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Some Differential Identities in Prime Γ-rings

Mohammad Ashraf and Malik Rashid Jamal

abstract: Let M be a prime Γ-ring and U be a nonzero ideal of M . An additive
mapping d : M −→ M, where M is a Γ-ring, is called a derivation if for any
a, b ∈ M and α ∈ Γ, d(aαb) = d(a)αb + aαd(b). In this paper, we investigate the
commutativity of prime Γ-ring satisfying certain differential identities.
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1. Introduction

Let M and Γ be additive abelian groups. If for any a, b, c ∈ M and α, β ∈ Γ, the
following conditions are satisfied, (i) aαb ∈ M (ii) (a+b)αc = aαc+bαc, a(α+β)b =
aαb + aβb, aα(b + c) = aαb + aαc (iii) (aαb)βc = aα(bβc), then M is called a Γ-
ring. An additive subgroup U of M is called a right (resp. a left) ideal of M

if UΓM ⊆ U (resp. MΓU ⊆ U). U is said to be an ideal of M if it is both a
right as well as a left ideal of M. M is said to be prime Γ-ring if aΓMΓb = {0}
implies that either a = 0 or b = 0 for a, b ∈ M. The centre of Γ-ring M will be
denoted by Z(M) i.e.; Z(M) = {a ∈ M | aαb = bαa for all b ∈ M and α ∈ Γ}.
Following Jing [5], an additive mapping d : M −→ M is called a derivation on M

if d(aαb) = d(a)αb + aαd(b) for all a, b ∈ M and α ∈ Γ. For any a, b ∈ M and
γ ∈ Γ, we write [a, b]γ = aγb− bγa and a ◦γ b = aγb+ bγa.

Throughout this paper M will denote a Γ-ring satisfying aαbβc = aβbαc for all
α, β ∈ Γ and for all a, b, c ∈ M. We shall use the following identities without any
specific mention:
If aαbβc = aβbαc for all a, b, c ∈ M and α, β ∈ Γ, then

(i) [a, bβc]γ = [a, b]γβc+ bβ[a, c]γ ,

(ii) a ◦α (b + c) = a ◦α b+ a ◦α c,

(iii) a ◦α (bβc) = (a ◦α b)βc+ bβ[c, a]α = bβ(a ◦α c) + [a, b]αβc.
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The study of Γ-ring was initiated by Nobusawa in [4]. Further, the condition
on Γ-ring was slightly weakened by Barnes [3] in sense of Nobusawa. Since then
various analogous concepts and analogous results of ring theory have been studied
in Γ-rings (for reference see [3], [5], [6] and [7], where further references can be
found). In the present paper, we have obtained some analogous results in Γ-ring
earlier obtained for rings.

2. Main Results

In the year 1992, Daif and Bell [4] obtained commutativity of semiprime ring
R satisfying differential identity d([x, y]) = ±[x, y] for all x, y ∈ R. Further, the
first author together with Rehman [2] established the commutativity of semiprime
ring R satisfying the above identity for a well behaved subset of R viz. Lie ideal
of R. Later on, many authors explored commutativity of prime and semiprime
rings satisfying various conditions on rings (for reference see, [2] etc. where further
references can be found). In the present paper, our objective is to investigate com-
mutativity of prime Γ-rings satisfying certain identities involving derivations on
Γ-rings. We facilitate our discussion with the following results which are necessary
for developing the proofs of our theorems:

Lemma 2.1. [Lemma 2, [7]] Let M be a prime Γ-ring and U be a nonzero right
ideal of M such that U ⊆ Z(M). Then M is commutative.

Lemma 2.2. Let M be a prime Γ-ring and U be a commutative nonzero right ideal
of M . Then M is commutative.

Proof: Since U is commutative, [x, y]γ = 0 for all x, y ∈ M and γ ∈ Γ. Replace y

by yαr, we have

0 = [x, yαr]γ
= [x, y]γαr + yα[x, r]γ
= yα[x, r]γ .

Again replacing y by yβr1, we get yβr1α[x, r]γ = 0. Since M is prime, either y = 0
or [x, r]γ = 0. If y = 0, then U = {0}, a contradiction. Therefore [x, r]γ = 0. This
implies x ∈ Z(M) i.e., U ⊆ Z(M). Therefore, by Lemma 2.1, M is commutative.

✷

Theorem 2.3. Let M be a prime Γ-ring and U be a nonzero ideal of M . If d is
a nonzero derivation on M satisfying [d(x), x]γ = 0 for all x ∈ U, γ ∈ Γ, then M

is commutative.

