BACKWARD UNIQUENESS FOR PARABOLIC EQUATIONS

L. EscAURIAZA G. SEREGIN V. SVERAK

ABSTRACT. It is shown that a function u satisfying |0 + Au| < M (Ju| + |Vul),
lu(z, t)] < MeMl=? in (R™\ Br) x [0,T] and u(z,0) = 0 for « € R™ \ Br must
vanish identically in R™ \ Br x [0,T].

1. Introduction

In this paper we prove backward uniqueness for solutions of
(1.1) |Oru + Au| < M (Ju| + |Vul|)

in Qrr = R"\ Br x [0,T], where B = {x € R" : |z| < R}. Our main result,
Theorem 1 below, says that under natural regularity assumptions on u, any solution
of (1.1) with controlled growth at infinity which vanishes at ¢ = 0 must vanish
identically. The required growth condition is

(1.2) lu(z,t)] < MeMlal”,

The main point of the theorem is that the values of u at the parabolic boundary
of Qr,T are not controlled by the assumptions. We remark that classical examples
of A. N. Tikhonov show that (1.2) is natural in the backward uniqueness context,
and that the statement of Theorem 1 fails when Qg 7 is replaced by Bgr x [0,T].
See also [10] and [15]. When Qg 1 is replaced by R™ x [0,7] the statement of
Theorem 1 follows for example from [2] and [17]. Papers [14], [18] and [20] also
contain important related results.

One interesting consequence of Theorem 1 is that it settles a well-known problem
in the regularity theory of the Navier-Stokes equations. This is explained in [19],
where Theorem 1 was conjectured and proved in the simple case M = 0. To
formulate the result implied by Theorem 1 and [19], let us consider the classical
Cauchy problem for the incompressible Navier-Stokes equations in R? x (0,7)

vi+v-Vo+Vp=Av in R3x(0,T),
(1.3) dive=0 in R3?x(0,7),
v(z,0) = vo(z) in R3,
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We assume that vg is a smooth divergence-free vector field with suitable decay at
oo. It is known that the problem (1.3) has at least one Leray-Hopf weak solution.
(See, for example, [12], [7].) As proved in [19] Theorem 1 implies the following
result.

Theorem. In the notation introduced above, assume that a Leray-Hopf weak so-
lution v of (1.3) is bounded in the space L*°(0,T; L3(R3)). Then v is smooth in
R3 x [0,T).

In fact, one can see easily from this and the local well-posedness of (1.3) in L3
(see [11]) that the following slightly stronger statement is true: If vy is as above and
a Leray-Hopf solution v of (1.3) is bounded in L*°(0,t1; L*>(R3)) for some t; < T,
then v is smooth in R3 x [0,1].

Theorem 1 is also of interest in control theory. S. Micu and E. Zuazua have shown
in [16] the lack of null controllability of the heat equation on the half space for any
positive time with L? control on the lateral boundary and for a large class of initial
data. Theorem 1 shows that the same holds for operators 0; + A+ b-V 4+ ¢ when b
and c¢ are bounded functions, and for domains containing the complement of a ball
in R™. In fact, one can consider b and c as additional controls and the theorem says
that under the growth assumption (1.2) null controllability by bounded controls for
ur + Au—+b-Vu+ cu = 0 is not possible, except for the trivial case when u vanishes
identically.

The proof of Theorem 1 uses the following Carleman inequalities:

1. Set o(t) = te™*/3 and 0,4(t) = o(t + a). Then, there is a constant N = N(n)
such that the inequalities
(1.4)

o a2
Ho_aa 1/26 |z—y|*/8(t+a

Jull 2w 0.1y + llog e 1oV BTy

(R x(0,1))
< N||0_;ae*|m*y|2/8(t+a) (Au + dyu) ||L2(Rnx(0’1))

hold for all « > 0, y € R", 0 < a < 1 and u € C§°(R™ x [0, 1)) verifying u(.,0)
2. There is a constant ap = a(R,n) such that, the inequalities

a(T—t)(Jz|-R)+|z|? a(T—t)(|w|—R)+|fv\2vu||L2

0.

||€ u||L2(QR,T) + ||6 (Qr,T)
< Hea(T—t)(|:r|—R)+|:r\2 (Au + atu) HLZ(QR,T) + ”€|x|2vu(.7T)|’L2(Rn\BR)

hold for all & > ag and u € C§°(Qr 1) satisfying u(.,0) = 0.

