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1 Introduction

The use of random walks as a tool in mathematical physics is now well established and
they have been for example widely used in classical statistical mechanics to study critical
phenomena (see {10]). It has been recently observed that analoguous methods in quantum
statistical mechanics requires the study of random walks on oriented lattices, due to the
intrinsic non commutative character of the (quantum) world (see e.g [5, 16]). Although random
walks in random and non-random environments have been intensively studied for many years,
only a few results on random walks on oriented lattices are known. The recurrence versus
transience properties of simple random walks on oriented versions of Z? are studied in [4]
when the horizontal lines are unidirectional towards a random or deterministic direction. The
interesting behavior of this model is that, depending on the orientation, the walk could be
either recurrent or transient. In the deterministic "alternate” case, for which the horizontal
lines are alternatively oriented on the right or on the left, the recurrence of the simple random
walk is proved, whereas the transience naturally arises when the orientation are all identical in
infinite regions. More surprisingly, it is also proved that the recurrent character of the simple
random walk on Z? is lost when the orientations are i.i.d. with zero mean.

In this paper, we prove that the transience of the simple random walk still holds when
the orientations are centered and positively correlated with a summable power law decay of
correlations. We also prove a functional limit theorem for this walk with an unconventional
normalization due to the random character of the environment of the walk, solving an open
question of [4]. Our paper is organized as follows: the description of our model and the
results are stated in Section 2. Section 3 is devoted to the proofs while illustrative examples
of orientations, coming from statistical mechanics, are given in Section 4.

2 Model and result

2.1 FKG-horizontally oriented lattices

We consider a canonical probability space (€2, 5,P) on which all the random variables are
defined, and denote [E (resp. Cov) the expectation (resp. covariance) under P. By orientations,
we mean a stationary family of {—1,+1}-valued centered random variables (e, )yez, with the
following properties:

1. Associated random variables:
For any m > 0, for any finite collection (e, ..., €m), for any coordinatewise nondecreas-
ing functions f,g on {-1,+1}™,

Cov [f(é(), teey €m)§9(€0, RRE Gm)] 2 0.

2. Summable power-law decay of correlations:
There exists a > 1 such that

E[eoey] = O(| y | ™) when |y |— +oc.

In our set-up, these orientations are natural extensions of Rademacher random variables of
[4]. They have the same one-dimensional law (Plep = +1] = Pleg = —1] = 1) but they not
necessarily independent. The notion of associated random variables (see [18]) is very natural



in the context of Gibbs measures in statistical mechanics where it is equivalent to the FKG
property of the joint distribution v of the random field € = (ey)yez ([11]). In such cases, we
also say that the orientations are positively correlated. Examples of such distributions are
ferromagnetic, possibly long range, Ising models, described in Section 4 at the end of this
paper.

We use these associated random variables to build our FKG-horizontally oriented lattices.
These lattices are oriented version of Z?: the vertical lines are not oriented and the horizontal
ones are unidirectional, the orientation at a level y € Z being given by the random variable
€y (say right if the value is +1 and left if it is —1). More formally we give the

Definition 2.1 (FKG-horizontally oriented lattices) Let € = (ey)yez be a sequence of
{—1,+1}-valued, associated and centered random variables. The FKG-horizontally oriented
lattice L€ = (V, A¢) is the directed graph with vertex set V = Z? and edge set A® defined by
the condition that for u = (uj, uz),v = (v1,v2) € Z2, (u,v) € A if and only if

1. eithervi =wu; and vy =us +1

2. or vg = ug and v1-= Uy + €.

2.2 Simple random walk on L¢

We consider the usual simple random walk M = (M, )nen on L. Its transience is proved in
[4] for almost every orientation when they are i.i.d random variables (€y)yez, i.-e. when the
law v of the random field € is a product probability measure. We generalize this result in this
positively correlated and possibly non-independent context.

Theorem 2.2 For v-a.e. realization of the orientation €, the simple random walk on the
FKG-horizontally oriented lattice L€ is transient.