Proof: We have [d(x), x]γ = 0 for all x ∈ U and γ ∈ Γ. Replace x by x+ y, to get

[d(x), y]γ + [d(y), x]γ = 0 for all x, y ∈ U, γ ∈ Γ.
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Further, replacing y by yαx in the above condition and using the same along with
the given condition, we have

[y, x]γαd(x) = 0 for all x, y ∈ U and α, γ ∈ Γ.

Again, replacing y by yβz and using the above condition, we get [y, x]γβzαd(x) =
0 for all x, y, z ∈ U and α, β, γ ∈ Γ. Now replacing z by rδz and using the primeness
of M , we get either [y, x]γ = 0 or UΓd(x) = {0}. Now let U1 = {x ∈ U | [y, x]γ =
0 for all y ∈ M,γ ∈ Γ} and U2 = {x ∈ U | UΓd(x) = {0}}. Then it can be
seen that U1 and U2 are additive subgroups of U whose union is U . But a group
can not be union of two of its proper subgroups, we find that either UΓd(x) =
{0} for all x ∈ U or [x, y]γ = 0 for all x, y ∈ U and γ ∈ Γ. If UΓd(x) = {0},
then by primeness of M either U = {0} or d(x) = 0 for all x ∈ U. But U 6= {0}
implies that d(x) = 0 for all x ∈ U. Hence d(xγr) = 0. Therefore xγd(r) = 0.
This implies d(r) = 0 by primeness of M. Therefore d = 0, a contradiction. Hence
[x, y]γ = 0 for all x, y ∈ U and γ ∈ Γ and U is commutative. Therefore M is
commutative. ✷

Corollary 2.4. Let M be a prime Γ-ring and d be a nonzero derivation on M

satisfying x− d(x) ∈ Z(M) for all x ∈ U , then M is commutative.

Proof: We have x− d(x) ∈ Z(M) i.e., [x− d(x), x]γ = 0 for all x ∈ U and γ ∈ Γ.
Hence [d(x), x]γ = 0 for all x ∈ U and γ ∈ Γ. Therefore by Theorem 2.3, M is
commutative. ✷

Theorem 2.5. Let M be a 2-torsion free prime Γ-ring and U be a nonzero ideal of
M . Suppose M admits a nonzero derivation d satisfying any one of the following
conditions:

(i) [d(x), d(y)]γ = 0 for all x, y ∈ U and γ ∈ Γ,

(ii) [d(x), d(y)]γ = [x, y]γ for all x, y ∈ U and γ ∈ Γ,

(iii) [d(x), d(y)]γ = [y, x]γ for all x, y ∈ U and γ ∈ Γ,

(iv) d([x, y]γ) = [x, y]γ for all x, y ∈ U and γ ∈ Γ.

Then M is commutative.

Proof: (i). Given that [d(x), d(y)]γ = 0 for all x, y ∈ U and γ ∈ Γ. Replace y by
yαz and use the given condition, we get

d(y)α[d(x), z]γ + [d(x), y]γαd(z) = 0. (2.1)

Replacing z by zβr for r ∈ M in (2.1) and using (2.1), we have

d(y)αzβ[d(x), r]γ + [d(x), y]γαzβd(r) = 0.



196 Mohammad Ashraf and Malik Rashid Jamal

Again, replacing r by d(x), we get [d(x), y]γαzβd
2(x) = 0 for all x, y, z ∈ M and

α, β, γ ∈ Γ. By primeness of M , we have either [d(x), y]γ = 0 or zβd2(x) = 0.
Take U1 = {x ∈ U | [d(x), y]γ = 0 for all y ∈ U and γ ∈ Γ} and U2 = {x ∈ U |
zβd2(x) = 0 for all z ∈ U and β ∈ Γ}. Then U1 and U2 are additive subgroups of
U such that U1 ∪U2 = U. But a group can not be the set theoretic union of its two
proper subgroups, either U1 = U or U2 = U . If U1 = U , then [d(x), y]γ = 0 for all
x, y ∈ U and γ ∈ Γ. Therefore in particular [d(x), x]γ = 0 for all x ∈ U, γ ∈ Γ and
hence M is commutative by Theorem 2.3. If U2 = U, then Uβd2(x) = {0} for all
x ∈ U and β ∈ U. Since M is prime and U 6= {0}, we get d2(x) = 0 for all x ∈ U.