(1.5)

The first Carleman inequality, based on ideas developed in [3], [4], [5], and [6],
is used to prove that under the assumptions of Theorem 1 one has

u(z, )| + |Vu(z, t)| < Ne~ 1=/ (VD)

for some N > 0 in Q¢r,7. This estimate enables us to apply the second Carleman
inequality to the (slightly modified) function u, and obtain the result (for sufficiently
small T") by letting o — oco. Inequality (1.5) seems to be new.

As is usual in the context of L? Carleman estimates, we use suitable integration
by parts to prove our main inequalities. The calculations can be organized either by
using identities developed in [6], or by following more or less standard calculations
with new dependent variables and commutators in the spirit of [8], [9] or [21]. In
this paper we will use the former method, which is based on Lemma 1 below. An
alternative proof of Theorem 1, which uses the latter method and a slightly modified
version of (1.4) and (1.5) will appear elsewhere.
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2. Proof of the main result

In what follows we assume that the functions entering the expressions below are
“sufficiently regular” so that the quantities we consider are suitably well-defined.
For example, the assumption that the derivatives entering our formulae are distri-
butional derivatives and are square integrable over bounded sets is sufficient.

Theorem 1. Assume that u: Qr 1 — R verifies in Qr r the inequalities

|Au+ dpul < M (Ju| + |Vu|)  and |u(z,t)] < MMl
for some positive constants M, T and R. Then, if u(x,0) = 0 in R™ \ Bg, u
vanishes identically in Qr,r.

Though the proof of this result is given for real-valued functions, the arguments
also work when w is replaced by a vector-valued function w : Qg7 — R" verifying
the same conditions and the inequality

(2.1) |Aw + | < M (Jw] + |[Vw])

This is because (2.1) is a triangular parabolic system with d; + A as the principal
part and the solutions w to (2.1) verify the L*°-bounds [13] for real-valued subso-
lutions to parabolic equations: if w € WQQ’&)C(QRI) is a solution of (2.1), there is a
constant N depending on M such that 7

2s
ValTul o)l + o) < o [ [ fuldx
s B s (y)

when |y| > 2y/s+ Rand 0 < s < T/2.

To prove the result we need four lemmas. The Lemmas 1 through 3 are used
to build the Carleman inequalities. In Lemma 4 it is shown that w vanishes in
R™\ Br x [0, M] when M is small, R > 1 and T = 1, and the general case follows
using suitable parabolic rescalings and time translations.

In the sequel dX = dxdt and Z denotes the identity matrix.

Lemma 1. Assume that u and G are smooth functions on an open set in R"T1 and

that G is positive. Then, the following identity holds when F = (0;G — AG) /|G
V- [20,uGVu+ |Vu*VG — 2 (VG - Vu) Vu + uFGVu + 3u*FVG — 2u’GVF]
—0; [|[Vul’G + v’ FG]
=2(u—VlogG - Vu+ 3 Fu) (Au+ du) G — 2 (Oyu — Vlog G - Vu + %FU)QG
—1u? (OF + AF) G — 2D*(log G)Vu - Vu G

Proof. The formula follows formally upon expanding the left hand side with the
product rule, multiplying out the products and squares on the right hand side and
comparing both outcomes.

The main ideas behind the previous argument come from the following observa-
tions. First,

2(8tu—VlogG-Vu+ %Fu) (Au—i—ﬁtu)G—2(6’tu—V10gG'Vu—|— %Fu)zG
=2(0u—VlogG - Vu+ 5Fu) (Au+VlegG-Vu— 3Fu) G
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and the operators
A=09;-VlegG-V+3iF and S=A+VlegG-V—3iF

are respectively antisymmetric and symmetric in L*(GdX). We can now use
Rellich-Necas identity with vector field VG

2VG - VuAu = AG|Vul* — 2D*’GVu-Vu -V - (|Vu*VG - 2(VG - Vu) Vu)

to compute the quadratic form associated to the commutator of these two operators
in L?(GdX).

Now, integrating the formula in Lemma 1 over R™ x [0, 7] we get the following
identity.

