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ABSTRACT
The main objective of this experimental investigation on th

gas flow slip regime is to measure the mass flow rate in isoth
mal steady flows through cylindrical micro tubes. Two techn
cal procedures devoted to mass flow rate measurements are c
pared, and the measured values are also compared with the
sults yielded by different approximated analytical solution of th
gas dynamics continuum equations. Satisfactory results are
tained and the way is clearly open to measuring mass flow ra
for higher Knudsen numbers, over all the micro flow transitiona
regime.

NOMENCLATURE
kλ coefficient depending on the molecular interaction model
m mass of the gas in the outlet tank
s standard deviation
u streamwise velocity
D diameter of the tube
Kn Knudsen number
L length of the tube
P pressure
Qm mass flow rate
P ratioPin/Pout
∗Address all correspondence to this author.
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R specific gas constant
T temperature
V outlet tank volume
α tangential momentum accommodation coefficient
τ experiment time length
λ mean free path
µ viscosity
σp first order velocity slip coefficients
σ2p second order velocity slip coefficients
Subscripts
s Slip parameter
out outlet tank
in inlet tank
m mean parameter
re f reference value
exp experimental value

INTRODUCTION
Since the early eighties, mass flow rates in microchannels

have mostly been measured using a liquid drop method [1] –
[6]. So far, in order to determine volumes variations and mass
flow rates, the drop movement has been either observed through
a low power microscope [1] or determined visually as a menis-
cus of water travelling along the marked scale of a syringe [3]
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or detected by means of optoelectronic sensors [6]. Other a
thors [7], [8] have used a different method involving a sensitiv
dual-tank accumulation technique based on the measurement
the pressure differences between an accumulation reservoir a
a reference tank.

Another approach used by some authors involves the u
lization of flowmeters [9] or high precision flow sensors [10] to
measure the mass flow rate. But this kind of measurement
restricted to relatively high mass flow rates about10−8kg/s.

The main aim of the present study focusing on the gas flo
regime is the validation of a mass flow rate measurement meth
based on direct pressure change measurements. Two methods
presented:

1. The liquid drop method already used and tested in prev
ous years, developed here using new equipment.

2. A new method (new as far as the measurement ran
is concerned) based on constant volume pressure measureme
using up-to-date Inficon pressure gauges with a resolution of
1.9, 0.19 and 0.019Pa.

Let us point out that the experimental methods mentioned
the beginning of the introduction generally concern experimen
carried out in channels with rectangular (or trapezoidal) cros
sections, while the present measurements have been carried
in microtubes. Experiments in this type of geometry are rar
[11] – [13]: they have been made in tubes of relatively larg
diameter (3.64cmin [11]), or using capillary packets of 10 to 640
capillaries [12], which makes difficult the control the diameter o
the capillaries.

Then the different features and the respective characterist
of the two experimental techniques are compared. Their respe
tive results are analyzed and compared with theoretical resu
derived from continuum approaches taking into account the ra
efaction effects present in microflows.

Although the NS equations are derived from a first orde
kinetic solution, many authors [6], [14] – [17] have suggested
using in this framework the velocity slip conditions of second or
der according to the Knudsen number, to better take into accou
the rarefied effects for the moderately rarefied gas flows. Th
implementation of these conditions leads to an additional term
the mass flow rate expression, proportional to the second ord
in Knudsen number.

The presence of the high order terms in the mass flow e
pression has also been highlighted by other authors [18]: by a
plying the BGK model in the Boltzmann equation for the cylin-
drical Poiseuille flow and in the case of diffuse scattering, th
asymptotic formula for the flow rate containing the terms of sec
ond and also third order in Knudsen number was obtained [18

The analysis of the present mass flow rate measurements
veals the existence of so-called ”second order effects” for ave
aged Knudsen numbers larger than0.1, as it was found in [4], [6].
Furthermore the velocity slip coefficients for the velocity slip
condition of second order and the accommodation coefficient a
2
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deduced from experiments using various continuum approaches.

EXPERIMENTS
Description of the methodology and experimental set-
up

Each of the experimental methods used in the present work
to measure the mass flow rate through a micro tube involves
the use of two constant volume tanks and so may be denoted
”constant-volume technique”. Both methods require very large
tank volumes, much larger than the volumes of the micro tube
and syringe in which the gas flows during the experiments
(Fig. 1). Large tank sizes guarantee micro flow parameters in-
dependent from the time: although detectible (through their ef-
fects), the mass variations occurring in the tanks during the ex-
periments do not call into question the steady assumption. Thus,
we have to fix a range for the maximal suitable pressure varia-
tions in the second tank, according to the inlet and outlet condi-
tions.