Replacing x by wαy, we find that d2(wαy) = 0 for all w, y ∈ U, α ∈ Γ. Since
d2(x) = 0 for all x ∈ U and Γ-ring is 2-torsion free, we have d(w)αd(y) = 0 for all
w, y ∈ U and α ∈ Γ. Further, replacing w by wβz and using this condition along
with primeness of M , we get either d(w)βz = 0 or d(x) = 0. Again, since M is
prime, either d(U) = {0} or U = {0}. Since it is given that U 6= {0}, d(U) = {0}.
But d(U) = {0} implies UΓd(M) = {0}. Again, primeness of M gives d(M) = {0},
which is a contradiction.

(ii). Replacing y by yβz in [d(x), d(y)]γ = [x, y]γ , we get

[d(x), d(yβz)]γ = [x, yβz]γ for all x, y, z ∈ U and β, γ ∈ Γ.

This implies that for all x, y, z ∈ U and β, γ ∈ Γ, we get

[d(x), d(y)]γβz+ d(y)β[d(x), z]γ + [d(x), y]γβd(z)+ yβ[d(x), d(z)]γ = [x, y]γβz+ yβ[x, z]γ .

Using the given condition, we arrive at

d(y)β[d(x), z]γ + [d(x), y]γβd(z) = 0 for all x, y, z ∈ M and β, γ ∈ Γ.

Now using the same arguments as used after (2.1), we get the required result.

(iii). Using the similar techniques as above, one can get the required result.

(iv). Given that d([x, y]γ) = [x, y]γ for all x, y ∈ U and γ ∈ Γ. After the simplifica-
tion, we get

[d(x), y]γ + [x, d(y)]γ = [x, y]γ for all x, y ∈ U and γ ∈ Γ. (2.2)

Replacing y by zβy, we get

([d(x), z]γ + [x, d(z)]γ)βy + zβ([d(x), y]γ + [x, d(y)]γ) + d(z)β[x, y]γ + [x, z]γβd(y)
= [x, z]γβy + zβ[x, y]γ for all x, y, z ∈ U and β, γ ∈ Γ.

Using (2.2), we find that

d(z)β[x, y]γ + [x, z]γβd(y) = 0 for all x, y, z ∈ U and β, γ ∈ Γ.

Further, replacing y by x, we get [x, z]γβd(x) = 0 for all x, z ∈ U and β, γ ∈ Γ.
Again, replacing z by wαz, we get [x,w]γαzβd(x) = 0 for all x,w, z ∈ U and
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α, β, γ ∈ Γ. Since M is prime, we have either UΓd(x) = {0} or [x, z]γ = 0. Take
U1 = {x ∈ U | UΓd(x) = {0}} and U2 = {x ∈ U | [x,w]γ = 0 for all w ∈ U, γ ∈
Γ}. It can be easily seen that U1 and U2 are additive subgroups of U such that
U1 ∪ U2 = U. Therefore either U1 = U or U2 = U . If U1 = U, then UΓd(x) = {0}
for all x ∈ U. Since U 6= {0} and M is prime, we arrive at a contradiction that
d = 0. Therefore, now assume that U2 = U. Hence [x,w]γ = 0 for all x,w ∈ U and
γ ∈ Γ. This yields that U is commutative. By Lemma 2.2, M is commutative. ✷

Corollary 2.6. Let M be a prime Γ-ring and U be a nonzero ideal of M . If d 6= 0
is a derivation on M such that d([x, y]γ) = [y, x]γ for all x, y ∈ U and γ ∈ Γ, then
M is commutative.

Proof: Given that d([x, y])γ = [y, x]γ for all x, y ∈ U and γ ∈ Γ. This implies that
(−d)([x, y]γ) = [x, y]γ for all x, y ∈ U and γ ∈ Γ. Since −d is a derivation on M ,
by Theorem 2.5(iv), M is commutative. ✷

Corollary 2.7. Let M be a prime Γ-ring and U be a nonzero ideal of M . Suppose
M admits a derivation d satisfying any one of the following conditions:

(i) d([x, y]γ) = [d(x), y]γ for all x, y ∈ U and γ ∈ Γ,

(ii) d(x ◦γ y) = d(x) ◦γ y for all x, y ∈ U and γ ∈ Γ.

Then M is commutative.

Proof: (i). On simplifying the given condition, we have xγd(y) = d(y)γx for all
x, y ∈ U and γ ∈ Γ. Replacing x by xβd(z), we have xγ[d(y), d(z)]β = 0. Since M

is prime and U 6= {0}, we have [d(y), d(z)]β = 0 for all y, z ∈ U and β ∈ Γ. Hence
M is commutative by Theorem 2.5(i).