We also answer in this general set-up to an open question of [4] and obtain a functional
limit theorem with a suitable and unconventional normalization. We consider a Brownian
motion (Wi):>0 and denote (L;(x));>0 its corresponding local time at x € R. -Moreover, we
introduce a pair of independent Brownian motions Z4(z),Z-(z),z > 0. We assume these
processes to be defined on one probability space and to be independent of each other so that
the following process is well-defined:

A= /D " L(@)dZ, (z) + /0 " Lu(=2)dZ_(z). 2.3)

This process is a particular example from a family of new self similar processes obtained in
[15] as functional limits of Z-valued random walks in random sceneries. Moreover, it has
a continuous version which is self-similar with index % and has stationary increments. We
also introduce a real constant m = 3, defined later as the mean of some geometric random
variables related to the horizontal behavior of the walk.

Theorem 2.4 The following convergence holds:
1 D m
(n—s/ZM[nt])tZO = m(&ﬂ)zzo (2.5)

where =2 means convergence in the space of cadlag functions D([0,00), R?) endowed with the
Skorohod topology.



3 Proofs

3.1 Vertical and horizontal embeddings of the simple random walk

The simple random walk M defined on (€2, 8,P) can be decomposed into a vertical and an
horizontal part by restriction to the corresponding axis. The vertical part is a simple random
walk Y = (Yn)nen on the line. The (independent) o-algebras generated by this vertical walk
Y and the orientation € are denoted respectively by

F=0{Ypn, neN) and G=o(e, y€Z).

We also define for all n € N and y € Z the local time at level y of the walk Y to be

n
M(Y) =D Ly,=y-
k=0

The horizontal embedding is a random walk with N-valued geometric jumps. More formally, a
doubly infinite family (fi(y))ieN*,yeZ of independent geometric random variables of parameter
p = 3 (and mean m = 1) is given and one defines the embedded horizontal random walk

2
X = (Xn)nen by Xo=0and for n > 1,

Nn=-1(y) |
Xn=3 e 3 &
yEZ i=1

. with the convention that the last sum is zero when 7,-1(y) = 0. Of course, the walk M,, does
not coincide with (X,,Y,) but these objects are closely related: define for all n € N

Nn-1(Y)

yeZ i=1

to be the instant just after the random walk M has performed its ntt vertical move. The
following Lemma is proved in [4].

Lemma 3.6 1. Mp, = (X,,Y,).

2. For a given orientation e, the transience of (M, Jnen implies the transience of (Mp)nen.

3.2 Associated random variables

The extension from the i.i.d. case to our case is made possible by a comparison of the joint
characteristic functions of associated random variables with the product of the marginal ones,
due to Newman et al. ([18]).

Lemma 3.7 Let € = (ey)yez be a sequence of associated random variables. Then, for all
teR, neN

‘]E[eit Lyez ‘y”"(y)]f] - H E[eiteynn(y) ‘]—'} ‘ < %tz Znn(a:)nn(y)IE[ezey]. (3.8)
yeZL ’ Ty



Proof. Tt is based on Theorem 1 in [18], which states that for a finite family of p associated

r.v.’s (Z1,...,2Zp) and real numbers (ry, ..., 7p),
izp rka 2 11'ka 1
‘E[e - H <5 > InslinelCov(Z;, 7). - (3.9)
k=1 1<j#k<p

The sum and product of the Lh.s of (3.8) have a finite number of terms because 7, (y) = 0 for
ly| > n. It is thus straightforward to derive (3.8) from (3.9) using the F-measurability of the
local times nn(y), the associativity of € and its independence with the vertical walk Y. ]

3.3 Proof of the transience of the simple random walk

The vertical walk Y is known to be recurrent and its asymptotic behavior is rather well
controlled. The transience is due to the behavior of the embedded horizontal random walk X
and to exploit it we introduce a partition of {2 between typical or untypical paths of Y.