Pout

p.r : pressure regulator

p.rp.r

micro tube

Syringe

Valve B

Valve C

Valve D

D.A.Q
ccd

camera
Valve E

Valve A

High−pressure gas

Tank 2Tank 1

Pin

Vacuum pump

Figure 1. SCHEMATIC OF MASS FLOW EXPERIMENT.

The experimental set up shown in Fig. 1 takes into account
these constraints. The gas flows through a fused silica micro tube
fixed between two tanks in which the pressures remain very close
to constant valuesPin andPout, respectively. A pressure regulator
and a valve A (see Fig.1) are used to impose the pressure in the
first tank. The pressure in the second tank is adjusted by means
of another pressure regulator and three valves B, C and D (see
Fig.1), to ensure better tightness. In this tank the pressure varia-
tion due to the gas flow through the micro tubes is fixed at±1%
of the tank pressure averaged over the duration of the experi-
ment (for the experiment based on the pressure measurements)
As a consequence, the relative pressure variation in the first tank
remains close to±0.2%. This variation range means that the re-
quired experiment durationτ will vary from about five minutes
for the highest mass flow rate measured (10−9kg/s) to about fifty
minutes for the lowest(10−13kg/s).
Copyright c© 2006 by ASME
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Table 1. DETECTOR STUDY RANGE, EVERY DETECTORS (A,B and

C) ARE USED IN THEIR APPROPRIATE PRESSURE STUDY RANGE.

Detectors A B C

Pressure limit max (Pa) 133322. 13332.2 1333.22

Pressure limit min (Pa) 13332. 1333.2 133.32

Table 2. Technical data for the gas detector. The three detectors have

similar characteristics, but their full scales are different.

Detectors (A,B and C)

Full scale FS(Pa) 133322. (A)

13332.2 (B)

1333.22 (C)

Accuracy 0.20 % of reading

Temperature effect on zero 0.0050 % FS /◦K

Temperature effect on span 0.01 % of reading /◦K

Resolution 0.0015 % FS

The pressure measurements were carried out using sim
taneously two detectors chosen according to the pressure ra
(see Table 1). The first one (Inlet Detector) was located in th
first tank, upstream from the micro tube while the second (Ou
let Detector) was located downstream from the micro tube. Th
errors in pressure measurements in each tank depend on the c
acteristics of the pressure detectors, given in Table 2. Thus, in
pressure range observed during the experiments, the errors on
measurement of the outlet pressures were estimated smaller t
0.5%.

Moreover to obtain a significant and accurate pressure va
ation we also fixed a lower limit for the data acquisition, equal t
60 times the resolution. Thus the statistical processing involv
a correct discrete distribution of a sufficient number of points.

It is also of great importance to measure the diameters of t
tubes with a good accuracy because the analytical expression
the mass flow rate is proportional to the power four of the diam
eter. The surfaces of the inlet and outlet sections were scann
in environmental scanning mode (ESEM) with an electron m
croscope and the following estimation of the diameters may
retained:

D = 25.2±0.35µm. (1)

For all the connections needed in the gas circuit, we used a st
dard vacuum material (Swagelock technology) to achieve the
3
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best tightness possible. The control of the tightness is all the
more important as the pressures and mass flow rates to investi-
gate are low. Leak estimations were provided by various tests.
The leakage check was performed by pumping out the system
(the pressure was fixed at the same low value in both tanks), and
monitoring the pressure rise in the second (downstream) tank
for several hours. The first step of the measurements was per-
formed using detectors A and B. In that case, the lower pres-
sure measured in the outlet tank was∼ 1032Pa. The leakage
check was performed in these conditions. When the mean pres-
sure was equal to361.8Pa in both tanks and for a long experi-
ment time (2 hours), the sensor did not detect any fluctuation of
the signal: thus the pressure increase due to the leaks was lower
than the sensor resolution (0.19Pa), which implies a leak rate
smaller than2.08·10−14kg/s. For the mass flow range consid-
ered (2 ·10−12−2 ·10−10kg/s) these results represent a satisfac-
tory leak estimation: for the lowest mass flow rate measured, the
error induced by the leaks is certainly much smaller than1%.

