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Shear-Based Model for Electron Transport in Hybrid
Hall Thruster Simulations

Michelle K. Scharfe, Cliff A. Thomas, David B. Scharfe, Nicolas Gascon, Mark A. Cappelli, and Eduardo Fernandez

Abstract—An electron cross-field transport model based on
instantaneous simulated plasma properties is incorporated into
a radial–axial hybrid simulation of a Hall plasma thruster. The
model is used to capture the reduction of fluctuation-based anom-
alous transport that is seen experimentally in the region of high
axial shear in the electron fluid. Similar transport barriers are
observed by the magnetic confinement fusion community due to
shear suppression of plasma turbulence through an increase in
the decorrelation rate of plasma eddies. The model assumes that
the effective Hall parameter can be computed as the sum of the
classical term, a near-wall conductivity term, and a fluctuation-
based term that includes the effect of shear. A comparison is
made between shear-based, experimental, and Bohm-type models
for cross-field transport. Although the shear-based model pre-
dicts a wider transport barrier than experimentally observed,
overall, it better predicts measured plasma properties than the
Bohm model, particularly in the case of electron temperature and
electric potential. The shear-based transport model also better
predicts the breathing-mode oscillations and time-averaged dis-
charge current than both the Bohm and experimental mobility
models. The plasma property that is most sensitive to adjustment
of the fitting parameters used in the shear-based model is the
plasma density. Applications of these fitting parameters in other
operating conditions and thruster geometries are examined in
order to determine the robustness and portability of the model.
Without changing the fitting parameters, the simulation was able
to reproduce macroscopic properties, such as thrust and efficiency,
of an SPT-100-type thruster within 30% and match qualitative
expectations for a bismuth-fueled Hall thruster.

Index Terms—Anomalous transport, electron shear, Hall-effect
devices, propulsion, simulations.
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I. INTRODUCTION

THE EFFICIENT operation of plasma propulsion devices
relies on their ability to ionize neutral gas and accelerate

the ions to high exhaust velocities using electric and magnetic
fields. In a coaxial Hall effect thruster, ions are accelerated
using an externally applied electric field, while electrons are
axially trapped in an azimuthal E × B Hall current caused by
an imposed radial magnetic field. The mechanism by which
electrons traverse magnetic field lines is an area of considerable
research. Experimentally, the electron conductivity in these de-
vices is observed to be higher than predicted based on electron
collisions with heavy particles [1]. Possible explanations for
the anomalous conductivity are near-wall transport [2], [3] and
azimuthal fluctuations [4], both of which increase the effective
collision frequency of electrons.

An accurate model for electron transport is critical for the
development of a Hall thruster simulation with predictive capa-
bilities. One common method for describing anomalous cross-
field transport involves using a fluctuation-based Bohm-type
model that scales inversely with the magnetic field (unlike
the 1/B2 dependence of the classical collision model). While
this method is in reasonable agreement with experiment for
most regions of the thruster channel, there exists a region
near the peak in magnetic field where the electron mobility is
experimentally observed to be nearly classical [1]. This region
of lower electron conductivity, which occurs in a region of
strong gradients, is somewhat paradoxical in that instabilities
causing fluctuation-induced transport are typically enhanced
by gradients in properties such as plasma density [5]. One
possible explanation for this transport barrier is that it is caused
by the axial gradient in azimuthal electron velocity, which is
maximized in the same region [6].

Support for this idea is provided by many fusion applica-
tions, such as tokamaks and stellarators, which exhibit similar
confinement phenomena in regions of strong shear. It is be-
lieved that the anomalous conductivity caused by fluctuations
is suppressed in regions where the flow is sheared due to the
stretching and consequent decorrelation of turbulent eddies [7].
It should be noted that Hall thruster plasmas are, in fact, very
different from magnetic fusion devices such as these. For exam-
ple, the sheared flow in Hall thrusters is an electron flow, while
in tokamaks, ions are magnetized as well. Also, unlike fusion
applications, Hall thrusters exhibit a complex shear structure
which includes a zero crossing. Additionally, some fluctuations
in a Hall thruster are likely advected out of the shear region
faster than the eddy turnover time. However, motivation for
application of shear transport suppression is provided by the
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apparent universality and robustness of this mechanism in
numerous devices with differing magnetic field configurations.

