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Abstract Unsaturated flow is an important factor that affects groundwater motion. Among various drain-
age models, the nonlinear Hillslope-storage Boussinesq (HSB) model has been commonly used to predict
water flux along a slope. In this study, we improved this model by considering lateral flow in the unsatu-
rated zone. Using modified van Genuchten functions, we analytically expressed the concept of equivalent
propagation thickness in the vadose zone. This analytical expression was then incorporated into the HSB
model to reflect two different stages of the drainage process and to simulate the hillslope drainage process
more accurately. The model results indicated that lateral flow has significant effects in the unsaturated zone
during the hillslope drainage process. Even in sandy aquifers, the amount of water contributed by the
unsaturated zone is a key factor that enables a decrease in the water table during the middle and late
stages of the process. A comparison between the measured and simulated results based on both
convergent-type and divergent-type hillslope drainage processes revealed that the thickness of the satu-
rated zone decreases as the unsaturated flow increases. This study emphasizes the necessity of considering
unsaturated flow in the HSB model to improve the accuracy of predicting groundwater outflow rates and
develop more accurate hydrographs. The concept of equivalent propagation thickness also provides a crite-
rion for assessing the importance of unsaturated lateral flow for future drainage research.

1. Introduction

Hydraulic groundwater theory has been widely applied in investigations of various problems in catchment
hydrology, of which hillslope drainage is a critical process that has received increasing attention over the
past several years [Troch et al.,, 2013]. The outlet of a hillslope is where runoff forms, and the outflow rate
strongly determines the interaction intensity between subsurface and surface flows in river channels. There-
fore, understanding the hillslope drainage process can help identify the runoff components and control
subsurface contaminants discharging into surface water [Dahl et al., 2007].

To study the hillslope drainage process, 2-D/3-D numerical models based on variable-saturation equations
(e.g., Richards’ equation) have been used, but these models require large computational resources, even for
small-scale problems, and their parameterization is difficult due to uncertainties associated with the subsur-
face properties [Bresciani et al., 2014]. Given these problems, researchers began to investigate the
Boussinesq-type equations, which are more computationally efficient and robust. By incorporating a width
function along the length of a hillslope into the traditional Boussinesq equation, Troch et al. [2003] devel-
oped the Hillslope-storage Boussinesq (HSB) model to more efficiently simulate the subsurface flow in a
sloping, unconfined aquifer. The efficiency of the HSB model primarily lies in its one-dimensional (1-D) form
and its simplicity of being analytically solved for different problems [Serrano, 1995; Troch et al., 2002; Rocha
et al.,, 2007] based on the Dupuit assumption [Bresciani et al., 2014]. In particular, it allows for a better under-
standing of the hillslope storage drainage process by resetting the source/sink term within the model [Brut-
saert, 1994; Verhoest and Troch, 2000; Troch et al., 2004; Hogarth et al., 2014].

In the HSB model, drainable porosity is an important parameter that affects the prediction accuracy. In the
original HSB model [Troch et al., 2003], constant drainable porosity was introduced and defined as the ratio
of drained water content to the change in water elevation [Bear, 1972]. In practice, drainable porosity
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changes spatially and temporally, as during the drainage process; additionally, the extents of the saturated
and unsaturated zones decrease and increase, respectively. Considering this, it is more physically meaningful
to treat drainable porosity as a transient value; Neuman [1987] defined it as the released water content per
unit area per unit decline of the water table. Based on Neuman'’s [1987] definition, capillarity should indirectly
influence drainable porosity; this has also been confirmed by certain experimental studies [Parlange and Brut-
saert, 1987; Fink et al., 2001; Nachabe, 2002; Phi et al., 2013]. Using the Brooks-Corey parameterization for the
unsaturated zone, Nachabe [2002] derived the relationship between the drainable porosity and water table
elevation at different drainage stages. More recently, by modifying the van Genuchten [1980] function, Hilberts
et al. [2005] derived an analytical expression related to the water table elevation and applied it to the original
HSB model. The simulation results of their revised model exhibited better accuracy than the original HSB
model. However, these HSB models were based on either constant or alterable drainable porosity and thus
underestimated the hydrographs measured in laboratory experiments, particularly during the late stage of
the drainage process. The discrepancy between the simulated and measured values indicates that certain
other mechanisms should be considered in an accurate HSB model. Traditional HSB models emphasize water
movement in the saturated zone and neglects the effect of the vadose zone, which has been found to alter
water movement in the saturated zone and thus groundwater table fluctuations [Cartwright et al., 2005;
Moench, 2008; Cardenas, 2010]. The assumption of negligible effects of the vadose zone is valid only when the
scale of the unsaturated zone is significantly small [Gillham, 1984] or under the steady state flow condition
[Romano et al., 1999]. Barry et al. [1996] noted that without considering the vadose zone, the calculation of
groundwater change and water storage in an unconfined aquifer could be substantially inaccurate. The
vadose zone can store or release water and thus alter groundwater table fluctuations [Paniconi et al., 2003]. In
coastal beaches, unsaturated horizontal flow can promote groundwater wave propagation [Kong et al., 2013,
2015]. For inland highway drainage engineering, saturated flow models that neglect unsaturated flow will
tend to overpredict the groundwater table elevation [Dan et al., 2012, 2013]. The importance of the vadose
zone was considered by Hilberts et al. [2007], who further improved the HSB model by coupling it with a 1-D
Richards’ equation to account for vertical flow in the unsaturated zone. Their model somewhat resolves the
problem of delay between recharge and outflow but still fails to completely overcome this discrepancy
because the coupled model of Hilberts et al. [2007] assumes unsaturated flow to be vertical and neglects the
lateral component, which might play an important role in the hillslope drainage process.