Lemma 2. Assume that G is a smooth positive function in Qr 1, u € C3°(Qr,T)
and set F' = (0,G — AG) /G. Then, the following identity holds

2/ (0w — V1og G - Vu + %Fu)QGdX+2/D2(logG)Vu-Vu GdX

+1 /u2 (0,F + AF)GdX = 2/ (Au+ du) (Byu — Vg G - Vu + 3 Fu) GdX

t=T
+3 / W FG dz
t=0

t=T

+/|Vu|2G dz

t=0

Thus, in general we can expect to control the L?(GdX) norm of u and Vu by
the L?(GdX) norm of Au + d;u, where log G is convex and 9;F + AF > 0.
In particular, when G = e2e(T-(zl=R)+2ll” the following inequalities hold on
Qr,7 for o > 0 sufficiently large depending on n and R,

(2.2) D*(logG)>Z , F<0 and O,F+AF>1

Then, the second Carleman inequality (1.5) follows from Lemma 2, (2.2) and from
the Cauchy-Schwarz’s inequality (which is used to handle the first integral on the
right hand side of the formula in Lemma 2).

The Carleman inequality (1.4) involves the function G = e~12*/4t In this case,
D?(log G) = —%I and log GG is concave, but multiplying the identity in Lemma 1 by
a suitable function depending on time, one can manage to make the “commutator” of
the two operators given below to be a positive operator. In particular, following
the formula (2.3) below,

O,l—oc

(0w — V1og G - Vu — 22u) (Au+ dpu) G

20
(O~ Viog G - Vu — 32u)° G
= 757 (Ou—Viog G- Vu— $2u) (Au+ Vg G- Vu+ §2u) G

c

o
O_l—a
o

and the operators
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are respectively antisymmetric and symmetric in L?(c~*GdX). Then, the qua-

is calculated using the divergence theorem.

Finally, the parameter a € (0, 1) in the Carleman inequality (1.4) is there to make
rigorous the integration by parts done in its proof when v € C§°(R™ x [0,1)) and
u(x,0) =0 on R™. Setting there a = 0 would only allow to enter in (1.4) functions
u € C§°(R™ x (0,1)) or vanishing to infinite order at (y,0) in the (x,t)-variable.

Lemma 3. Let a > 0, G denote a positive caloric function in R™ x [0,1] and
o = o(t) a positive non-decreasing function on [0,1). Then, the following identity

holds for all u € Cg°(R™ x [0,1)) verifying u(z,0) =0 on R™

2/(’%&(@&”—VIOgG-W— %u)2GdX+/"% DeVu - Vu GdX

o

where Dg = lo/g\% T+ 2D?*(logG) .

S (Au+ pu) (Opu — V1og G - Vu — g‘—gu) GdX

Proof. Replacing in lemma 1 the function G by ¢~*G we have F' = —a@ and
the identity
0~V - [20,uGVu + |Vu*’VG - 2(VG - Vu) Vu — 22uGVu — 2w’ VG]

=20~ (Ou — V1og G - Vu — 22u) (Au + dyu) G
(2.3) e
(3tu —VlogG - Vu — —u) G+ S0 “log ou*G

—20~ aD2(logG)Vu-VuG+8t[ VUG — 2207w G]

Multiplying (2.3) by ¢ and using the identities

() Togo = —m/g'\z ,
g [ —|Vuf2G — 202G
:8,5[ %\ Vu2G - 2G} .U]Vu] G+ 25— log log 212G )

it follows that

1

° V- [28tuGVu +|Vu|?VG - 2 (VG - Vu) Vu — 22uGVu — £2u*VE]
= (&gu — Vg G- Vu— 22u) (Au+ du) G

(8tu —VlilegG - Vu — %u)2G—

+0, [01;“ IVul2G — %UZG] ,

and the identity in Lemma 2 follows upon integrating (2.4) over R™ x [0, 1].