(ii). Using similar arguments as used in (i), we get the required result. ✷

Theorem 2.8. Let M be a prime Γ-ring and U be a nonzero ideal of M . Suppose
M admits a nonzero derivation d such that for all x, y ∈ U and α, γ ∈ Γ, d

satisfying any one of the following conditions:

(i) d(xαy) = d(yαx),

(ii) d(xαy) = −d(yαx),

(iii) [d(x), y]γ = [x, d(y)]γ .

Then M is commutative.

Proof: (i). For all x, y ∈ U and α ∈ Γ, we have d(xαy) = d(yαx). On simplifying,
we have

[d(x), y]α + [x, d(y)]α = 0 for all x, y ∈ U and α ∈ Γ. (2.3)
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Replacing y by yβz in (2.3) and using (2.3), we get

d(y)β[x, z]α + [x, y]αβd(z) = 0 for all x, y, z ∈ U and α, β ∈ Γ.

Replace z by x to get [x, y]αβd(x) = 0 for all x, y ∈ U and α, β ∈ Γ. Again,
replacing y by yγw in the latter condition, we get

[x, y]αγwβd(x) = 0 for all x, y, w ∈ U and α, β, γ ∈ Γ. (2.4)

Since M is prime, we have [x, y]α = 0 or UΓd(x) = {0}. The sets x ∈ U for which
these two properties hold forms additive subgroups of U whose union is U . Hence
by Brauer’s trick, either [x, y]α = 0 for all x, y ∈ U and α ∈ Γ or UΓd(x) = {0} for
all x ∈ U . If UΓd(x) = {0}, then by primeness of M, either U = {0} or d(x) = 0
for all x ∈ U . But d(x) = 0 for all x ∈ U gives d = 0 on M , a contradiction.
Therefore [x, y]α = 0 for all x, y ∈ U, α ∈ Γ and hence U is commutative and by
Lemma 2.2, M is commutative.

(ii). For all x, y ∈ U and α ∈ Γ, we have d(xαy) = −d(yαx). This implies that
d(x)αy + xαd(y) = −d(y)αx − yαd(x) for all x, y ∈ U and α ∈ Γ. Replace y by
yβx and use the given condition, to get

xαyβd(x) + yαxβd(x) = 0 for all x, y ∈ U and α, β ∈ Γ. (2.5)

Now, replace y by yγz in (2.5) and use (2.5), to get

[x, y]αγzβd(x) = 0 for all x, y, z ∈ U and α, β, γ ∈ Γ.

Now using the same arguments, as used in proof of (i) after (2.3), we get the re-
quired result.

(iii). Replacing y by yβz in the given condition, we have

[x, y]γβd(z) + d(y)β[x, z]γ = 0.

Replacing z by x, we get [x, y]γβd(x) = 0 for all x, y ∈ M and β, γ ∈ Γ. Again
replacing y by yαz, we find that [x, y]γαzβd(x) = 0. Since M is prime, either
[x, y]γ = 0 or UΓd(x) = {0}. By the same argument given in the proof of (i) after
(2.3), we get the required result. ✷

Theorem 2.9. Let M be a prime Γ-ring and U be a nonzero ideal of M . Suppose
d is a derivation on M satisfying any one of the following conditions:

(i) d(xγy)− xγy ∈ Z(M) for all x, y ∈ U and γ ∈ Γ,

(ii) d(xγy)− yγx ∈ Z(M) for all x, y ∈ U and γ ∈ Γ,

(iii) d(x)γd(y)− xγy ∈ Z(M) for all x, y ∈ U and γ ∈ Γ.

Then M is commutative.
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Proof: (i). It is given that d(xγy) − xγy ∈ Z(M) for all x, y ∈ U and γ ∈ Γ. If
d = 0, then we have xγy ∈ Z(M). Therefore [xγy, x]β = 0. Therefore xγ[y, x]β = 0
for all x, y ∈ U and β, γ ∈ Γ. Now replacing y by yαz, we find that xγyα[z, x]β = 0
for all x, y, z ∈ U and α, β, γ ∈ Γ. By the primeness of M, we have either x = 0 or
UΓ[z, x]β = {0}. But x = 0 also implies that UΓ[z, x]β = {0}. Therefore in both
the cases, we get UΓ[z, x]β = {0}. Since M is prime, either U = {0} or [z, x]β = 0.
Since U 6= {0}, [z, x]β = 0 for all x, z ∈ U, β ∈ Γ and U is commutative. Therefore
M is commutative by Lemma 2.2.
Now assume that d 6= 0. Given that d(xγy) − xγy ∈ Z(M). This implies that
d(x)γy+xγd(y)−xγy ∈ Z(M). Replacing y by yβz and using the given condition,
we have

0 = [d(x)γyβz + xγd(yβz)− xγyβz, z]α
= [xγyβd(z), z]α
= xγyβ[d(z), z]α + xγ[y, z]αβd(z) + [x, z]αγyβd(z).