Inspired by the work of Hilberts et al. [2005], this study aims to further improve the HSB model by consider-
ing unsaturated lateral flow during the drainage process. This paper is organized as follows: in section 2, we
describe the derivation of the improved HSB model by considering lateral flow in the unsaturated zone. In
section 3, the new HSB model is verified against previous HSB models using both numerical results based
on Richards’ equation and experimental results. In section 4, the features and influence of unsaturated flow
during the drainage are discussed, and conclusions are drawn in section 5.

2. Derivation of the Improved HSB Model

As shown in Figure 1, following the mass balance principle, the governing equation for the HSB model can
be expressed as [Troch et al., 2003]:

oS _ owg

ot ox

+Nw (1

where S [L?] is the total available water storage per unit distance along the hillslope; the x axis is parallel to
the sloping bed; w [L] is the hillslope width that changes along the slope; g [L* T~ '] is the Darcy flux per
unit width along the hillslope; N [L T~ '] is the groundwater recharge rate due to precipitations and is set
equal to zero when only the drainage process is considered.

The total available storage normal to the hillslope can be calculated as:
D
S:WJ (0—0,)dz )
0

where D [L] is the aquifer thickness normal to the impermeable hillslope base; 6 and 6, are the soil water
content and residual water content, respectively.
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Figure 1. Schematic diagram of a sloping unconfined aquifer with slope angle i. (a) The early and middle saturated and unsaturated drain-
age stages; (b) the late unsaturated drainage stage.

Instead of using the assumption of Hilberts et al. [2005], we assumed that the pressure distribution along
the direction normal to the hillslope base is hydrostatic. Under this assumption, the hydraulic gradient in
the unsaturated zone is equal to that in the saturated zone along a hillslope, and the flow direction is paral-
lel to the base. Therefore, the total flux per unit width along a hillslope can be expressed as the sum of
fluxes per unit width in saturated and unsaturated zones (Figure 1a):

h D
Wq:W(qs"'Qus):_Wg—()I() (J stZ+J K(W)dz)

0 h

oD 0
__ (3a)
W] (Ksh—i-.‘h K(np)dz)
witha—(p = %cosi+sini
ox  ox

where h [L] is the water table elevation along the direction normal to the sloping bed; i is the slope; g [L>
T 'l and gy [L? T '] are the fluxes per unit width along the hillslope in the saturated and unsaturated
zones, respectively; ® [L] is the piezometric head and ®=z+/, where z is the elevation [L] and  is the pres-
sure head [L] (positive in the saturated zone and negative in the unsaturated zone); and K; [L T~ '] and K()
[L T~ are the hydraulic conductivities of the saturated and unsaturated zones, respectively.