Another experimental leakage check was carried out by
means of helium detection (with a portable leak detector): the
effect of the leaks on the mass flow rate was thus controlled as be-
ing smaller than10−17kg/s. Therefore this effect was not taken
into account when estimating the experimental errors.

The experiments were performed within a narrow temper-
ature range around296.5◦K, excluding any heat source in the
environment. During each experiment, the temperature was not
maintained but controlled to be sufficiently constant to justify the
isothermal assumption. Thus, during each experiment the max-
imal instantaneous temperature deviation from its initial value
was registered smaller than0.5◦K, using temperature detector
with 0.13◦K accuracy. In the next Section, devoted to the mea-
surement that was the most sensitive to the perturbing tempera-
ture variations, it will be shown that the non isothermal effects
are negligible.

Utilizing the apparatus described in Fig. 1 and taking into
account the previous methodological considerations, we used
two different technical approaches for the measurements of mass
flow rates through micro tubes: one consisting in registering the
motion of a liquid drop in a calibrated pipette installed down-
stream from the micro tube (see Fig. 1), the other based on direct
pressure rise measurements in the outlet tank. In the next para-
graph this latter method is developed first for a clearer presenta-
tion.

Mass flow rate measurement 1 (pressure method)
Analysis of the non isothermal effects The first

technique used to measure the mass flow rate consists in deter-
mining in the outlet tank a small pressure change due to the mass
flowing from the micro tube. The disturbing temperature varia-
tion in the outlet tank could directly perturb the significance of
the measurement. To make this clear, let us write for this tank
Copyright c© 2006 by ASME
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the law of perfect gases under the form:

PoutV = mR T, (2)

whereV represents the outlet tank volume which remains con
stant during the experiment,V = 65.71±1.5 cm3, andR is the
specific gas constant.Pout, T, m, are respectively, the pressure,
temperature and mass of gas in the outlet tank, at any timet of
the experiment time lengthτ. Let us define the variationdq of
any thermodynamic parameterq, occurring in the tank during the
experiment time length (whatever the reason of these variations
According to the previous section comments, these relative var
ations remain small, compared to 1. Therefore, they are obtaine
from (2), as verifying:

dPout

Pout
=

dm
m

+
dT
T

. (3)

Dividing the two terms of equation (3) by the experimental time
lengthτ and using equation (2) we obtain:

dm
τ

=
V
RT

dPout

τ
(1− ε), ε =

dT/T
dPout/Pout

. (4)

If ε is very small compared to1, disregarding the technical uncer-
tainties,dm/τ may be identified to the mass flow rateQm flowing
from the micro tube, anddPout (termed belowδPout) will allow us
direct measurement ofQm. As pointed out in the previous para-
graph, the maximal instantaneous temperature departure (fro
its initial value) registered during the experiments was smalle
than half a degree. Such a departure certainly overestimates t
probable temperature variation at any time. Therefore, from th
various points (n is the number of points) acquired during the ex-
perimental timeτ, we calculated the mean temperature valueT
and its corresponding standard deviations, which appears here
as a pertinent evaluation of the probable temperature variatio
The sample standard deviation is defined by

s=

√
1

n−1

n

∑
i=1

(Ti −T)2, (5)

whereTi is the registered data for the temperature. In the mos
unfavorable case this estimation leads to a relative variatio
δT/T = s/T around the mean temperature equal to2 · 10−4,
against1 ·10−2 for the relative variationδPout/Pout: ε is clearly
smaller than2 ·10−2. Thus the measurement based on the pres
sure rise may be considered as the measurement of an isotherm
mass flow rate equal to

Qm =
V

R T
δPout

τ
, (6)
4
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affected by a specific relative error equal to±2 ·10−2 due to the
temperature variation.

Pressure rise measurements Since the effects of the
temperature variation are negligible, we may consider the flow
through the micro tube as a steady flow between two tanks main-
tained at constant pressuresPin andPout respectively. Moreover,
the isothermal mass flow rate may be expressed in the form (6).
To determine this mass flow rate we will use the registered data
for the pressurePi at the time instantsti . The flow steady condi-
tions physically justify the pressure rise interpolation by means
of a linear fitting function of time

Pf (t) = at+b, a =
δPout

τ
. (7)

Using the least-square method we handled a number of pointsn
ranging between1300and3800. The calculation of the coeffi-
cientsa is characterized by a very convenient value of the usual
determination coefficientr2, greater than0.9993. Under the rea-
sonable assumption of negligible errors in determining the fixed
time valuesti chosen, the calculation of the standard deviation
for the coefficienta yields