In all this proof, for any i € N, §; is a strictly positive real number and we write dn; =
n3+% . Define the sets

Ap = {w e R [Yi| < n2+51} N {we; max Non-1(y) < n2+52}
and
B, = {w € An;

ny"hn—l(y)‘ > nitis).

yEZ

By Lemma 3.6, the transience of M will be insured as soon as

> P[Xon = 0;Yan =0] < o0 (3.10)
neEN

and to do so we first decompose P[X2y, = 0; Y2, = 0] into
P[Xapn = 0; Yo, = 0; AS] + P[Xop, = 0; Yo, = 0; By] + P[Xon = 0;Y2n = 0; Ap \ By].  (3.11)

Some results of the i.i.d. case of [4] still hold and in part1cular we can prove using standard
techniques the following

Lemma 3.12 For any 61,62 > 0,

ZP[X%L =0;Ys, = O7A$L] < o0

neN

The second term of (3.11) is also a generic term of convergent series due to the untypical
character of the paths in B,. Again from [4] with standard techniques, we have the

Lemma 3.13 For any é3 > 0,

ZIP[in = 0; Y, = 0; By] < oo.
neEN



Now, we denote
Dn = P[in =0;Y2, = 0; An \ Bn]-

To prove the theorem, it remains to show that for some 6;,62,03 > 0

> pn < o0 (3.14)
neN
Decompose
Pn = E[ 1500 [1x50coE 14,05, F V 6] |7]]. (3.15)

It is well known that for the simple random walk Y, there exists C > 0 s.t.
PYon = 0] ~ C-n"%, n — 400 (3.16)
and we can prove as in [4] the 7

Lemma 3.17 On the set A, \ B,, we have,

P[Xsn =0|FVG] = o(\/ﬁ_ni) (3.18)

Hence, the transience of the simple random walk is a direct consequence of the following

Proposition 3.19 For a > 1, it is possible to choose 61,082,03 > 0 such that there exists
6 >0 and
P[An\ Ba|F] = O(n™%). (3.20)

Proof. We first follow the lines of the proof of Proposition 4.6 in [4]. Using an auxiliary
centered Gaussian random variable with variance di,3 , by the inequality of Anderson and
Plancherel’s formula, we get

P[A, \ Bn|F] < C-n3*%., (3.21)

where

I, = /7r E[eitzyez ‘szt-l(y)p—‘] e~ t2dn3/2gt.

—t2d2 5/2

To use that for td, 3 small enough, e dominates the term under the expectation, we

split the integral in two parts. For b, = gn—sza, we write

In=1I)+12

with

I?%, = / IE [eit zyez 6'y")Zn-—-l(y) i]_‘] e—tzdiv3/2dt
[t|<bn

Ig = / E[eit Tyez yMn-1(y) i}-] 6—t2d$‘v3/2dt.
[t]>br

We easily control the integral I2 like in [4] to get for some 64 > 0,

2=0().
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Denote IQ the integral which corresponds to I} in the i.i.d case, where factorization is
possible by independence. If (¢, )yecz is a sequence of i.i.d. random variables with marginal
distribution Plej, = —1] = P[¢], = +1] = 3, we write

Iﬁ:/
It

and decompose

E[e#t4mn-10) | Fle~ s/ 2dt = / 11 cos(nan—1(y)t)e ™t Hs/2at

L=I+ (- ).

In order to get a validity of our result for any summable power law decay of correlations, we
estimate I$ by the following '

Lemma 3.22 For 63 > 262,
3
13| = 0(n=3% 7).