However, it should be noted that equation (3a) is applicable only when the saturated and unsaturated
zones coexist (i.e., the unsaturated zone is located above the saturated zone during the early and middle
drainage stages) along the direction normal to the hillslope (Figure 1a). In fact, such a coexistence does not
last throughout the whole drainage process. Instead, in the late stage, a fully unsaturated zone begins to
develop from the upstream part of the hillslope (right side of Figure 1b), where only unsaturated flow
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facilitates the drainage, due to the decline of the water table. As the water table falls, the absolute value of
the negative pressure in the fully unsaturated zone increases, leading to a redistribution of the pore water.
Consequently, certain amount of the pore water in the fully unsaturated zone flows downslope. The flux
per unit width in the fully unsaturated zone can be expressed as:

D
wq=wqu5=—wa—®J K(y)dz (3b)
ox Jo

In the unsaturated zone, under the homogeneity assumption, the hydraulic conductivity K (i) and soil mois-
ture 0(y) are both related to the pressure head y; this relationship can be described by the van Genuchten
[1980] functions:

0=0,+(0s—0,)Sw

(4a)
K(l//):KSSW”z |:1_(-I _SW~|/m)m:|2 a
where:
S =|:;}m (4b)
w 1+(0(Vglﬁ)n
m=1-1/n (40)

where ayg [L™ '] and n are the van Genuchten parameters related to soil properties; 0; is the saturated water
content; Sy is the effective saturation and has a value between 0 and 1; and yy=(h—z)cos i under the hydro-
static pressure assumption along the direction normal to hillslope base (Figure 1).

It is difficult to derive the analytical solution of equation (2) by directly substituting in equation (4). Given
the complexity of the van Genuchten functions, Troch [1993] found that by assuming m=1+1/n; (n; # n),
it is possible to fit the soil moisture retention curves for a variety of soil types:

1 (14+1/n)
} (5)

0=0,+(0s—0,) | ——
000 g
where « [L™'] and n; are new parameters. Based on this modification, by substituting equation (5) into
equation (2), we can obtain the following expression when h > 0 (early and middle stages):

h D

S=WJD (0(y)—0,)dz=w U

0 0

(os—or)dz+L

<0<¢>for>dz]

D
=W(95—0r)h+W‘ (05— 0.){1+[o(h—2)cos ] 1 /™M dz (6a)
Jh

=w(0s—0r)h+w(D—h)(0:=0,){1+[(h—D)cos " } /"’

The first and second terms on the right side of equation (6a) represent the total water content in saturated
and unsaturated zone, respectively. The extents of saturated and unsaturated zones vary with the drainage
process, leading to changes in the integral interval (i.e., from h to D) for the second term and subsequently
in the calculated value of equation (6a). Figure 2a schematically shows the variation of the integral interval
at different time moments (e.g., T1, T2, T3, T4, and T5). From T1 to T2, the thickness of the unsaturated zone
increases as the water table declines; thus, the integral interval rises, representing more water content in
the unsaturated zone. As the decline of the water table continues, h approaches 0 at time T3, and the inte-
gral interval equals the aquifer thickness (D); the corresponding water content in the unsaturated zone
reaches its maximum value.

After time T3, the fully unsaturated zone begins to develop. As stated above, the absolute value of the neg-
ative pressure in the fully unsaturated zone increases with the further decline of the water table. Under
such conditions, the integral interval remains unchanged (equals D) but shifts upward (see the range T3 —
T4 — T5 in Figure 2a), resulting in a narrower integral area. At time T5, the integral area has declined
sharply, indicating a marked reduction in the water content in the unsaturated zone. To describe the varia-
tions of the water content in the unsaturated zone, the following expression can be used:
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Figure 2. Schematic diagram of variations in the integral intervals for (a) water content in the unsaturated zone and (b) equivalent propa-
gation thickness of the unsaturated flow at different moments.

D
S:WJ (0,—0,){1+[a(h—z)cos ™ } /™ gz
0 (6b)

=w(0,—0,)(D—h){1+[e(h—D)cosi|™} "™ +wh(0,—0,)[1+ (ehcos i)™] /™

Therefore,
o5_0soh_ o a
ot oh ot ot
f=(0570,){1 ~[1+(a(h—D)cosi)™] V™ }7h >0 (7b)
f=(05—0r){[1 +(ahcos )] V™ —[14 (a(h—D)cos i)™ /™ },h <0 (70)
Equations (7b) and (7¢c) can be unified as follows because they are continuous at h = 0:
f=(05—9r){[1 +(o-min (h,0) - cos )™ ™ —[14 (a(h—D)cos i)'“]’“‘/"*} (7d)