∆a =

√√√√ n∑n
i=1(Pi −Pf (ti))2

(n−2)
(

n∑n
i=1 t2

i − (∑n
i=1 ti)

2
) . (8)

According to the previous remarks, formula (8) represents a cor-
rect estimation of the error on coefficienta (i.e. also onδPout/τ)
and yields a relative error smaller than±0.1%. Thus, the usual
evaluation of the measurement errors results from relations (6)-
(8) as :

∆Qm

Qm
=

∆V
V

+
∆T
T

+
∆a
a

, (9)

where ∆T/T vanishes if the non-isothermal effects (±2%),
∆V/V is the uncertainty of the volume measure (±2%) and∆a/a
the error on coefficienta (±0.5%). Moreover, the leaks were
estimated as totally negligible (see Section ”Description of the
methodology and experimental set-up”), we did not integrate
them in the total uncertainty on the mass flow rate. Therefore,
we obtain a full uncertainty on∆Qm/Qm smaller than±4.5%.

Mass flow rate measurement 2 (drop method)
In the standard drop method, the mass flow rate is measured

by determining the speed of a liquid drop moving in a calibrated
Copyright c© 2006 by ASME
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tube, using a low power microscope [1] or opto electronic se
sors [6] or simply visually [3]. In the present work an oil drop
was chosen because of its low saturation vapor (1.33· 10−3Pa)
to avoid a vaporizing effect on the moving surface of the dro
The drop was injected in the calibrated tube through the valve
(see Fig. 1) and its movement was recorded by means of a d
tal camera1290×980pixels. Thus the position of the drop was
registered as a time function.

Since this drop method is known and was applied here o
with new equipment we omit the detail description of the ma
flow rate determination based on the drop movement and we
only the uncertainty onQm. Thus, considering the series of mea
surements investigated∆Qm/Qm is close to±4.2%.

Background theory
For many years, pressure-driven slip flow within ducts

channels has received considerable attention. The many for
lations of the analytical and semi-analytical solutions have be
presented [16]. The analytical models derived from the Navi
Stokes equations or from other continuum equation systems
quire the use of the velocity slip boundary conditions. Seve
authors have recently proposed to use in this framework the
locity slip conditions of second-order according to the Knu
sen number to better take into account the rarefied effects
the moderately rarefied gas flows. It should be noticed that
Navier-Stokes equations result from the first order Chapma
Enskog expansion and do not logically require the second
der of boundary conditions, as for example the Burnett or QG
equations do. But, according to [14] if a certain degree of sy
metry is present in the flow, the Burnett terms in the momentu
equation are equal to zero far from the wall, so that second or
slip can sometimes be meaningfully associated with the Navi
Stokes momentum equation.

The form of the second order velocity slip boundary cond
tion when the streamwise velocity depends only on the direct
normal to the wall and for a isothermal flow reads [14]:

us =±σp
µ
P

√
2R T

(
∂u
∂r

)

w
−

−σ2p

( µ
P

√
2R T

)2
(

1
r

(
∂
∂r

r
∂u
∂r

))

w
, (10)

whereσp andσ2p are the first and second order velocity slip co
efficients, which depend on the reflection law. Therefore, t
reflection process at the wall exerts a direct influence here, wh
the intermolecular forces act only through the viscosity coef
cient, whatever the interaction model used in the gas. This
pears in the expression of the mass flow rate and also in the p
sure and velocity profiles [22]. It should be noted that equati
(10) is written in terms of measurable quantities; for the app
cation however, it is very convenient to characterize the rarefi
5
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flow as depending on the mean free pathλ of the molecules or on
the Knudsen number. The molecular mean free path is defined
by the relation

λ = kλ
µ
P

√
2R T, (11)

where coefficientkλ depends on the molecular interaction model.
Very often,kλ =

√
π/2 (i.e. a value close to that obtained from

the hard sphere model (HS) [19]) is retained. Another possibility
consists in using the expression deduced by Bird [20] for the vari-
able hard sphere model (VHS), more general than the HS model.
According to this model, coefficientkλ is equal to(7−2ω)(5−2ω)

15
√

π ,
whereω, the viscosity index, depends on the type of gases (see
Table 3). Within the VHS model the viscosity thermal depen-

dence reads:µ = µre f

(
T

Tre f

)ω
. In this work, we used the VHS

model. Using expression (11) for the mean free path, the velocity
slip condition (10) may be rewritten as

us =±A1λ
(

∂u
∂r

)

w
−A2λ2

(
1
r

(
∂
∂r

r
∂u
∂r

))

w
, (12)

where coefficientsA1 andA2 may be presented in the form:

A1 =
σp

kλ
, A2 =

σ2p

k2
λ

. (13)

Unlike the velocity slip coefficients, constantsA1 andA2 depend
on the interaction model used in the gas.

