 I:4k—2i+4 l:4k—2i+5 - F2i+3 I:4k—2i+2 I:4k—2i+3
= 2F4?I(—2i+3 I:2i+1 + 3F4k—2i+3 I:4k—2i+2 F2i+l + FA?I(—ZHZ I:2i+1 - I:2i+2 I:4k—2i+2 I:4k—2i+3 - I:2i+l I:4k—2i+2 F4k—2i+3
= 2F42k—2i+3 Fois + FrioioFon + (2F51 —Faio) Fuoi Faziss
= 2F i sisFois + FaaioFoia + (Fas — Fa) FaaioFacais > 0
Now, (ii) F,F, . sFucs — FaFaciFae

= (Faca + Facea) (Faa + 2F00) = 3FaaFa

= F42k+l +2 F4;|2<+2 >0
Thus, F,F,.:F...> F.FuiFus
This shows that the inequality (1.3) is valid for i = 1.
FoFu oisFacoie > FoioFakoinaFakoia e @.3)
Let us assume that for some i, 1<i<k the inequality (1.3) is true.
Then we must prove that the inequality (1.4) is also true.

F2i+2 F4k—2i+3F4k—2i+4 > F2i+4 F4k—2i+1F4k—2i+2 ---------- (1-4)

BUt’ I:2i+2 |:4k—2i+3 I:4k—2i+4 - |:2i+4 |:4l<—2i+1 I:4k—2i+2

= M2 (F4k—2i+l + F4k—2i+2) (2 F4k—2i+2 + I:4k—2i+1) - (F2i+1 + 2 F2i+2) F4k—2i+l|:4k—2i+2

= Maiv2 3 Fakoisa Fakoaia + F42k—2i+1 +2 F42k—2i+2) - (F2i+l +2 F2i+2) FaoiaFacaie > 0
This shows that the inequality (1.4) is true and hence (ii) is true.

Particularly, when k = 3, n becomes 12 which gives the following two results:
1) I:1|:12|:13 > I:3|:10|:11 > FS F8 F9 > I:7 F6 F7 > FS I:5 FG > |:10|:3 F4 > FlZFlFZ
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2) F,F,F,> F,RF,> F,F R > FRFE > K FFK > F,FF

Similarly other cases can be proved.
Corollary : For every natural number n the maximal element[1] and [2] of the sequence

{m}' is F,F,F,, and the minimal element is F,F,F,.

n
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