When a € (0,1) and taking respectively in lemma 3 as G and o the functions
Go = (t+ a)~"/2e 12l /4(t+a) and o, = (t + a)e=(+9)/3 | we have

(2.5) L(t+a)<o.t)<t+a , £<6,t)<1 and Dg, >3iT



6 L. ESCAURIAZA, G. SEREGIN, V. SVERAK

when ¢t € (0,1) and (z,t) € R™ x (0,1). With these choices, the integrations by
parts done in the derivation of Lemma 3 are valid when v € C§°(R™ x [0,1)) and
u(x,0) = 0 on R™, and from Lemma 3, (2.5) and the Cauchy-Schwarz’s inequality

(2.6) log “Ga >Vl r2@nx0,1)) S llog “Ga/® (Au+ ) || 2 (g x0,1)
Multiplying the identity
(A 4 0;)(u?) = 2u(Au + dpu) + 2|Vul?

by 0,2“G,, then integrating by parts the operator A + d; acting on u? over the
other terms in the corresponding integral over R™ x (0,1), and using the Cauchy-
Schwarz’s inequality to handle the cross term, (2.5) and (2.6), we derive that the
following inequality holds when o > 0

\/a||Uga71/2Gcl/2UHL2(Rnx(o,1)) + ||0'c:anlz/2vu||L2(R”><(0,1))
Sllog *Gh? (Au+ dyu) | r2®e x(0,1))

This proves the Carleman inequality (1.4) upon replacing o by ao— % and observing

that the previous inequality is invariant under translations of the space-variable.

Lemma 4. Assume that u satisfies in R™ \ Bg x [0, 1]
(2.7) Au+ dul < e (jul + |[Vul) (e, t)] < el7F

and u(z,0) = 0 in R™ \ By for some R > 1. Then, there is £(n) > 0 such that, u
is identically zero in R™ \ Br x [0,¢] when € < e(n).

Proof.
In order to obtain this result we first show that there exists e(n) >

0 and a
constant N = N(n) such that any such function verifies in R” \ Bsp x [0, +]

(2.8) [uly, )| + [Vu(y, s)| < Nem W/ (14 [lul| 1o (Bom\ Baxo1))

when £ < e(n).

Assuming that u verifies (2.7), |y| > 6R, a € (0,1) and that r > 4|y| is
a large number, we will apply the first Carleman inequality (1.4) to w.(z,t) =
u(z, t)p(t)Y,(z), where ¢ € C*°(R) and 1, € C°(R™) satisfy ¢ = 1 for t < 1/2,
p =0fort>3/4, ¢, =1for 3R < |z] < 2r, ¢, =0 for || < 2R and |z| > 3r,
0 <, <1, and taking « =k, k € N, in (1.4) . With these definitions we have

(2.9 HU;k_l/Qe_|w_y|2/8(t+a)urH2 + "U;k€_|x_y|2/8(t+a)VurHg
< oz ke lemv 80+ (A 4 8,) (u,)||2

On the other hand,

(2.10)  [(A+0y) (ur)| < & (Jur| + [Vur|) + |"u|
+ ¢ [[ul (|A%e]| + [V |) + 2[Vipe|[Vul]]
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and from (2.9) it is possible to hide the first term on the right hand side of (2.10) in
the left hand side of (2.9) when ¢ is sufficiently small, and obtaining that for £ > 0

o k=12 la=ylP/8(t+a)y, 11, ||| goke—le—vl*/Bt+a gy, |1,

S| o el AR | o s
(211) ( \ RX[274])

— —|x— 2 a
+H g, ke lz=y["/8(t+a) (|u‘ + ‘VUD HL2(B3R\BZRX[07%])
— —|x— 2 a
+|| o e TSR (lu] 4+ [Vul) || 2y, Barx[0,2)

The standard L°°-bounds for the gradient of subsolutions to parabolic equations
[13] imply that there is a constant depending on n and k such that

—k —|o—yl? a

| o, *e lo=y[*/8(t+a) (Jul +[Vul) HL?(BQ,T\BQTX[O,%])
— _T2
S a” e lull L (Ba\ B x0,1)
and from the growth condition (2.7), the right hand side of this inequality tends to
zero as r — +oo when € < 1/16. Then, letting first 7 — 400 and then a — 0 in
(2.11), it follows from (2.5) that there is a universal constant N = N(n) such that
for k>0
(2.12)
—k— —|z—yl? —k _—|z—y|?
[t R/ 2oyl /StuHL2(R”\B2R><[O,%}) + [t e le Yl /StVUHH(R”\Bmx[O:%D
< NF|e~le=l /Stu”L2(Rn\BRX[%,%])
kit—k, —|lz—y|*/8
+NF(|E e B (Ju] + [V ul) || 23y B x[0,2)

From (2.7),

‘2_|.Z’7y|2
6 |lpe@ny Se

(2.13) [ /StUHL2(R"\BR><[%,%]) < et ly|
On the other hand, e~17=¥°/8t < ¢=lvl*/16t when 2 € Bsg \ Bag and from Stirling’s

formula [1]

