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Many of the principal concepts that underpin current
metallic structural design codes were developed on the
basis of bilinear (elastic, perfectly-plastic) material
behaviour; such material behaviour lends itself to the
concept of section classification. The continuous strength
method represents an alternative treatment to cross-
section classification, which is based on a continuous
relationship between slenderness and (inelastic) local
buckling and a rational exploitation of strain hardening.
The development and application of the continuous
strength method to structural steel design is described
herein. Materials that exhibit a high degree of non-
linearity and strain hardening, such as aluminium,
stainless steel and some high-strength steels, fit less
appropriately into the framework of cross-section
classification, and generally benefit to a greater extent
from the continuous strength method. The method
provides better agreement with test results in
comparison to existing design codes, and offers increases
in member resistance and a reduction in scatter of the
prediction. An additional benefit of the proposed
approach is that cross-section deformation capacity is
explicitly determined in the calculations, thus enabling a
more sophisticated and informed assessment of ductility
supply and demand. Further developments to the
method are under way.

I. INTRODUCTION

The resistance of structural cross-sections is a continuous
function of the slenderness of the constituent plate elements.
Resistance based on the assignment of cross-sections to
discrete behavioural classes is a useful, but artificial,
simplification. Most structural design codes define four classes
of cross-section: class1 (plastic), class 2 (compact), class 3
(semi-compact) and class 4 (slender). The moment-rotation
characteristics and idealised bending stress distributions
associated with the four classes of cross-section are illustrated
in Figs 1 and 2, respectively. Class 1 cross-sections are fully
effective under pure compression and are capable of reaching
and maintaining their full plastic moment M, in bending (and
may therefore be used in plastic design). Class 2 cross-sections
have a somewhat lower deformation capacity, but are also fully
effective in pure compression and are capable of reaching their
full plastic moment in bending. Class 3 cross-sections are fully
effective in pure compression, but local buckling prevents
attainment of the full plastic moment in bending; bending
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moment resistance is therefore limited to the elastic (yield)
moment M. For class 4 cross-sections, local buckling occurs
prior to yielding. The loss of effectiveness owing to local
buckling (below the yield stress) is generally accounted for by
the determination of effective cross-section properties based on
the width-to-thickness ratios, boundary conditions and loading
conditions of the individual plate elements. The resulting
effective area A (for compression) and effective modulus Wegr
(for bending) is then used to determine cross-section resistance.

Although not explicitly included in the determination of
resistance, strain hardening is an essential component of the
described section classification system, and is required, for
example, to enable the attainment of the plastic moment Mp, at
finite strains. The continuous strength method represents an
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alternative treatment to cross-section classification, which is
based on a continuous relationship between slenderness and
(inelastic) local buckling and a rational exploitation of strain
hardening. The development and application of the continuous
strength method is described herein.

2. CROSS-SECTION CLASSIFICATION

To illustrate the shortcomings of cross-section classification,
test data for structural steel sections in compression and
bending are plotted in Figs 3 and 4 respectively. Fig. 3 shows
the results of stub column tests'~® on structural steel square
and rectangular hollow sections and lipped channels. The
maximum load-carrying capacity of the stub columns F, has
been normalised by the yield load (determined as the gross
cross-sectional area A multiplied by the material yield strength
f) and plotted against the maximum slenderness of the
constituent plate elements Ip, defined by equation (1)
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where o0, is the elastic critical buckling stress of the plate
element, b and t are the plate width and thickness respectively,
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Fig. 3. Stub column test results
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Fig. 4. CHS bending test results
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E is Young’s modulus, v is Poisson’s ratio, € = (235/§,)1/2 and
ko is the familiar buckling coefficient allowing for differing
loading and boundary conditions. The slenderness limit beyond
which cross-sections are deemed not to be fully effective,
together with the curve representing reduction factors for loss
of effectiveness from Eurocode 3, are indicated in Fig. 3, and
may be seen to accord well with the test data. The test data
also reveal, however, significant conservatism when the
resistance of stocky cross-sections is limited to the yield load;
this is attributed to the occurrence of strain hardening.