Many different theoretical values of coefficientsA1 andA2

are proposed in the literature (see review articles [16], [21]). It
can be seen that no agreement has yet been reached on the cor-
rect value, not only of the second but also the first order coef-
ficient. We will discuss below the various theoretical values of
the first and second order velocity slip coefficients and compare
them with the measured values (in Section ”First and second or-
der effects” ).

An analytical approach has recently been proposed [22] for
isothermal two dimensional gas flows in micro channels. This
approach was based on a conservation equation system (quasi
gasdynamic equations (QGD)), using modified closure relations
and new expressions of the various fluxes and involvingKn sec-
ond order terms [23]. In the present work an analytical expres-
sion of the streamwise mass flow rate as a function of a pressure
and its gradient is obtained under the same assumptions but for a
cylindrical geometry:

QT
m=

πD2µk2
λ

256LKn2
out

(
P 2−1+16A1Knout(P −1)+
Copyright c© 2006 by ASME
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+64

(
A2 +

a

2k2
λ

)
lnP Kn2

out

)
, (14)

whereP = Pin/Pout. It should be noted, that the previous expre
sion is obtained using the second order slip boundary condit
(12). The implementation of this condition seems to be mo
meaningful for the QGD model than for the NS model, becau
the QGD equations basically involve diffusive terms proportion
to the second order of the Knudsen number.

It is possible to consider equation (14) as a generalized
pression derived using one of the two approaches: either
Navier-Stokes or the QGD models both with the second ord
boundary condition (12). In expression (14) coefficienta = 0
corresponds to the NS equations anda= 1 to the QGD approach.

It should be noted that the mass flow rate expression giv
by the QGD model in comparison with NS equations contai
one additional term proportional to the second order Knuds
number. This term is phenomenologically different from the co
responding second order term appearing when using the sec
order velocity boundary condition. In this case, the second
der effects are focused on the wall through the slip coefficien
On the contrary, in the additional QGD second order term, t
second order effects result from diffusive and collisional effec
located in all the flowfield.

Furthermore a non-dimensional mass flow rate may be
duced from relation (14), where a mean Knudsen number
notedKnm appears, based on the mean pressurePm = 0.5(Pin +
Pout):

S= 1+8A1Knm+16

(
A2 +

a

2k2
λ

)
P +1
P −1

lnP Kn2
m =

= QT
m/

π∆PPm

8µR TL

(
D
2

)4

, (15)

where∆P = Pin−Pout. Expression (15) may be rewritten in the
more compact form:

S= 1+AtheorKnm+BtheorKn2
m. (16)

The analytical expressions of the mass flow rate (14) – (1
will be used for calculations and comparison with the appropria
measured values.

RESULTS AND DISCUSSION
First comparison of the results

Each experiment was carried out, with a constant press
ratio P between the tanks, within the narrow range4.47−5.02,
6

nloaded From: https://proceedings.asmedigitalcollection.asme.org on 06/28/2019 Terms of U
s-
ion
re
se
al

ex-
the
er

en
ns
en
r-
ond
or-
ts.
he
ts

de-
de-

6)
te

ure

Table 3. Physical constants of N2 under standard conditions.

Parameter N2

Viscosity(µre f )(Ns/m2)×10−5 1.656

Specific gas constant (R )(J/kg K) 297.

Viscosity indexω 0.74

kλ (VHS model) 0.731

centered aboutP = 4.75. The experimental conditions are sum-
marized in Table 4. Nitrogen was used as the working gas.
The two methods implemented in the present work were already

Table 4. Experimental pressure range.

Quantity Min Max

Inlet pressure(Pa) 1218.8 121072.

Outlet pressure(Pa) 245.02 24709.