I{lag( t—k6_|y‘2/16t — ’y|_2k(16]€)k6_k < ‘y‘_Zkak'! ,
>
and from this fact and the standard L°°-bounds for the gradient of subsolutions to

parabolic inequalities [13] we have
(2.14)

[t~ e 1oV /8 (fu] 4 [Vul) | 22(Bsp\Barx[0,2]) < N Ey| ™M |ull Lo (Bar\ Brx[0,1]) -

Then, (2.12), (2.13), (2.14) and (2.7) imply that there is a constant N = N (n) such
that, for |y| > 6R and k > 0

_ —|z—yl? _ 2
[t="e el /StuHLQ((R"\Bng[O,%]) < N*(k!ly| 2kHU||L<><>(B4R\BRX[0,1]) +elv )

and multiplying this inequality by |y[?*/ ((2N)*k!) and adding up in k > 0
(2.15)

2/(4Nt) —|z—y|?/8(t+a
elvl”/ (AN E) g =lo =yl /8(e+ )UHLz((Rn\BZRx[o,ﬁ}) S Ut lfulle @ saxio
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Then, from standard estimates for subsolutions of parabolic inequalities [13]

1 2s
210)  Juls)| VAV S o [ [ plax
§ s B 5 (y)

and the claim (2.8) follows from (2.15) and (2.16).

Now, we apply the second Carleman inequality (1.5) to uq,, = utb, -, where 0 <
a <1, r>0is alarge number, ¢, , € C§°(R™) verifies ¢, , = 0 for |z| < (1+a)R
or x| > 2r and 9, = 1 for (1 4+ 2a)R < |z| < r, and choosing T' = 4¢, where
0 <e<1/(10N) and N is the constant in (2.8). In particular, we have

(2.17) ||~ el =R)+lzl*y, a(de—t) (x| - R)+|a|?

a:"'HLQ(QRAe) + [le Vua,T”LQ(QRAE)

< ||€a(4s—t)(|:r|*R)+\w|2 (A + 0) (ua77")||L2(QR,45) + ||6|$|2vua,r(_7 45)||L2(]R")
As before,

(2.18)
| (A +0) (uar)| <& (Juar| + Vo) + |ul ([A%q,r

+ |V1/}a,r

) + 2|V¢a,r||vu| )

and the first term on the right hand side of (2.18) can be hidden in the left hand
side of (2.17) when ¢ is sufficiently small. These imply that the following inequality
holds with a constant depending on a > 0

2
e ul| L2 (B By s0m mx(0.e) S €T ul + [Vulll L2 (Ba\ B, x [0,46))
+e3¢ R |u| + IVulll L2(B (1 s 20 1\ B(1 10y x[0,42))

2 2
Hle™ (., 4e) |22 (Bo\ Bty + €177Vl 4€) |22 (Ba\ By
This inequality and (2.8) imply that for some constant depending on a and ¢

—_ 2 —
ull L2 (BB 100 mx[0,e) S €77 +e 2aeaR

Then, letting first » — 400, then @ — +00 and finally a — 07 in the last inequality,
gives that u =0 in R"™ \ Bg x [0, ¢].

In general, when wu satisfies the assumptions in theorem 1, there is 6 > 0 such
that the function u(dz,d%t)/M, also denoted u, verifies (2.7) in R™ \ Bg x [0, T for
some new R > 1 and T' > 1 and with € as small as we like. If 7" > 1, Lemma 4 gives
that u = 0in R™\ Bg x [0,]. Then, u(x,t+¢) satisfies (2.7) in R™\ Br x [0, T —¢],
and if T'—e > 1 we get that u = 0 in R™ \ Br X [0, 2¢]|. Proceeding in this way, we
find @ > 0 such that, u =0 in R"\ Bg x [0,a] and 0 < T — a < 1. Setting ap = a
and ug(z,t) = u(vT —ag =, (T — ag)t + a) when k > 0, uy verifies (2.7), and
Lemma 4 implies that u = 0 in R™ \ Bg X [0, axt1], where ax11 = (1 — €)ag + Te.
The sequence {ay} is non-decreasing and 0 < ay < T for all k£ > 0. These two facts
imply that limy_, ax = 7', and prove the theorem.
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