(2.6)

Again, replacing x by wδx for w ∈ U and δ ∈ Γ in (2.6), we get

wδ(xγyβ[d(z), z]α + xγ[y, z]αβd(z) + [x, z]αγyβd(z)) + [w, z]αδxγyβd(z) = 0.

Using (2.6), we get [w, z]αδxγyβd(z) = 0. Since M is prime, we find that for each
fixed z ∈ U , either [w, z]αδx = 0 or UΓd(z) = {0}. Let U1 = {z ∈ U | [w, z]αδx = 0
for all x,w ∈ U, α, δ ∈ Γ} and U2 = {z ∈ U | UΓd(z) = {0}}. Since U1 and
U2 are additive subgroups of U whose union is U , we find that either U1 = U or
U2 = U . If U1 = U, then [w, z]αδx = 0 for all x,w, z ∈ U and α, δ ∈ Γ. Since M

is prime, either U = {0} or [w, z]α = 0 for all w, z ∈ U and α ∈ Γ. Since U 6= {0},
U is commutative, and hence M is commutative by Lemma 2.2. If U2 = U , then
UΓd(z) = {0} for all z ∈ U. This implies that either U = {0} or d = 0, and hence
in both the cases we arrive at contradictions.

(ii). If d = 0, then using similar techniques as used in the beginning of the proof
of (i), we find that M is commutative.
Now assume that d 6= 0. Since d(xγy)−yγx ∈ Z(M) for all x, y ∈ U, r ∈ M and γ ∈
Γ, we have [d(xγy) − yγx, r]α = 0 for all x, y ∈ U, r ∈ M and α, γ ∈ Γ. After
simplification, we get

[d(x)γy + xγd(y), r]α = [yγx, r]α for all x, y ∈ U, r ∈ M and α, γ ∈ Γ. (2.7)

Replacing y by yβr for r ∈ M, β ∈ Γ in (2.7) and using (2.7), we get

[yγx, r]αβr + [xγyβd(r), r]α = [yβrγx, r]α. (2.8)

Again replacing y by xδy for x ∈ U, δ ∈ Γ in (2.8) and using (2.8), we get

xδ[yβrγx, r]α + [x, r]αδyγxβr + [x, r]αδxγyβd(r) = xδ[yβrγx, r]α + [x, r]αδyβrγx.

After simplifying, we get

[x, r]αδyγ[x, r]β + [x, r]αδxγyβd(r) = 0. (2.9)
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Replacing r by r + x in (2.9) and using (2.9), we get

[x, r]αδxγyβd(x) = 0 for all x, y ∈ U, r ∈ M and α, β, γ, δ ∈ Γ.

Since M is prime, we get [x, r]αδx = 0 for all x ∈ U , r ∈ M and α, δ ∈ Γ or
UΓd(x) = {0} for all x ∈ U. If [x, r]αδx = 0, then [x, rγr1]αδx = 0. Therefore,
[x, r]αγr1δx = 0. By primeness of M , either x = 0 or [x, r]α = 0. But x = 0 also
gives [x, r]α = 0. Hence, there remain only two cases namely either [x, r]α = 0
or UΓd(x) = {0}. Take U1 = {x ∈ U | [x, r]α = 0 for all r ∈ M,α ∈ Γ} and
U2 = {x ∈ U | UΓd(x) = {0}}. But these are two additive subgroups of U whose
union is U . Therefore either U1 = U or U2 = U. If U1 = U then U ⊆ Z(M).
Therefore M is commutative by Lemma 2.1. If U2 = U , then either U = {0} or
d = 0, and we find contradictions in both the cases.

(iii). If d = 0, then −xγy ∈ Z(M) for all x, y ∈ U. Therefore xγy ∈ Z(M) and as
above, M is commutative.
Now suppose that d 6= 0. If we replace y by yαr, then for all x, y ∈ U , r ∈ M and
α, γ ∈ Γ, we find that (d(x)γd(y)− xγy)αr + d(x)γyαd(r) ∈ Z(M). Therefore

[(d(x)γd(y)− xγy)αr + d(x)γyαd(r), r] = 0.

Using the given condition, we arrive at

[d(x)γyαd(r), r]β = 0. (2.10)

Replacing y by d(z)δy in (2.10), we get

[d(x), r]βγd(z)δyαd(r) = 0 for all x, y, z ∈ U, r ∈ M and α, β, δ, γ ∈ Γ.