Outlet Knudsen numberKnout 0.0086 0.871

Average Knudsen numberKnm 0.0029 0.289

known, but they were transformed in order to be utilized in new
conditions, especially within new pressure ranges. The drop
method had previously been applied for outlet pressures higher
than4800Paand so for mass flow rates higher than those consid-
ered here except [5], and similarly the pressure rise detection had
not been employed with such sensitive gauges. Figure 2 presents
the comparison of the mass flow rate measured with the two dif-
ferent techniques for the same outlet Knudsen number range with
the analytical solution (14) calculated as a function of the outlet
Knudsen number for a fixed pressure ratioP = 4.7. The rela-
tive experimental error bars vanish when using the logarithmic
scale. Thus from Figures 2 we can conclude to a global agree-
ment between the two experimental methods and moreover to
their reasonable agreement with the analytical QGD approach.

Figure 3 shows the experimental mass flow rate measured
with the two techniques, where the range of the pressure method
is extended up to an average Knudsen numberKnm∼ 0.3. The
experimental errors shown for the two methods are both of the
same order, as seen above (±4.2% for the drop method and
±4.5% for the pressure method). The experimental results are
presented in a non-dimensional form according to the right-hand
side of relation (15). Two analytical solutions are also plotted:
the analytical solution of NS equations with the first order ve-
locity slip condition, this case corresponds toA2 = 0, a = 0 in
equation (15), and the analytical solution of the QGD equations
Copyright c© 2006 by ASME
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Figure 2. The squares and circles are the experimental measurements.

The solid line represents the analytical mass flow rate calculated accord-

ing to (14) with a fixed pressure ratio P = 4.7.

also with the first order velocity slip condition (A2 = 0, a = 1 in
(15)). The second analytical solution is calculated with two pres
sure ratioP = 4.75. Figure 3 shows the presence of the second
order effects appearing for a mean Knudsen number greater tha
0.1. The implementation of the NS equations with the first or-
der boundary condition underestimates the measured mass flo
rate while the QGD equations, also with the first order condition
overestimate the measured mass flow rate. This result promp
two comments:

the various theoretical models present differences which ca
exceed the second order effects;
a second order seems really present anyway and should b
further analyzed.

A promising method of measurement
Now, the two methods should be compared with regard to

the difficulties encountered during their implementation, and also
regarding their possible improvement. The drop method presen
the advantage of allowing us direct rough visual control of the
flow stationarity. But its implementation brings up various prob-
lems:

it is difficult to introduce the oil drop in the calibrated tube
without causing a small pressure jump in the second tank;
several drops may form in the calibrated tube, perturbing the
velocity and thus the pressure measurements;
7
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Figure 3. The circles and squares are the experimental measurements.

The solid line represents the analytical QGD solution calculated according

to equation (15) (A2 = 0, a= 1) with fixed pressure ratio P = 4.75. The

dashed line is the analytical NS solution (15) with A2 = 0, a = 0.

one drop may “explode” in the calibrated tube, causing a
pressure jump which distorts the measurements. It is to note
that the measurement of this jump gives the value9.59Pa,
which corresponds to the pressure difference upstream-
downstream the drop;
it is difficult to precisely estimate the drop-gas interface po-
sition in the syringe and to be sure to follow the same point
of this interface throughout the experiment.

The pressure method is free of this kind of problems and is
very easy to use because all the data are recorded and exploited
automatically. Moreover the pressure measurements could be
improved: first it is possible to reduce the size of the tanks with-
out calling into question the steady assumption, and thus it would
take less time to run the experiments. It is also possible to extend
the Knm range investigated by diminishingP (down to about
3) with a reasonable experiment time length (shorter than two
hours). Moreover replacing nitrogen with helium as the working
gas and considering the respective physical properties of these
gases, measurements can be carried out forKnm up to 3.5, which
corresponds to mass flow rates of about3 ·10−14kg/s. The po-
tentials of the second detector theoretically allowPout to be de-
creased even more, but this is presently limited by a perturb-
ing thermal creep effect induced by the pressure gauges heat-
ing [24], [25] which makes a systematic investigation difficult.
Nevertheless a perspective is thus opened to obtain experimental
mass flow rate data for even higher Knudsen numbers.
Copyright c© 2006 by ASME
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Figure 4. The circles and squares are the experimental measurements.

The solid line represents the fitting of the experimental data with the sec-

ond order polynomial function (17).

Finally, it should be noticed that the difficulties previously
pointed out in [7] about the single constant-volume tank dis-
appear under the present experimental conditions: the pressu
gauge are sufficiently sensitive andPout sufficiently low to obtain
correct isothermal mass flow rate measures, for reasonable tim
lengths and without significant perturbing effects of temperature
variations.