Comparison of the characteristic curves of saturation pressure and relative conductivity pressure based on
equation (4a) shows that they have similar distribution features (Figure 3). To derive the analytical expres-
sion of the terms th K(¥)dz and jOD K()dz in equation (3a), we transformed the hydraulic conductivity
expression in equation (4a) and expressed it in a format similar to that used in equation (5):

1 (1+1/n2)
} (8)

= g
where f [L™'] and n, are parameters related to the soil properties that determine the conductivity
(n2 # ny). To date, there are four parameters in the modified van Genuchten functions, which can be deter-
mined by fitting the original van Genuchten functions (i.e., &, ny, ff, and ny). To prove the rationale behind
the modified van Genuchten functions, we compared the errors among characteristic curves plotted using
equations (5) and (8) and the original van Genuchten functions of equation (4a) for four soil types: sand,
clay, loam, and laboratory sand. The root-mean-square error (RMSE) of Sy and K(i)/Ks were less than 1%
and 2%, respectively, in all cases (Table 1). This suggests that the modified van Genuchten functions can
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Figure 3. Comparison of the regular and modified van Genuchten functions of (a) saturation and (b) relative conductivity of different soil
types.

accurately describe the soil characteristics described by the original van Genuchten function (Figure 3).
Although the van Genuchten function has its own limitation to approximate the observed infiltrometer
results [Ippisch et al., 2006], the predicted saturation pressure and relative conductivity pressure tendency
are suitable for most engineering practices. Limitation of the van Genuchten function for each type of sand
was not observed in this study. Within the scope of effective application, the proposed modified van Gen-
uchten function can be considered to be a feasible approximation. For the theoretical derivation, the modi-
fied van Genuchten function was used.

Similar to the integration of equation (6a), when h > 0 (early and middle drainage stages), integrating equa-
tion (8) with respect to z along the direction normal to the slope from the water table (z=h) to the surface
(z=D) yields the following:

D
J K(y)dz=K;(D—h){1+[p(h—D)cos i]”z}_”"2 (9a)
h
The value of equation (9a) reaches a maximum at time T3 when h = 0. Since time T3, h < 0, and only the
unsaturated zone exists. Integrating equation (8) with respect to z along the direction normal to the slope
from the slope base (z=0) to the surface (z=D) yields the following:

D
Table 1. Regular and Modified van Genuchten Parameters for Sand, Loam, J K('r//)dz:KS(D_h)
Clay, and Laboratory Sand [Hilberts et al., 2005] 0 1/n (9b)
<N - 2
Parameter Sand Loam Clay Laboratory Sand {1 +[ﬁ(h7D)C°5 ’] 2}
. =1
Regular +Ksh[1+(Bhcos i)™] fr
ave —0.0324 —0.0161 —0.0066 —0.063
n 6.66 2.6632 1.8601 4.4545
Modified From time T3 to T5 (Figure 2b), the
* —003 ~00099 00029 —00524 integral interval remains unchanged
m 5.9051 22264 1.7393 3.6499 9 ) 9
B —00393  —00279  —00146 —0.0849 (D) but moves upward, leading to a
n 7.4302 2.3691 1.1859 46721 smaller integral area. The value of
RMSE (Sw) 0.52% 0.64% 0.06% 0.78% .
RMISE (K (1),/K.) P o i o equation (9b), therefore, decreases

accordingly. Because equations (9a)
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and (9b) are continuous at h=0, the unsaturated flux along the direction perpendicular to the hillslope can
be expressed as:

oD

= {(O=h)[1+(B(h—D)cos )] """ +min (h, 0) - [1+(Bhcosi)™] "™ | (10)

Qus = 7Ks

By summing the flows in saturated and unsaturated zones, we derived the modified HSB model:

oh__owq
wfg— X +Nw (11a)
oh . ..
q=—K5[max(h70)+P](acosri-snn/) (11b)
P=(D—h)[1+(B(h—D)cosi)™] /™ +min (h,0) - [1+(Bhcos i)™] /™ (110)

The difference between the modified HSB model presented in this study and the revised HSB model of
Hilberts et al. [2005] lies in the treatment of the drainage flux along the hillslope. Combined (i.e., saturated
and unsaturated flow) and single (i.e., only unsaturated flow) drainage processes are both considered based
on equation (11b). The additional flux term equation (11c) can be considered to represent the additional
amount of drainage included apart from that in the saturated zone. This additional drainage occurs in the
capillary fringe and the unsaturated zone. Therefore, we defined the term P as the equivalent propagation
thickness, which is related to the slope angle, soil properties, pressure head, and aquifer thickness.