Since M is prime, either UΓd(r) = {0} or [d(x), r]βγd(z) = 0. Take M1 = {r ∈ M |
UΓd(r) = {0}} and M2 = {r ∈ M | [d(x), r]βγd(z) = 0 for all x, z ∈ U and β, γ ∈
Γ}.
But M1 and M2 are two additive subgroups of M whose union is M . Therefore
either M1 = M or M2 = M. If M1 = M, then UΓd(r) = {0}. Since U 6= {0} and
M is prime, we find that d = 0, a contradiction. Hence assume that M2 = M. This
yields that [d(x), r]βγd(z) = 0 for all r ∈ M. Hence [d(x), rαr1]βγd(z) = 0. This
implies that [d(x), r]βαr1γd(z) = 0. By primeness of M , either [d(x), r]β = 0 for
all x ∈ U , r ∈ M and β ∈ Γ or d(z) = 0 for all z ∈ U. But d(z) = 0 gives d = 0,
which is a contradiction. Therefore [d(x), r]β = 0. In particular, [d(x), x]β = 0 for
all x ∈ U and β ∈ Γ. Therefore by Theorem 2.3, M is commutative. ✷

Corollary 2.10. Let M be a prime Γ-ring and U be a nonzero ideal of M . If d
is a derivation on M satisfying d(xγy) + xγy ∈ Z(M) for all x, y ∈ U and γ ∈ Γ,
then M is commutative.

Proof: d(xγy)+xγy ∈ Z(M) implies that −d(xγy)−xγy ∈ Z(M) i.e., (−d)(xγy)−
xγy ∈ Z(M). Since −d is also a derivation on M , hence by Theorem 2.9(i), M is
commutative. ✷
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Corollary 2.11. Let M be a prime Γ-ring and U be a nonzero ideal of M . If d
is a derivation on M satisfying d(xγy) + yγx ∈ Z(M) for all x, y ∈ U and γ ∈ Γ,
then M is commutative.

Theorem 2.12. Let M be a prime Γ-ring and U be a nonzero ideal of M . If d is
a derivation on M such that d(x ◦γ y) = x ◦γ y for all x, y ∈ U and γ ∈ Γ, then M

is commutative.

Proof: It is given that d(x ◦γ y) = x ◦γ y for all x, y ∈ U and γ ∈ Γ. If d = 0, then
x ◦γ y = 0 for all x, y ∈ U and γ ∈ Γ. Replacing y by yαz, we have x ◦γ (yαz) = 0
for all x, y, z ∈ U and α, γ ∈ Γ. This yields that yα[z, x]γ = 0 for all x, y, z ∈ U

and α, γ ∈ Γ. Since M is prime and U 6= {0}, U is commutative and by Lemma
2.2, we get the required result.
Now assume that d 6= 0. The given condition implies that

d(x) ◦γ y + x ◦γ d(y) = x ◦γ y for all x, y ∈ U and γ ∈ Γ. (2.11)

Replace y by yαz in (2.11), we get

d(x) ◦γ (yαz) + x ◦γ d(yαz) = x ◦γ (yαz) for all x, y, z ∈ U and α, γ ∈ Γ.

After simplification, we find that

(d(x) ◦γ y+ x ◦γ d(y))αz+ yα[z, d(x)]γ + d(y)α[z, x]γ +(x ◦γ y)αd(z)+ yα[d(z), x]γ
= (x ◦γ y)αz + yα[z, x]γ for all x, y, z ∈ U and α, γ ∈ Γ.

Now using (2.11), we get

yα[z, d(x)]γ + d(y)α[z, x]γ + (x ◦γ y)αd(z) + yα[d(z), x]γ = yα[z, x]γ .

Replace z by x to get (x ◦γ y)αd(x) = 0. Now, replacing y by wβy, we find that

[x,w]γβyαd(x) = 0 for all x, y, w ∈ U and α, β, γ ∈ Γ.

Since M is prime, either [x,w]γ = 0 or UΓd(x) = {0}. Now using the similar
arguments as used in Theorem 2.5(iv), we find that M is commutative. ✷

Corollary 2.13. Let M be a prime Γ-ring and U be a nonzero ideal of M . If d is
a derivation on M such that d(x ◦γ y)+ x ◦γ y = 0 for all x, y ∈ U and γ ∈ Γ, then
M is commutative.

Theorem 2.14. Let M be a 2-torsion free prime Γ-ring and U be a nonzero ideal
of M . Suppose d 6= 0 is a derivation on M such that d satisfies any one of the
following conditions:

(i) d(x) ◦γ d(y) = 0 for all x, y ∈ U and γ ∈ Γ,

(ii) d(x) ◦γ d(y) = x ◦γ y for all x, y ∈ U and γ ∈ Γ,
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(iii) d(x) ◦γ d(y) + x ◦γ y = 0 for all x, y ∈ U and γ ∈ Γ.