First and second order effects
In addition, the experimental dimensionless mass flow rate

data were fitted with aKnm second order polynomial form:

Sexp
f = 1+AexpKnm+BexpKn2

m, (17)

by using a non-linear least square method, as detailed in [4
with the same working gas, in silicon micro channels with rec-
tangular sections of high width-to-height ratio. Our measures
were obtained within narrower pressure ratio range4.75±0.27
and for Knm numbers exclusively relevant to the slip regime.
The experimental values obtained for theSexp

f coefficients are:
Aexp = 11.92±0.887, Bexp = 15.61±3.746, where uncertainty
is estimated using the asymptotic standard errors. The exper
mental data of the dimensionless mass flow rate, fitted using th
non linear least square method, are presented in Figure 4.

Basing our estimation on two experimental coefficientsAexp

andBexp, we will estimate the firstσp and secondσ2p velocity
8
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slip coefficients in equation (10), according to coefficientsA1 and
A2 in (12).

First order effect. From the comparison of the theoretical
(15) and experimental (17) mass flow rate expressions coefficient
A1 may be expressed in the form:

A1 =
σp

kλ
= Aexp/8. (18)

The previous relation gives the experimental estimation of the
first velocity slip coefficientσexp

p = 1.089± 0.081. This value
is close to two theoretical predictions of the slip coefficient:
σp = 1.012given by Kogan [27] andσp = 1.016given by Cer-
cignani [26] (see Table 5). Both coefficients are obtained from
the Boltzmann equation applying the BGK model in the Knudsen
layer under the full accommodation assumption of the molecules
at the wall.

Then we compared our results with other experimental re-
sults. Firstly with those concerning the velocity slip measured
by the authors of [12]. They assumed the linear dependence of
the mass flow rate on the Knudsen number, which may be justi-
fied by the narrow experimental Knudsen number range (below
to 0.04) and they obtained the velocity slip coefficient from the
flow rate measurements using the linear last square method. The
difference between the values of the slip coefficient measured
in [12] σp = 1.192and in the present work may occur because of
the implementation of the mass flow rate models involving terms
of the different orders in Knudsen number. The use of the sec-
ond order model allows us to define the velocity slip coefficient
more exactly. Moreover it should be noted that the nature of the
surfaces for both experiments is not the same: in [12] a packet of
glass capillaries with molten walls are used, which may be an-
other reason for the difference observed in the measured values
of the velocity slip coefficient. The authors of [12] also derived
theoretical results assuming a diffuse molecular scattering at the
wall.

Table 5. Experimental and analytical first order velocity slip coefficients.

σp

Kogan [27] 1.012

Cercignani [26] 1.016

Porodnov et al. [12] 1.192±0.021

from present exp. 1.089±0.081

We also derived an experimental value of the accommoda-
tion coefficient using the Maxwell diffuse-scattering model. The
Copyright c© 2006 by ASME
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Down
use of Maxwell’s kernel for the gas-surface interaction gives th
following value for the velocity slip coefficient, neglecting the
Knudsen layer influence

σM
p =

√
π

2
2−α

α
, (19)

whereα is the part of the molecules reflected diffusively. Base
on equation (19) and on the measured value of the velocity sl
coefficient we can calculate the ”experimental” tangential mo
mentum accommodation coefficient using the relation

σexp
p =

√
π

2
2−α

α
, (20)

this value ofα is given in Table 6 with the the accommodation co-
efficients obtained by other authors. All measurements were ca
ried out with different experimental techniques and in the chan
nels with different surfaces. It should be noted that in the case
full accommodation, the theoretical coefficientσM

p , which does
not include the Knudsen layer condition, is equal to0.886.

Regarding all the results presented about the accommod
tion coefficient, one can conclude that both descriptions of th
molecular reflection from the wall seem convenient: for the phys
ical conditions considered, the fused silica surface may be d
scribed as a perfect diffuse surface as well as a quasi diffu
Maxwell surface (according to the accommodation coefficien
deduced from the measurements).

Table 6. Experimental tangential momentum accommodation coeffi-

cients.