Figure 4 shows the results of bending tests on structural steel
circular hollow sections (CHS). These results were collated from
a series of three- and four-point bending tests.”~? In Fig. 4,
the maximum bending moment from the beam tests M, has
been normalised by the elastic moment M, (determined as the
elastic modulus W, multiplied by the material yield strength £)
and plotted against the cross-section slenderness A., defined by
equation (2). The Eurocode 3% cross-section classes are also
indicated in Fig. 4, where the plastic moment Mj, (determined
as the plastic modulus W, multiplied by the material yield
strength £) applies to class 1 and 2 cross-sections, the elastic
moment M, applies to class 3 cross-sections and an effective
moment should be determined for class 4 cross-sections.

g 1 232235\/3(1—1»2)(&)
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where 0, is the elastic critical buckling stress of the circular
hollow section and D and ¢ are the diameter and thickness of
the circular hollow section respectively. Note that the adopted
slenderness measure for CHS is based on the minimum elastic
buckling stress of a uniformly compressed circular shell (in the
axisymmetric mode). No distinction is made between loading
conditions (i.e. no advantage is taken when considering less
severe stress distributions than pure compression), unlike for
the case of flat plates, where the buckling coefficient k, does
account for different in-plane stress gradients. This is partly for
simplicity and partly owing to difficulties in assessing the
resulting local buckling response, particularly in the inelastic
range. A similar approach is taken in Eurocode 3,'> which
employs common slenderness limits for CHS in both
compression and bending, though this approach has been
questioned.'®!> Further investigation is under way on this
matter.

Figure 4 generally indicates that the cross-section classification
system is conservative and that its stepwise nature does not
reflect the observed physical response.

3. THE CONTINUOUS STRENGTH METHOD

Many of the principal concepts that underpin current metallic
structural design codes were developed on the basis of bilinear
(elastic, perfectly-plastic) material behaviour; such material
behaviour lends itself to the concept of section classification.
The continuous strength method employs more precise material
modelling. Such models reflect, for example, the strain
hardening associated with hot-rolled steel sections and the
characteristic rounded stress-strain behaviour of aluminium,
stainless steel and some high-strength, cold-worked steels.
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In addition to accurate material modelling, a key feature of the
continuous strength method is to replace the concept of cross-
section classification with a continuous non-dimensional
numerical measure of the deformation capacity of the cross-
section. The relationship between cross-section slenderness and
cross-section deformation capacity has been derived on the
basis of stub column tests in compression. This relationship has
been derived for steel cross-sections comprising flat plates and
for circular hollow sections. The adopted measures of
slenderness, /_lp and A, are given by equations (1) and (2) for
plated cross-sections and circular sections respectively.

3.1 Cross-section deformation capacity

The basic measure of cross-section deformation capacity has
been derived from the end-shortening d, corresponding to the
ultimate load F, from stub column tests. Average strain at
ultimate load (referred to herein as local buckling strain &)
may subsequently be determined by dividing &, by the stub
column length L. To allow for differing material properties, the
local buckling strain &5 has been normalised by the elastic
strain at the material yield stress &y, where g9 = §,/E. Cross-
section deformation capacity will therefore be defined by the
normalised local buckling strain &;/€o.

3.2. Relationship between deformation capacity £ g and
slenderness

The relationship between elastic critical buckling strain &,
(normalised by the elastic strain at the material yield stress &o)
and cross-section slenderness is given by equations (3) and (4)
for flat plates and circular sections respectively.

for flat plates

Buckling, however, only occurs wholly in the elastic material
range for slender plates. In order to derive a relationship
between deformation capacity and cross-section slenderness,
equations (3) and (4) therefore have to be modified to allow for
effects including inelastic buckling, imperfections, residual
stresses and post-buckling behaviour. To this end, the general
expression of the form given by equation (5) was adopted. The
general expression is similar to that proposed for flat
aluminium plates'®

EB A
& . B+CZ

where the coefficients A, B and C may be derived by regression
analysis of stub column test data. The regression analysis
yielded equation (6) for steel cross-sections comprising flat
plates, which together with the stub column test data!~® has
been plotted in Fig. 5.
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Fig. 5. Deformation capacity—slenderness relationship for flat
steel-plated cross-sections
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From Fig. 5 it can be seen that the tests on the plated sections
generally lie above the elastic critical buckling curve, with the
greatest deviation occurring for low values of Ip. The
regression curve shown in Fig. 5 represents the continuous
relationship between cross-section slenderness and cross-
section deformation capacity (equation (6)), derived from the
stub column tests.

For circular sections, a regression analysis of steel CHS stub
column data'”''® led to equation (7). The CHS stub column data
and regression curve have been plotted in Fig. 6, together with
the elastic critical buckling curve. It may be observed that,
unlike for the plated sections, the CHS data points lie below the
elastic critical buckling curve, reflecting the unstable post-
buckling behaviour of circular tubes and the resulting
sensitivity to imperfections.
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Fig. 6. Deformation capacity—slenderness relationship for CHS
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The derived slenderness-deformation capacity relationships
(equations (6) and (7)) form the basis of the continuous
strength method, in which the acquired deformation capacity is
used in conjunction with a representative material model to
determine the resistance of structural cross-sections. It should
be noted that the deformation capacities for relatively slender
plate sections (Ip > 1) are influenced by post-buckling effects.
For such sections, the peak of the load-end shortening curves
does not provide an appropriate measure of deformation
capacity for the proposed method, and the results were
adjusted accordingly.®

3.3. Cross-section compression resistance

To determine cross-section resistance in compression the
deformation capacity obtained using the equations developed
in section 3.2 may be used directly to obtain the local buckling
strength oy of the cross-section through a representative
material model. The compression resistance is subsequently
determined by multiplying this local buckling strength org by
the gross cross-sectional area A.