An accurate description of the relation between flow shear
and the transport barrier will allow not only more accurate
simulations but also a means to further optimize thruster per-
formance. A steeper transport barrier will result in a narrower
and stronger axial electric field, possibly decreasing plume di-
vergence and ion-induced channel erosion [8]. Also, favorable
placement of the barrier downstream of the ionization zone may
increase propellant utilization efficiency. In order to numeri-
cally capture the transport barrier due to shear, an empirical
model based on observations by the magnetic fusion commu-
nity [9], [10] and a simplified linear analysis [11] has been im-
plemented in a radial–axial hybrid simulation of a Hall thruster.

The hybrid model treats the heavy species kinetically while
neglecting electron kinetic effects by treating the electrons as a
fluid. Section II provides descriptions of the numerical hybrid
simulation and the shear transport model, while Section III
presents the results of the shear model through a comparison
with other transport models and a sensitivity analysis of the
fitting parameters and simulation assumptions. An examination
of the utility and portability of this model with a given set of
fitting parameters to simulations of an SPT-100 and bismuth
Hall thruster is also provided in Section III.

II. NUMERICAL MODEL

A. Hybrid Simulation

The hybrid particle-in-cell (PIC) simulation into which the
shear-based model for cross-field electron transport is incorpo-
rated is a 2-D (radial–axial) model of the interior channel and
near-field region of a laboratory Hall thruster, referred to here
as the Stanford Hall thruster [12]. A brief description of the
numerical model is given hereafter. A more detailed description
is provided in [13].

The simulated geometry corresponds to a thruster with an
annular channel of 8 cm in length, 1.2 cm in width, and with
an outer diameter of approximately 9 cm. In the hybrid model,
the electrons are treated as a quasi-1-D fluid, while the heavy
species are treated as discrete particles advanced in space using
a PIC approach. The two solutions are coupled assuming space-
charge neutrality.

The electron fluid is governed by the first three moments
of the Boltzmann equation, as described by Fife [14]. The
electron continuity equation is enforced through current conti-
nuity, where the instantaneous discharge current is determined
in order to satisfy the potential boundary conditions at the anode
and cathode. The electron momentum equation is solved in the
two directions parallel and perpendicular to the magnetic field.
Along magnetic field lines, infinite conductivity is assumed
resulting in a balance between electric and pressure forces.
In the perpendicular direction, an effective Hall parameter is
used to determine the electron velocity in order to account for
the anomalously high electron cross-field conductivity relative
to classical diffusion. The following three separate models for
the Hall parameter have been implemented in the simulation
and will be examined in Section III-A: an empirical shear-

based calculation, an experimentally measured profile [1], and
a Bohm-type model [15].

Imposing a uniform temperature along magnetic field lines, a
1-D energy equation is solved to calculate the electron temper-
ature. The unsteady spatially varying electron energy equation
includes thermal conduction and flow work, as well as source
and sink terms due to joule heating, ionization, and heat loss to
the channel walls. Although the sheath is not directly simulated
in the quasineutral model, a simplified analysis based on the
simulated ion flux to the wall is used to calculate the sheath po-
tential in order to determine energy losses. The non-Maxwellian
nature of the electron species is included in an ad hoc manner
using an effective electron temperature which is lower than the
simulated temperature perpendicular to the magnetic contours,
as described in [13]. In addition to the electron cross-field
velocity description, heat conduction is also modeled using the
anomalous conductivity. The electron temperature is coupled to
the electric field through current continuity.

The axisymmetric heavy-particle species are advanced in
time through solution of their respective equations of motion
in cylindrical coordinates. Due to the large Larmor radius of
the ion species, the force produced by the magnetic field on
the ions is neglected. Neutral injection occurs from the center
of the anode, as well as from the boundaries of the plume to
simulate background gas, with a distribution based on a one-
way Maxwellian flux. Electron impact ionization of neutral
particles is modeled using local densities and the electron
temperature. Heavy particles which impact channel walls are
assumed to reflect diffusely at the wall temperature, while ions
are additionally assumed to recombine into neutrals upon im-
pact. Charge-exchange collisions occur throughout the domain.