α

Maurer et al. [4] 0.87±0.03

Colin et al. [6] 0.93

Arkilic et al. [8] 0.81−0.96

Porodnov et al. [12] 0.925±0.014

from present exp. 0.933±0.037

Second order effect.The value of coefficientBexp confirms
that a significantKnm second order effect exists. We can calcu
late ”the experimental coefficients”A2 from the relation:

Bexp= 16

(
A2(a)+

a

2k2
λ

)
P +1
P −1

lnP . (21)
9
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Two different cases are to be considered. From coefficientBexp,
we can estimate coefficientA2 in the second order boundary con-
dition for the QGD model. As mentioned above, the QGD model
involves a second order terms in Knudsen number and so requires
a second order (also in Knudsen number) boundary condition,
more consistently than the NS model. Takinga = 1 in equation
(21) we obtainA2 = −0.597 or σ2p = −0.318. Regarding the
second order coefficient, a simple meaningful comparison with
the velocity slip coefficient obtained in [14] seems very diffi-
cult for various reasons. The author of [14] investigated a two-
dimensional cartesian symmetry. Therefore, in order to deduce
the corresponding second order results in the present cylindri-
cal symmetry, various modelings are required. First, the second
order slip coefficient depends on the channel geometry when tan-
gential gradients exist: moreover its geometry dependence itself
depends on the molecular interaction modelling [14]. Second,
for the QGD model the definition of the mass flux vector [23] is
different from the classical NS definition used by the author [14]
and the QGD mass flux contains the additional terms propor-
tional to the pressure and velocity gradients. This means that for
the QGD model it is necessary to deduce a different form of sec-
ond order boundary condition taking into account the particular
definition of the mass flux and that the negative values of the ex-
perimentally deducedA2 coefficient is not necessarily surprising
in the QGD theoretical frames.

Implementation of the second order boundary conditions
with the NS equations (a = 0 in equation (21)) givesσ2p =
0.181±0.043, or A2 = 0.339±0.081. As mentioned above, the
comparison with the coefficients obtained from existing theoreti-
cal approaches [14], [15] is very difficult, first of all for geometri-
cal reasons. Both authors considered the rectangular geometries.
The value of the second velocity slip coefficient was obtained
in [14] from the Boltzmann equation applying the BGK model
for the very simple case of Poiseuille flow when the streamwise
velocity gradient is equal to zero.This is not the case for the flow
studied here. Another theoretical analysis [15] that use the con-
cept of effective mean free path for momentum transfer without
implementation of the Boltzmann equation gives a value of the
second velocity slip coefficient close to that proposed in [14] and
equal to9π/32 (see Table 7).

Table 7. The second velocity slip coefficients.

σ2p

Cercignani [14] 0.7667

Deissler [15] 0.883

Maurer et al. [4] 0.204±0.078

from present exp. 0.181±0.043
Copyright c© 2006 by ASME
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An experimental study of the second order coefficients wa
fulfilled in [4]. Besides the difficulty caused by the different
geometries respectively used, there were other difficulties arisin
from the comparison with the measured values [4] are following

The authors [4] processed a large number of measures o
tained for Knm increasing up to0.8 and therefore prob-
ably included a transitional regime effect in their results,
whereas our experimental correlation was centered on th
slip regime. Moreover they calculated results concerning
very wideP experimental range while our experiments were
narrowly focused onP = 4.75.
Finally, the second order coefficient appears very sensitiv
to the experimental errors, as shown above and as quote
in [4], and these errors in the present work have at least th
same order of magnitude as those in [4].

Moreover, as shown in Table 7, the result in [4] agrees with
present results.

Conclusion
Two techniques devoted to the measurements of gas ma

flow rates in micro channels were implemented for isotherma
slip flow regime. The respective errors and uncertainties o
both experimental methods were accurately investigated and e
timated.

A method based on the measurement of the pressure rise
the constant volume outlet tank was validated by comparing it t
the classical drop method and to the analytical results of the QG
and NS continuum approaches. This method was implemente
using up-to-date gauges and for low outlet pressures: in thes
conditions the method is clearly easy to use and suitable for th
experimental determination of the micro channel mass flow rate
through slip and translational regimes.

The good results obtained in slip regime notably for the
accommodation coefficient and our present investigations fo
higher Knudsen numbers will deepen our understanding of th
reflection/accommodation process at the wall and will extend ou
knowledge on the rarefied flow behavior.

Moreover in slip regime the results confirmed a significant
Kn second order effect. Nevertheless improvements of the me
surement accuracy are still necessary to confirm quantitative
the values obtained for the second order coefficient. A more pre
cise estimation of the channel characteristic dimension is pa
ticularly needed. Using such improvements we will generalize
pertinent second order velocity slips for various gases.
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