Then M is commutative.

Proof: (i). Replacing y by yαz in the given condition, we get

(d(x) ◦γ d(y))αz + d(y)α[z, d(x)]γ + yα(d(x) ◦γ d(z)) + [d(x), y]γαd(z) = 0.

Using the given condition, we have

d(y)α[z, d(x)]γ + [d(x), y]γαd(z) = 0 for all x, y, z ∈ U and α, γ ∈ Γ. (2.12)

Replacing z by zβd(x), we get

(d(y)α[z, d(x)]γ + [d(x), y]γαd(z))βd(x) + [d(x), y]γαzβd
2(x) = 0.

Using (2.12), we get [d(x), y]γαzβd
2(x) = 0 for all x, y, z ∈ U and α, β, γ ∈ Γ.

Primeness of M yields that either [d(x), y]γαz = 0 or d2(x) = 0. Take U1 = {x ∈
U | d2(x) = 0} and U2 = {x ∈ U | [d(x), y]γαz = 0 for all y, z ∈ U and α, γ ∈ Γ}.
Since U1 and U2 are additive subgroups of U such that U1 ∪U2 = U . Therefore by
Brauer’s trick either U1 = U or U2 = U. If U1 = U , then d2(x) = 0 for all x ∈ U .
Therefore by using the arguments as used in the proof of Theorem 2.5(i), d = 0
which is a contradiction. Now assume that U2 = U i.e., [d(x), y]γαz = 0 for all
x, y, z ∈ U and α, γ ∈ Γ. Since U 6= {0} and M is prime, [d(x), y]γ = 0 for all
x, y ∈ U and γ ∈ Γ. Hence [d(x), x]γ = 0 for all x ∈ U and M is commutative by
Theorem 2.3.

(ii). If d = 0, then x ◦γ y = 0 for all x, y ∈ U and γ ∈ Γ. Therefore M is
commutative by the argument used in the Theorem 2.12. Now assume that d 6= 0.
Replace y by yαz to get

d(y)α[z, d(x)]γ + yα(x ◦γ z) + [d(x), y]γαd(z)− yα[z, x]γ = 0 (2.13)

for all x, y, z ∈ U and α, γ ∈ Γ.
Replacing y by rβy in (2.13), we find that

rβ(d(y)α[z, d(x)]γ +yα(x◦γ z)+ [d(x), y]γαd(z)−yα[z, x]γ)+d(r)βyα[z, d(x)]γ
+ [d(x), r]γβyαd(z) = 0 for all x, y, z ∈ U, r ∈ M and α, β, γ ∈ Γ.

Using (2.13), the above yields that

d(r)βyα[z, d(x)]γ + [d(x), r]γβyαd(z) = 0.

Further replacing r by d(x), we get d2(x)βyα[z, d(x)]γ = 0 for all x, y, z ∈ U and
α, β, γ ∈ Γ. Take U1 = {x ∈ U | d2(x) = 0} and U2 = {x ∈ U | UΓ[z, d(x)]γ = {0}
for all z ∈ U and γ ∈ Γ}. If U1 = U then d2(x) = 0 for all x ∈ U . Using similar
techniques as used in Theorem 2.5(i) we get d = 0, a contradiction. Therefore
U2 = U . Hence UΓ[z, d(x)]γ = {0} for all x, z ∈ U and γ ∈ Γ. Since M is prime
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and U 6= {0}, [z, d(x)]γ = 0. Hence [d(x), x]γ = 0 for all x ∈ U and γ ∈ Γ and M

is commutative by Theorem 2.3.

(iii). By the similar arguments as used in (ii), we can get the required result. ✷

Theorem 2.15. Let M be a 2-torsion free prime Γ-ring and U be a nonzero ideal
of M . Suppose d 6= 0 is a derivation on M such that d satisfies any one of the
following condition:

(i) [d(x), d(y)]γ = yγx for all x, y ∈ U and γ ∈ Γ,

(ii) [d(x), d(y)]γ = xγy for all x, y ∈ U and γ ∈ Γ,

(iii) d([x, y]γ) = x ◦γ y for all x, y ∈ U and γ ∈ Γ,

(iv) d(x ◦γ y) = [x, y]γ for all x, y ∈ U and γ ∈ Γ.

Then M is commutative.