3. Model Validation

Because the analytical solution is difficult to determine directly, we used the finite difference method to dis-
cretize equation (11) for numerical values (see supporting information for details). We validated the proposed
new HSB model against the numerical results simulated with SUTRA [Voss and Provos, 2008] and the experi-
mental results of Hilberts et al. [2005]. In this study, we considered two types of hillslope configurations: con-
vergent and divergent (Figure 4). Following the work of Hilberts et al. [2005], the aquifer thicknesses (D) of the
convergent and divergent hillslope configurations were 0.48 and 0.44 m, respectively. The initial and bound-
ary conditions of HSB model and SUTRA are both consistent with the experimental setup used by Hilberts
et al. [2005]. The initial pore water pressure was set to be hydrostatic based on the initial water table height
measured from the experiments. In terms of boundary conditions, the outlet was assigned a Dirichlet-type
boundary condition with a pressure head of 0.05 m, and the other end of the hillslope was set to be no-flux.

The validation process involved two steps. In the first step, to demonstrate the effects of unsaturated flow
on hillslope drainage, we used the simulated results from SUTRA to compare the proposed HSB model with
previous models. In the second step, we further compared different HSB models in terms of accuracy using
the experimental data.

3.1. Comparison With the SUTRA Model

We used the 3-D, variable-saturation, variable-density groundwater modeling code SUTRA [Voss and Provos,
2008], which is based on Richards’ equation, to simulate the hillslope drainage processes (i.e., both convergent
and divergent) with a slope of 10% for two soil types: lab sand (Ks = 4.63 X 10~ * m/s) and loam (Ks = 2.89 X
10% m/s). Additional parameters used in this model are listed in Table 1. The simulation results were then
used to compare the proposed HSB model with other models. Tests on the dependency on mesh size and
time step were conducted to ensure that the numerical results presented in this study are convergent.

Figures 5 and 6 compare the predicted variations of the water table and outflow rate for lab sand, respec-
tively. In the supporting information, Figures S2 and S3 show the comparison results for the loam hillslope.
The proposed HSB model yielded more accurate prediction than the previous HSB models, and such an
improvement is more prevalent for loam soil. The improved accuracy is primarily produced by the proposed
HSB model’s consideration of the continuous drainage in the fully unsaturated zone of the late stage, which
is neglected by the other models. The outflow rates predicted by the HSB model of Hilberts et al. [2005] are
lower than those of the traditional HSB model (Figure 6 and Figure S3). Additionally, the water table pre-
dicted by Hilbert et al.'s model decreases faster than the traditional HSB model (Figure 5 and Figure S2); this
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Figure 5. Water table profiles for (a) convergent and (b) divergent sand-composed hillslope configurations with a slope of 10% at the fol-
lowing times in hours: 0 (gray), 1 (blue), 2 (green), 5 (red), and 10 (black). Circles represent the simulated results produced by the SUTRA
model; the dashed lines represent those of the original HSB model; the dash-dotted lines represent those of the revised HSB model of
Hilberts et al. [2005]; the solid lines represent those of the proposed HSB model.
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Figure 6. Outflow rates for (a) convergent and (b) divergent sand-composed hillslope configurations with a slope of 10%. Red circles rep-
resent the simulated results produced by SUTRA model; the dashed lines represent those of the original HSB model; the dash-dotted lines
represent those of the revised HSB model of Hilberts et al. [2005]; the solid lines represent those of the proposed HSB model.
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Figure 7. Water table profile for uncalibrated HSB models for six hillslope configurations at the following times in hours: 0 (black), 1 (blue),
2 (green), and 5 (red). Circles represent measured values; the dashed lines represent the original HSB model; the dash-dotted lines repre-
sent the revised HSB model of Hilberts et al. [2005]; the solid lines represent the proposed HSB model.

simulation results of SUTRA. It is shown that the variation of the negative pressure is nonlinear, particularly
under the divergent configuration. The variation of the negative pressure head confirms the continuous
unsaturated flow during the late drainage stage.