Proof. We first use Hglder’s inequality to get

m2n-1(y)

m< IO / b |cos(ans ()= dt) ]

5 Ul
Denote for all y € Z,n € N, p, y = "Z"T";(yl, Cn = {y : non—1(y) # 0} and, for y € Cy

1
Jny = / | cos(nan—1(y)t)|/Prvdt = —/ | cos(v)|*/Prvdo,
It|<bn Non—-1(¥) Jjvi<banan-1(v)

to get |I2| < Hy JhnY. Now, using the fact that we work on Ay, we choose &3 > 26 in order
to have b,n2n—1(y) — 0 uniformly in y when n goes to infinity. If one substitutes the cosinus
in the latter inequality by an exponential, one has

27 Pn.y
o < e
Il < 1;[ ( 2nM2n-1(y) )
1 1
= (2m)ETuPovexp (— 5 2 Paylog(2nmzn-1(1))).
y
The vector p = (pn,y)yec, defines a probability measure on Cp, and we have
1 1 1
=5 2 Pry108(2n7mn-1(y)) = ~log2n ~ 53" pny logpny = ~log2n + S H(p)
y y

where H(-) is the entropy of the probability vector p, always bounded by log cardC,,. We thus
have on the set A4,

1 dn 3.4
1191 < V2T exp(~ log 2+ £ log(2dn,)) = Yo = O(n+%),

To proceed when the orientations are not independent but FKG with summable power
law decay of correlations, we use Lemma 3.7 to compare I} to IS and control their difference.

7



Lemma 3.23 For §3 > 2§; and B = 363 + o — 1 — 49,
I} - IZ] = O(n7"). (3.24)
Proof. We have

I}L-Iman:/

[t|<bn

‘E[eit 2yez Ey"Zn—l(y)lf] - H E[eiteymn—l(y)lf] 'e—tzdﬁ,a/fadt
yeZ

and by Lemma 3.7 and the trivial F-measurability of the 7’s:

1
27y |t|<bn
b3
< ?n Z Non—1()M2n-1(y)Elec€y]-
z#Y

Using the positivity of the correlations and the fact that we only work on A, we rewrite:

. - 2n 2n
n2t% Z Ton—1(y) Z Elesey)-

y=—2n | rz=-2n,27#Yy

n352

J,
n 6n%+353

By stationarity of the associated r.v.’s ¢, we have for all y € [—2n, 2n],

2n 2n 2n—y 4n
Z Elezey] = Z Elegez—y] = Z Elege.] < Z Elepe,].
r=-2nz#y z=-2n,z#y z==2n—y,2z7#0 z=~—4n,z#0
Thus, still by stationarity,
362 4n
n 1
< n2792.2n.2) Elege
s e " ; [coe]

In our case of summable power law decay of correlation, we have with a > 1

4n
E[eoey] =0(ly|™) = Z]E[eoey] = O(n'™®)
y=1
and thus
Jp = (D(n"ﬁ)
with 8 =363 +a —1 — 46,. n

Now, using (3.21), write with the usual notation dp 3 = nats.
P[An \ Bo|F] < Cdn3(JI3| + I — T3] + | I2))-

Consider 43 > 2d2. By the previous lemmata, we have

é
dng- 15 = O(n=+5+3), daglI3| = O(e™™

)

and .
dn - |1 = I = O(n2t%=F),

To find a suitable § > 0 such that Proposition 3.19 holds, we need the following relations to
be verified:



° 53<%—%1.

. % +d3 — B <0, or equivalently 3 > 265 + %(% - )
and we still need d5 > 26,. We distinguish two cases:

o o €]1,2[: the system reduces to

where 41 and d; can be taken as small as possible so the existence of § > 0 in Proposition

3.19 requires that
5G-a) <3
212 4

i.e. a > 1, which is always verified under our hypothesis.

e o > 2: the system reduces 1o .

N

and one only has to choose §; and 8, such that 26, < % - % to find a suitable § > 0.

This proves Proposition 3.19.
i

Combining Equations (3.15), (3.16), (3.18) and (3.20), we obtain (3.14) and then (3.10).
By Borel-Cantelli’s Lemma, we get

P[Mr, = (0,0) i.0.] = P[P[Mr, = (0,0) i.0.|G]] = 0

and thus (MT, Jnen is transient for v-a.e. orientation e. Theorem 2.2 follows from Lemma 3.6.