The basic design steps for cross-section compression resistance
may be summarised as follows.

(a) Determine the slenderness Ep (or 1) for the individual
elements within the cross-section; cross-section slenderness
is defined by the most slender element.

(b) Use the cross-section slenderness to determine its
deformation capacity €5 via equations (6) or (7).

(c) Determine the corresponding local buckling stress oy from

the material stress-strain model.

Cross-section compression resistance N.gq is given by the

product of the local buckling stress o1 and the gross

cross-sectional area A (equation (8)).

=

Nera = o134

3.4. Cross-section bending resistance

In-plane bending resistance may be calculated on a similar
basis to compression resistance, whereby the deformation
capacity €1 of the cross-section is limited either by local
buckling of the web in bending or the compression flange in
pure compression. Once the outer-fibre local buckling strain
limit &5 has been established (following steps 1 and 2
described in the previous section), the moment resistance may
be calculated by means of integration of the material model
through the depth of the cross-section (equation (9)), assuming
a linearly varying strain distribution.

MC,Rd = J gy dA
A

where y is the distance from the neutral axis of the cross-
section.

For simple material models, such as an elastic, linear strain
hardening model (described by equations (10) and (11)),
explicit expressions for in-plane moment resistance in terms of
the outer-fibre local buckling strain limit &g can be derived.
For more complex material models, explicit expressions rapidly
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become unwieldy, and the concept of a generalised shape
factor can be introduced.?’ A generalised shape factor is
essentially a means by which material as well as geometric
properties of a cross-section are incorporated into a single
factor. The generalised shape factor ay can be presented in
tabular form, in terms of the outer-fibre strain limit €5 and
the conventional geometric shape factor a, of the cross-
section.?!?? To reduce design effort, an alternative treatment
whereby moment resistance is determined directly from the
deformation capacity of the cross-section and the traditional
elastic and plastic moment resistances is currently being
developed.

4. APPLICATION TO STEEL STRUCTURES

In order to assess the level of enhancement in resistance
offered by the continuous strength method over conventional
design methods for steel structures, comparisons against the
results of existing compression and bending tests were
performed. Member instability does not feature in the
comparisons made herein; instead cross-section resistance in
compression and in-plane bending are analysed. Study of such
behaviour is instructive since it represents one bound to the
member resistance, to which reduction factors can be applied
for member buckling. Additionally, many forms of
construction provide lateral restraint to beams such that lateral
torsional buckling may be neglected. Nethercot and Lawson??
discuss common cases of restraint in buildings. Kemp ef al.?*
examined the influence of strain hardening on the behaviour
of beams, and derived a relationship between curvature and
maximum bending resistance allowing for both local and
lateral buckling.

In this study, the elastic, linear strain hardening material model
described by equations (10) and (11) has been utilised to
approximate o from &g for structural steelwork.

where &, = £/E and Eq, is the slope of the linear strain
hardening region, assumed herein to be E/100, as
recommended in EN 1993-1-5.2° Integration of this material
model through the depth of an I-section (as expressed
generally by equation (9)) for a given outer fibre strain limit

og = Egig for g < &

o3 = fy + Egp(€18 — &) for &3 > &

&1 (taken at the centreline of the flanges, as shown in Fig. 7)
results in equation (12) for the prediction of bending resistance
Mrq when org > £. The local buckling stress o1z has been
assumed to act uniformly through the thickness of the flange,
while a reduced value has been calculated at the top of the
web, Oigwen = O [h/(h + tr)] based on a linear stress gradient.
The former assumption represents a marginally conservative
simplification. It is worth noting that equation (12) may be
adapted to rectangular hollow sections simply by multiplying
the web contributions to the moment resistance (the last three
terms of equation (12), each of which include the web thickness
tw), by 2.
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Fig. 7. Bending response of I-section with elastic, linear strain-
hardening material model: (a) cross-section; (b) strain;
(c) stress

4fytwy§+ tw s h

Mcra = O1bte(h + tf) + 3 T(h—4y1)

tw(aLB,web - fy)
12[h/2 — )

+24hy} — 16y7)

(h3 + 9h2y1

where symbols are defined by reference to Fig. 7 and y; may be
determined from equation (13). For 013 < £, Mcrq simply
reverts to that for an elastic bending stress distribution.