Proof: (i). Replacing y by yαw in the given condition, we find that

yγxαw + d(y)α[d(x), w]γ + [d(x), y]γαd(w) = 0 for all x, y, w ∈ U and α, γ ∈ Γ.

Further, replacing w by wδr and using the same, we get

d(y)αwδ[d(x), r]γ+[d(x), y]γαwδd(r) = 0 for all x, y, w ∈ U, r ∈ M and α, γ, δ ∈ Γ.

Now, replacing r by d(x), we get [d(x), y]γαwδd
2(x) for all x, y, w ∈ U and α, γ, δ ∈

Γ. Since M is prime, we find that either [d(x), y]γαU = {0} or d2(x) = 0. Take U1 =
{x ∈ U | [d(x), y]γαU = {0} for all y ∈ U, α, γ ∈ Γ} and U2 = {x ∈ U | d2(x) = 0}.
But U1 and U2 are additive subgroups of U such that U1 ∪ U2 = U. Hence, by
Brauer’s trick either U1 = U or U2 = U . If U1 = U, then [d(x), y]γαU = {0}. Since
U 6= {0}, [d(x), y]γ = 0 for all x, y ∈ U and γ ∈ Γ. In particular [d(x), x]γ = 0 for
all x ∈ U and γ ∈ Γ. Therefore M is commutative by Theorem 2.3. If U2 = U ,
then d = 0, a contradiction.

(ii). By using the similar arguments as used in proving (i), we get the required
result.

(iii). Given that d([x, y]γ) = x ◦γ y for all x, y ∈ U and γ ∈ Γ. On simplifying we
get

[d(x), y]γ + [x, d(y)]γ = x ◦γ y for all x, y ∈ U and γ ∈ Γ. (2.14)

Further, replacing y by yαx, we find that [x, y]γαd(x) = 0. Again replacing y by
rβy, we get

[x, r]γβyαd(x) = 0 for all x, y ∈ U, r ∈ M and α, β, γ ∈ Γ. (2.15)



204 Mohammad Ashraf and Malik Rashid Jamal

Take U1 = {x ∈ U | [x, r]γ = 0 for all r ∈ M and γ ∈ Γ} and U2 = {x ∈ U |
UΓd(x) = 0}. Since U1 and U2 are additive subgroups of U such that U1 ∪U2 = U

and by Brauer’s trick either U1 = U or U2 = U . If U1 = U then [x, r]γ = 0 for
all x ∈ U, r ∈ M, γ ∈ Γ, and hence U ⊆ Z(M). Therefore M is commutative by
Lemma 2.1. Now, we assume that U2 = U. Since M is prime and U 6= 0, we find
that d = 0, a contradiction.

(iv). It is given that d(x ◦γ y) = [x, y]γ . This implies that

d(x) ◦γ y + x ◦γ d(y) = [x, y]γ for all x, y ∈ U and γ ∈ Γ.

Replace y by xαy to get

d(x)γxαy + d(x)αyγx = 0 for all x, y ∈ U and α, γ ∈ Γ.

Again, replacing y by yβr, we find that

d(x)γyα[r, x]β = 0 for all x, y ∈ U, r ∈ M and α, β, γ ∈ Γ.

Now using the similar arguments as used after (2.15), we get the required result.✷

Theorem 2.16. Let M be a 2-torsion free prime Γ-ring and U be a nonzero ideal
of M . Suppose d is a derivation on M such that d satisfies any one of the following
condition:

(i) d(x)γd(y) = [x, y]γ for all x, y ∈ U and γ ∈ Γ,

(ii) d(y)γd(x) = [x, y]γ for all x, y ∈ U and γ ∈ Γ,

(iii) d(x)γd(y) = x ◦γ y for all x, y ∈ U and γ ∈ Γ.

Then M is commutative.

Proof: (i). Replacing y by yαr in the given condition, we get

d(x)γd(y)αr + d(x)γyαd(r) = [x, y]γαr + yα[x, r]γ

for all x, y ∈ U, r ∈ M and α, γ ∈ Γ.
Now, using the given condition, we get

d(x)γyαd(r) = yα[x, r]γ for all x, y ∈ U, r ∈ M and α, γ ∈ Γ.

Further, replacing r by r+x, we get d(x)γyαd(x) = 0 for all x, y ∈ U and α, γ ∈ Γ.
Since M is prime and U 6= {0}, d(x) = 0 for all x ∈ U . Hence our hypothesis
implies that [x, y]γ = 0 for all x, y ∈ U and γ ∈ Γ i.e., U is commutative. Therefore
by Lemma 2.2, M is commutative.

By the similar arguments as used in (i), we get the required result in cases (ii)
and (iii). ✷
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