3.4 Proof of the functional limit theorem.

Proposition 3.25 The sequence of random processes n=3/ 4X [m])tZg weakly converges in the
space D([0, 0o[, R) to the process (mA,)i>o.

Proof. Let us first prove that the finite dimensional distributions of n—3/4 (Xpng)1>0 converge
to those of (mA;)i>0 as n — 0o. We can rewrite for every n € N,

Xp=XY+xP

where
Nn—1(y)
V=Y Y & -m)
YEZ i=1
and

Xr(zz) =m Z €yln-1(y)-
yeZ



Lemma 3.26 The sequence of random variables n=3/ 4(X7(11))neN converges in probability to
0 as n — 4-o0.

Proof. It is enough to prove the convergence to 0 for the L%-norm.
x| = (=) _ W) _ . FVG
E|(X)? =E| D eaey Y E[(&" —m)(&* - m)|F Vv ]

Since by independence of the §§y)’s with both the vertical walk and the orientations,

E((€” —~ m)(EY —m)|F v g = B[ — m)(e — m)|m?8i;6,.y,

we obtain '
n3/%E [(X1(11))2] =m2n~3/? Znn_l(x) =m2n2 = o(1).
z€EZ
[ |

Lemma 3.27 The finite dimensional distributions of (n=3/ 4X[(3t)])t20 converge to those of
(mAt)tZO asn — Q.

Proof. Let 0 <t; <ty <...<t;and 0,0,,...,0; € R. By the definition of X,(f), we have
k

[nt;] =

k
n~3/4 Z er(z) mn=4 g; Z €yMint;}-1 (y)-
7=1 J=1

yeZ

For 6; > 0, we define the event

Dn = {w € Q; maxmu(y) <nith}.
YyEZ
One has
k k
E [exp (in’3/4 Z er[(jzj])] = E [E[exp(imn_3/4 Z 6; Z Eyn[mj]_l(y))lﬂ]
i=1 i=1 yEZ
k
= E [IE[exp(imn"B/4 Z 0; Z €y77[mj]-1(y):| |]:]1Dn]
j=1 yeZ
k
+ E [IE lexp(imn™4 3" 0; > €ynne;1-1(9))|F] 1D$.]
j=1 yeZ

= Xi(n) + X2(n) (say)
Firstly, by Proposition 4.1 in [4], we have
[S2(n)] < P(DF) < e

for some ¢ and 65 strictly positive.
Secondly, we compare on the particular set D, (on which uniformly in y € Z, the local
time of the simple random walk is dominated by n3/4) the characteristic function of the linear

10



combinations of our process conditionally to the random walk with the marginal characteristic
functions, using Lemma 3.7. Therefore we decompose

El(n) = Elvl(n) + 21’2(’!1,)

where

k
Zia(n) = E [1Dn {IE[G"XP(Z'"W«_W4 Z 0, Z €yMint;]-1 ()| F]
J=1 yeZ
k
~ TIElexp(imn=/t¢, 3 5mns1-1 )17}
yEeZ =1
and

k
Zi12(n) =E [1Dn H Elexp(imn =%/, Z 0iMnt;)-1(y)) ‘f]] .

yez j=1
From Proposition 1 in [15], we have that

2 k
Jim Sia(n) = lim Elexp (= GonE S0 6510
yeZ j=1

2

IE[exp ( - % /_:(Ji1 6; Ly, (x))zd:c)] by Lemma 6 in [15]

= ]E[exp (imjéejAtj)], see Lemma 5 in [15].