3.2. Comparison With Experimental Data

To further analyze the accuracy and applicability of the new HSB model, we compared it against other HSB
models using experimental results. This study considered convergent and divergent hillslopes, with a total
of six configurations: three slopes for each type of hillslope (e.g., 5%, 10%, and 15%). The hydraulic conduc-
tivity (K;) was measured to be 40 m/d; the parameters of lab sand are listed in Table 1. Figure 7 compares
the measured and predicted water table profiles using different HSB models based on uncalibrated parame-
ters. When unsaturated flow along the hillslope is considered, the HSB model presented in this study was
more precise at predicting the water table profile compared to other HSB models. The higher drainage at
the outlet, which resulted from unsaturated flow, led to a faster decline in the water table. However, the cor-
responding accuracy of the prediction of the outflow rate was lower (Figure 8). Additionally, because unsat-
urated flow is considered, the proposed HSB model can better reproduce the feature of concavity during
the middle and late stages of the divergent hillslope drainage process. However, in the absence of parame-
ter calibration, the proposed model predicts an earlier occurrence of the end of the drainage process in the
divergent configuration; therefore, the model should be further calibrated by reducing the conductivity K.

Following the method of Hilberts et al. [2005], which was based on the method of minimal prediction-error
control for the outflow rate, we adjusted the permeability to increase the prediction accuracy; the adjusted
permeability values for the proposed HSB model and the revised HSB model of Hilberts et al. [2005] are listed
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Figure 8. Outflow rates for uncalibrated HSB models for six hillslope configurations. Red circles represent measured values; the dashed
lines represent the original HSB model; the dash-dotted lines represent the revised HSB model of Hilberts et al. [2005]; the solid lines repre-
sent the proposed HSB model.

in Table 2. The simulation results (Figures 9 and 10) indicate that when the accuracy requirement for water
content prediction was satisfied, the two HSB models were similar in their predictions in the case of a conver-
gent hillslope configuration. However, in the case of a divergent hillslope configuration, the water table profile
predicted by the proposed HSB model was more accurate. In particular, the predicted water table profiles at
the second and fifth hours were considerably closer to the measured values. To quantitatively compare the
simulated and experimental values, we introduced the mismatch index [Willmott, 1981] as follows:

d=1- HZ":1 [C({)_EU)] — (12)
> [COH—E+IEG)—E]]

where C(j) is the predicted results, E(j) is the experiment value, E is the mean value of £(j), d=0 indicates a
complete mismatch, and d=1 indicates a complete agreement. Table 3 shows the calculated mismatch
indexes of the outflow rate for convergent and divergent cases. The mismatch indexes between the

Table 2. Calibrated Conductivity Value K; (m/d) for Hilbert’'s HSB Model [Hilbert et al., 2005] and the Proposed Revised Model at
Different Slopes

HSB Model [Hilbert et al., 2005] Presented HSB Model
5% 10% 15% 5% 10% 15%
Convergent 44 48 56 39 39 44
Divergent 32 34 31 21 27 30
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Figure 9. Water table profile for the calibrated HSB models for the six hillslope configurations. Profiles are shown for the following times in
hours: 0 (black), 1 (blue), 2 (green), and 5 (red). Circles represent measured values; the dash-dotted lines represent the revised HSB model
of Hilberts et al. [2005]; the solid lines represent the proposed HSB model.

traditional and proposed model are similar based on the minimal prediction-error control of the outflow
rate. With respect to the time-dependent water table, we plotted the mismatch index versus time (Figure
11). Initially, d=1; however, as time progressed, the value of d changed due to the difference between the
measured and predicted water level. A large discrepancy resulted in a lower value of d. A quantitative com-
parison showed an improvement with the proposed model when the index d was nearer to 1.

For drainage engineering, the time to drain and the depth of flow are two basic evaluation criteria [Casa-
grande and Shannon, 1952; Moulton, 1979]. For these two factors, the model presented in this study per-
formed better at simulating the hillslope drainage process compared to the revised HSB model of Hilberts
et al. [2005], particularly in the divergent hillslope configuration. This suggests that when the thickness of
the unsaturated zone cannot be neglected, the effects of unsaturated flow on hillslope drainage are signifi-
cant. However, although the new HSB model improves the prediction accuracy, the predicted values still
deviate from the experimental results. The deviation might be because of the nonignorable dynamic pres-
sure effect, which results from the vertical flow near the outlet, and the hysteresis effect in the unsaturated
zone, which has been confirmed to play an important role in affecting groundwater flow [Lehmann et al.,
1998; Stauffer and Kinzelbach, 2001; Cartwright, 2014].