€
13 =—>(h/2+ty)
1B

For CHS, the bending resistance M.rq may be derived on the
same basis as equation (12) for plated sections, but by
integrating with respect to the angle 6 around the cross-
section, as described in general terms by equation (14).

/2

14 o(rsin @) trd@

Mc,Rd - 4J
0

where r is the radius of the CHS measured to the centreline of
the thickness ¢, as shown in Fig. 8. For the linear, elastic strain
hardening material model considered, the bending resistance
Mq for the case when o5 > f; is given by equation (15). As
for plated sections, in the case where o1 < £, Mcgq simply
reverts to that for an elastic bending stress distribution.

E1B 91 sin 291
MC,Rd = 4tr2{fy |:8_0 <7_ 4 ) +COS€1:|

O3 — fy
1—(&0/€1B)

L [T o sin20,
4 2

where 6, is the angle at which strain hardening begins (see Fig.
8), given by 0, = sin~'(go/&yp).

Comparisons of the continuous strength method with cross-
section compression tests and in-plane bending tests are shown
in Tables 1 and 2, respectively. The results have also been
compared with existing design guidance. All test specimens
have class 1, 2 or 3 cross-sections. Test data were sourced from
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Fig. 8. Bending response of CHS with elastic, linear strain-
hardening material model: (a) cross-section; (b) strain;
(c) stress

the references provided in section 2 and Byfield and
Nethercot.?®

The results show that, in all cases, the continuous strength
method offers more accurate average representation of physical
behaviour and a reduction in scatter. Tables 1 and 2 indicated
that by adopting the continuous strength method, average
increases in resistance of 12% for compression and 15% for in-
plane bending are achieved over existing methods (Eurocode
3). Although the continuous strength method is applicable over
the full range of element slenderness, greater benefits over
current practice are derived for stocky sections, and the
response of slender sections may be more accurately predicted
using an effective width?® or direct strength?’ approach.
Further research into application of the continuous strength
method to slender cross-sections is ongoing. Extension of the
method to cover shear resistance and hence combined bending
and shear is also currently under way.

Section Number FjiescFec3 Futes/Fucsm  Fucsm/Fuecs
type of tests

Plated 28 I1-16 1-03 I1-13
sections

CHS 8 1-19 1-08 1-09
Mean 1-17 1-05 1-12
COV* — 011 0-07 —
COV: coefficient of variation

Table I. Comparison of continuous strength method with

cross-section compression tests and existing design guidance

Section Number My esc/Muecs Mutes/Mucsm Mucsm/Mugcs
type  of tests

Plated 32 1-18 1-02 1-17
sections

CHS 43 I-13 1-00 I1-13
Mean — I-15 1-01 I-15
COVv* — -10 0-08

COV: coefficient of variation

Table 2. Comparison of continuous strength method with in-

plane bending tests and existing design guidance
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5. APPLICATION TO OTHER METALLIC
STRUCTURES

Materials that exhibit a high degree of non-linearity and strain
hardening fit less appropriately into the framework of cross-
section classification, and generally benefit to a greater extent
from the continuous strength method. Such materials include
aluminium, stainless steel and some high-strength, cold-
worked steels.

Application of the continuous strength method to aluminium,
stainless steel and high-strength steel has been described by
Gardner and Ashraf,?? and specifically to stainless steel by
Gardner and Nethercot?! and Ashraf et al.?$2° For stainless
steel, the pronounced strength enhancements that arise in the
corner regions of cold-formed sections®® owing to high
localised plastic deformation were also incorporated into the
design method. Average increases in resistance over the
existing methods (Eurocode) of around 30% for stainless steel
and 10% for aluminium were observed. Insufficient test results
precluded an equivalent comparison for high-strength steels,
but, given the comparable degree of non-linearity, similar
results to those obtained for aluminium would be anticipated.

6. CONCLUSIONS

In the present paper, some shortcomings of the concept of
cross-section classification have been highlighted, and, as an
alternative treatment, the continuous strength method has been
introduced. The continuous strength method is based on a
continuous relationship between slenderness and (inelastic)
local buckling and a rational exploitation of strain hardening.
The level of enhancement in resistance offered by the
continuous strength method over conventional design methods
for steel structures has been found to be approximately 12%
for cross-section compression strength and 15% for in-plane
bending strength, and there is also a reduction in scatter of the
predictions. An additional benefit of the proposed approach is
that cross-section deformation capacity is explicitly determined
in the calculations, thus enabling a more sophisticated and
informed assessment of ductility supply and demand. Further
developments of the method are under way.
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