It remains to prove that £ 1(n) tends to 0 as n goes to infinity. By Lemma 3.7, we have
that

2 k
m
Zi1(n)] < 27372 Z Z Gigj]E[fxeyn[nti]—l(z)n[ntj]—l(y)an]

z#y i,5=1

Using the fact that we work on D,,, there exists C > 0 such that

3 T

$+6 [tim] )
S11(n)] < 25— 3 Eleges)-

nz z=1

From the hypothesis on the power-law decay of correlations, there exists v > 0 such that

ZIE[eoez] =0(n™").
z=]1

So it is enough to choose 6, < 7 in order to have X 1(n) = o(1). |

From Lemma 3.26 and Lemma 3.27, we deduce the convergence of the finite dimensional
distributions of n=3/4(X [nt])t>0 to those of (mA¢)i>0-

11



In order to prove the weak convergence of (n™3/4 X[,y )s>0 to (mAy)i>0 in D([0,00), R), it
remains to prove the tightness of the family (n~3/4X nt])t20n>1 in D([0, 00), R). By Theorem
15.6 from Billingsley ([2]), it is enough to prove that there exists C' > 0 such that for all
t1<t<ty€[0,T),T < o0, for all n > 1, :

]EI:’X[TLtz] = Xpt] || Xty — X[ml]i] <Clta - AL (3.28)

Let us estimate

E[| Xnty) = Xl < 2m? > E[(n[mz] 1) = N1 (= ))(n[ntz]-1(y)-mnt]—1(y))]E[€z€y]
z,YEL
2n . n [ntz]—-1 [nta]—-1
= 2?3 Elae] 3 E[( Y tnme)( D] lvimews)]
z2=-2n T=—n k=[nt] I=[nt]
[ntz] -1
= 2m? Z Eleoe:] Y PYi—Yi=2]
z=-2n k,l=[nt]
on [nta]—-1
= 2m2{2 3 Eleoes] Y. P[Y;_'k=z]+[nt2]-[n't]}.
z=—2n k,i=[nt};k<!

Now, it is well-known that when (Yj)r>o is a simple random walk on Z, the probabilities of
transition from 0 to z satisfy uniformly in z € Z,

P[Y, = 2] = 0(—\/%)

which implies that

[nta]—1

S. Plfik=2 = O((ntal -1~ [nt)*?)

kl=[nt};k <l
= O(n3/2(t2 - t1)3/2).

Using the hypothesis on the power-law decay of correlations,

Z E[eoez

z=—00

So we deduce that there exists C' > 0 such that
E[| X{nty) — Xpng|?] < Cn®/2jtg — 112,
By Cauchy-Schwarz inequality, we obtain that there exists C’ > 0 such that
0" 2E(| Xjnty) = Xingl| Xpng) = Xl < 073 ?El| Xinty) = Xpng |1 El| Xint) = K] 1+
< Clta — a2
so the tightness is proved. n

Let us recall that My, = (X,,Yy,) for every n > 1. The sequence of random processes
n73/4(Yjny)tz0 weakly converges in D([0, 00|, R) to 0, thus the sequence of R*—valued ran-
dom processes n=3/ 4(MT[m1)tzo weakly converges in D([0, o[, R?) to the process (mA, 0)¢>o.
Theorem 2.4 follows from this remark and the next lemma

12



Lemma 3.29 The sequence of random variables (%)n?_l converge in probability to 1 + m as
n — -+o00.

Proof. Let us remark that

Mm—1(y)

To=n+Y > (¥ —m) + mYy_ fn-1(y)

yez i=1 ' yeZ
Now,

inza) 2 Nn—1(2) Mn—-1(y)
E[(Z Z (£§y)-—m)>] = EE[ Z Z (z)—m)(fj(y)—m)]
YyeEZ i=1 o,9eZ =1
Nn—1(Z) Mn-1 (y)
= Y E X Z E[(€f - m)(” — m)|F v 3|
T,y€Z i=1 j=
Nn—1(2) ﬂn-l(y)
= m? Z ]E[ Z Z 5i,j5z,y]
z,y€L i=1 j=1

= m? Z E[nn-1(z)]

z€Z

= min= 0(n2).