4, Discussions

4.1. Rationale for Considering Unsaturated Lateral Flow
In this study, the derivation of an analytical solution assumes that the unsaturated zone experiences mois-
ture flux along the hillslope and that it is necessary to consider this flux to improve the prediction accuracy
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Figure 10. Outflow rates for the calibrated HSB models for the six hillslope configurations. Red circles represent measured values; the
dash-dotted lines represent the revised HSB model proposed of Hilberts et al. [2005]; the solid lines represent the proposed HSB model.

of the HSB model. However, this assumption needs to be tested. To address this concern, we used SUTRA
[Voss and Provos, 2008] to simulate the velocity field (i.e., both convergent and divergent) with a slope of
10% for two soil types (i.e., lab sand and loam). Figures 12 and 13 show the simulated flow field and water
table at the first, second, and fifth hours for the convergent and divergent sand hillslopes; the simulated
flow fields of the convergent and divergent loam hillslope configurations are shown in Figures S4 and S5 in
the supporting information, respectively.

During drainage, the unsaturated and saturated flow directions are generally parallel to the base slope. The
assumption of a hydrostatic pressure distribution along the direction normal to the hillslope was proved
feasible in both the saturated zone and unsaturated zones. Although the unsaturated flow velocity is low,
the nonnegligible drainage flux significantly influenced the spatial and temporal variations of the water
table during drainage. Such flow features highlight the fact that it is necessary to consider unsaturated lat-
eral flow in the HSB model. Based on the flow pattern shown, the unsaturated flow along the base slope
shows that the horizontal and vertical flow components coexist. Thus, it is insufficient to depict the hillslope

Table 3. Mismatch Index With the Outflow Rate for Hilbert's HSB Model [Hilbert et al., 2005] and the Proposed Revised Model at

Different Slopes
HSB Model [Hilbert et al., 2005] Present HSB Model
5% 10% 15% 5% 10% 15%
Convergent 0912 0.984 0.985 0910 0.962 0.985
Divergent 0.990 0.985 0.951 0.981 0.992 0.996
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represent the slopes of 5%, 10%, and 15%, respectively.

drainage by only coupling the traditional HSB model with the 1-D Richards’ equation to consider the vertical
flow in the unsaturated zone.

4.2, Variation of Drainable Porosity With Time

We compared the variations in the drainable porosity with time for different configurations along the slope
base. These variations can be divided into two stages: in the early and middle drainage stages, both unsatu-
rated and saturated zones exist, and the drainable porosity gradually approaches the effective porosity
(0s—0,) as the drainage process progresses (Figure 14). By considering unsaturated flow in the model, the
rate calculated by this method was higher due to the more rapid decrease in the water table. When the
water content in the surface of unsaturated zone approached 0,, the decline of the water table no longer
altered the water content in the upper saturated zone, leading to a linear relationship between the water
content and the water table variation; the drainable porosity also reaches its maximum value at this time. In
the late stage, when only the unsaturated zone exists above the hillslope base (Figure 1b), the drainable
porosity began to decrease. Figure 2 shows that although the integral interval, which is equal to D, does
not change, it moves upward and decreases the value calculated from equation (6). As a result, the ratio of
the water content to the water table variation decreases, and the drainable porosity in the fully unsaturated
zone continuous to decrease.

As shown by the variation of the drainable porosity, there is a shift from combined drainage (i.e., both the
saturated and unsaturated zones exist) toward single drainage (i.e., only the unsaturated zone exists) above
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Figure 12. Flow field (blue arrows) and water table (red line) along a symmetric vertical cross section at the (a) first hour, (b) second hour, (c) fifth hour of the drainage process for a
sand-composed convergent hillslope configuration with a 10% slope. The red solid line represents the water table above which the unsaturated zone exists.

the hillslope base; the drainable porosity is also shown to increase initially and then decrease. In compari-
son, a decrease in the water table was more rapid for a divergent hillslope configuration when unsaturated
flow was considered, allowing the drainable porosity to vary more quickly.