From this calculation and the fact that }__ ., 7n-1(2) = n, we deduce the lemma. |

4 Examples

Our framework includes this of [4] where they consider i.i.d. orientations but it also in-
cludes orientations whose joint distribution is not a product measure. Natural examples of
non-product measures are given by Gibbs measures in statistical mechanics. To destroy the
independence of the random variables €,, a family of measurable functions ® = (®4)acs
indexed by the set S of finite subsets of Z is introduced. For all €, ® 4(€) represents the in--
teraction between the random variables (ey)yc4 (see [12]). A translation-invariant measure
VP on {~1,+1} is a Gibbs measure at inverse temperature § for the interaction ® when it is
an equlhbrlum state regard to some variational properties in terms of thermodynamic func-
tions’. In some domains of temperature, there could be more than one Gibbs measure for an
interaction ®, and we then say that a phase transition holds. In this Gibbsian context, most
of FKG measures are believed to be of a ferromagnetic form: if one denotes ¢4 = Hye A €y
this means that there exists a coupling J = (J4)4, Ja = 0, such that

<I>A(e) = JA c€4.

More precisely, it is for example proved ([11]) for the so-called two-body interactions ® such
that @4 = 0 if card(A) > 2. In such a case, v is FKG if and only if J4 = J(4,7) > 0 for all
i,J € Z. This provides us a wide family of examples suitable to our set-up.

!See [12], an equivalent definition characterizes Gibbs measures in terms of continuity of their conditional
probabilities w.r.t. the outside of finite sets, or via the well-known DLR eguation.
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1. Ferromagnetic nearest neighbors Ising model: :
The coupling is translation-invariant, positive for nearest neighbors pairs {i,j} C Z and

null otherwise: :
J >0 ifli—-j=1
J(,j) =

0 otherwise.

It is well known ([12]) that this one-dimensional model does not exhibit a phase tran-
sition. By translation invariance of the potential, the unique Gibbs measure is then
translation invariant, and equivalently the family € is stationary. Moreover, the decay
of correlations of the random variables € of law v are known to be exponential ([6, 8]).
The absence of phase transition and the translation invariance property of the potential
prove also that the orientations are centered and thus fit in our framework.

2. Long range ferromagnetic Ising model:
It is similarly defined but the coupling J(, ) is non null for any pair {i,j} and has a
power law decay: there exists o > 1 and J > 0 such that

J(4,5) = J.Ji = 3]7%

Depending on the value of a, there could be a phase transition in some domains of
temperature, and in particular two different regimes with power law decay of correlations
are relevant in our set-up (see [7, 9, 14, 1, 20, 17, 13]).

(a) a>2.
There is no phase transition and the Gibbs measure for this potential is translation
invariant. The variables are thus centered and one could also learn in the literature
that a also governs a power law decay of the correlations:

Eleoey] = O(| y | ™) when |y |— +oo.

(b) a €]1,2].
There exists a critical inverse temperature 3, which separates the domain of tem-
perature in different regimes. In the high temperature regime, there is no phase
transition and the picture is as above: the power law decay is the same as this of
the interaction, i.e.. a. By translation-invariant of the unique phase, this provides
us examples with very slow but summable power law decay of correlations for which
our theorems applied.

The later is not necessarily true at low (or critical) temperature, or at the crit-
ical value o = 2, because when phase transition holds the power law decay of
correlations is a — 1 and thus non summable.

5 Comments

We have extended the results of [4] to positively correlated orientations and solved one of their
open problems. In particular, we have proved that the simple random walk is still transient
for ferromagnetic models in absence of phase transition. As the walk can be recurrent for
deterministic orientations, it would be interesting to perturb deterministic cases in order to
get a full picture of the transience versus recurrence properties and identify a sort of phase
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transition. As a perturbation of the alternate lattice on which the walk is recurrent, we
are studying anti-ferromagnetic systems (i.e. the case of a coupling J < 0) for which the
recurrence should be conserved at low temperature. Similarly, one could consider negatively
correlated orientations but this requires finer results on such distributions and a complete
theory of negative dependence has not been established yet (see e.g. [19, 3]).

The ingredients used to prove the functional limit theorems still hold for any m > 0 and
Theorem 2.4 should therefore also be satisfied for more general random walks than the simple
random walk on the lattice L€. This question is currently under considerations.
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