4.3. Variation of the Equivalent Propagation Thickness

Based on equation (11c), we analyzed the effects of the unsaturated zone's thickness on the equivalent
propagation thickness by considering three typical soil types: sand, loam, and clay. As shown in Figure 1a,
when the saturated zone is below the unsaturated zone (h > 0), the equivalent propagation thickness at
one fixed position tends to increase in tandem with the thickness of the unsaturated zone (Figure 15); this
trend was most prominent in clay soils. As shown in Figure 2b, when the thickness of the unsaturated zone
above the saturated zone is sufficiently large, the calculated value of equation (11c) approaches its maxi-
mum value. For example, when the thickness of the unsaturated zone reached 1 m (e.g., in the material
example of Hilberts et al. [2005] with a slope of 10%), the equivalent propagation thicknesses P for sand,
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Figure 13. Flow field (blue arrows) and water table (red line) along a symmetric vertical cross section at the (a) first hour, (b) second hour, (c) fifth hour of the drainage process for a
sand-composed divergent hillslope configuration with a 10% slope. The red solid line represents the water table above which the unsaturated zone exists.

loam, clay, and laboratory sand were 0.256, 0.348, 0.453, and 0.118 m, respectively. The value of P increased
with increasing slope angle under the Dupuit assumption; these values have exceeded the thickness of the
capillary fringe v [L]. Vachaud and Vauclin [1975] suggested incorporating the capillary fringe as an integral
part of the Boussinesq aquifer by substituting h with h+. to improve the simulated water table. Thus, the
proposed HSB model showed that a correction of only the capillary fringe parameter would still underesti-
mate the water outflow rate.

In the late drainage stage, the drainage in the fully unsaturated zone continues as the negative pressure
changes when the fully unsaturated zone exists above the hillslope base, thereby replenishing the adjacent
downslope zone. The equivalent propagation thickness is also related to the negative pressure: a higher
absolute negative pressure yields a smaller equivalent propagation thickness. Figure 2b shows that, from
time T3, the integral interval is equal to the aquifer thickness D. At time T4, the integral interval remains
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Figure 14. Drainage porosity profiles for (a) convergent and (b) divergent hillslope configurations during the drainage process at time (in
hours): 0 (blue), 2 (green), 5 (red), and 10 (black). The solid line represents the drainage porosity, and each colored-dotted line represents
the water table.

unchanged but shifts upward and the result of equation (11¢) decreases and approaches zero. Figure 16 clearly
shows that the equivalent propagation thickness in the unsaturated zone increases initially and then decreases.
This trend first appears at the upstream hillslope during the stage in which only the unsaturated zone exists. Sim-
ilar to the variation in the drainable porosity along the hillslope, the equivalent propagation thickness during the
stage increases initially and then decreases. In comparison, for a divergent hillslope configuration, the decrease
in the water table is more rapid, which allows the equivalent propagation thickness to change more quickly.

5. Concluding Remarks

By modifying the van Genuchten [1980] functions under the Dupuit and homogeneity assumptions, we pro-
posed the concept of equivalent propagation thickness and derived its analytical expression. Two stages of
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2. When the thickness of the unsaturated zone is not negligible, considering the unsaturated flow will markedly
improve the prediction accuracy of the HSB model. This improvement was more apparent during the middle
and late stages of the hillslope drainage process, when the unsaturated zone thickness was comparable to the
saturated zone.

3. Along the hillslope, the drainable porosity and equivalent propagation thickness increase during the early and
middle combined drainage processes and then decrease during the late unsaturated drainage process. This
trend is more significant with divergent hillslope drainage processes because the thickness of the saturated
zone decreases more rapidly.

4. The new HSB model can simulate the variation in the negative pressure head in the unsaturated zone, making
it possible to future analyze the moisture variation in the unsaturated zone during the hillslope drainage pro-
cess, which cannot be realized by previous HSB models.

Unsaturated zone thickness above the saturated zone (m)

Figure 15. Equivalent propagation thicknesses in the vadose zone for different soil types
when the unsaturated zone exists above the saturated zone.

Although present study reveals the effects of unsaturated flow on hillslope drainage, more research is needed to
further advance our understanding of the process. As mentioned above, the dynamic pressure effect at the outlet
and hysteresis effect in the unsaturated zone should be considered to improve the prediction accuracy.
Besides, this study assumes the soils to be homogeneous whereas most hillslope aquifers are heterogeneous
[Rupp and Selker, 2006]. Further theoretical studies should consider these factors to gain a deeper insight into the
hillslope drainage process by combining specific experimental and numerical simulation work [Hazenberg et al.,
2015].
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Figure 16. Equivalent propagation thicknesses (P) profiles for (a) convergent and (b) divergent sand-composed hillslope configurations
during the drainage process at the following times in hours: 0 (blue), 2 (green), 5 (red), and 10 (black). The solid line represents the equiva-
lent propagation thicknesses P, and each colored-dotted line represents the water table.
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