The simulation is initialized with approximately 500 000
neutral superparticles and 200 000 ion superparticles, where
each superparticle represents between 108 and 1012 actual par-
ticles. The temperature profile and current are also initialized
and used to calculate an initial electric field. The heavy particles
are updated individually through a second-order solution of the
equation of motion for each superparticle. Neutral particles are
injected from the anode and plume based on the prescribed
mass flow rate of 2 mg/s and background pressure of 0.05 mtorr,
while charge-exchange collisions are simulated using a direct-
simulation Monte Carlo approach. The electron temperature is
updated using a fourth-order Runge–Kutta scheme satisfying
the imposed boundary conditions of no heat transfer at the
anode and prescribed temperature at the cathode. The computed
temperature profile is used to update the potential, and the dis-
charge current is modified as necessary to satisfy the potential
boundary conditions. Due to the fast electron time scale relative
to the ions and neutrals, the time step used for the electrons is
0.1 ns, while the heavy particles are advanced after several elec-
tron iterations with a time step of 25 ns. On a 3.8-GHz Pentium
4 processor, the simulation completes 625 μs, or approximately
five to ten “breathing-mode” cycles [16], in two days.

B. Shear-Based Transport Model

Experimental measurements of the electron cross-field mo-
bility, an example of which is shown in Fig. 1, illustrate that the
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Fig. 1. Experimental inverse Hall parameter is compared with the classical
value based on experimental collision rates and the Bohm values at a discharge
voltage of 200 V.

Fig. 2. Experimental measurements of inverse Hall parameter and axial
electron shear rate at 200-V discharge voltage.

effective Hall parameter ωτeff (i.e., determined by experiments)
is considerably higher than the classical value in most regions
of the Hall thruster channel [1]. It should be noted that there
exists a large amount of experimental uncertainty leading to
possible error in the experimental value of up to an order of
magnitude. Even accounting for this uncertainty, it is clear that
a region exists near the exit plane of the thruster, located at
0.08 m, where the transport approaches the classical value. As
shown in Fig. 2, this region of decreased transport overlaps with
a region of strong electron axial shear [6]. Similar transport
barriers in the region of high shear have also been observed
experimentally in magnetic confinement fusion devices over the
last two decades [17], [18].

Due to the importance of the transport barrier in magnetic
fusion applications for reasons such as plasma confinement and
reduction of radial heat flux across closed magnetic surfaces,
the phenomenon of reduced transport due to shear has been
extensively studied. It has been analytically shown that elec-
tron diffusion is decreased due to a reduction in the turbulent
fluctuation amplitudes as well as a modification of the phase
difference, or cross phase, between fluctuations in plasma
properties which cause transport, such as plasma density and
electron velocity [19]–[22].

Qualitatively, the shear turbulence suppression mechanism
is a result of the stretching and distortion of turbulent eddies
which are caused by the position-dependent velocity of fluid
elements within the eddy. The distortion results in an effective
decrease in the eddy lifetime, lowering the time scale from the
eddy turnover time to the inverse shear rate, and a decrease in
the correlation length in the direction of transport [7]. Also, it
has been suggested that the shearing of the flow improves the
overall stabilization of the system by coupling unstable modes
to nearby stable modes leading to a reduction in transport [23].
The universal nature of the turbulence suppression mechanism
extends to nonionized fluids as well as plasmas. Although not
common in hydrodynamics, a similar phenomenon is observed
in large-scale turbulence in the stratosphere [24].

Due to the complicated nature of the nonlinear process, a
number of different transport models have been suggested to
describe this reduction of transport. The model examined in this
paper, and in our previous work [25], is of the form [9], [10]

(ωτ)−1
eff = (ωτ)−1

clas + (ωτ)−1
nw + (ωτ)−1

fluc

(
1

1 + (Cs)α

)
(1)

where ωτclas is the classical Hall parameter based on electron
neutral collisions, ωτnw is the near-wall term based on the
electron collision rate with channel walls, ωτfluc describes the
transport due to fluctuations, and the shear rate s is given by

s =
due,θ

dz
=

dEz/Br

dz
. (2)

In (2), the azimuthal electron velocity due to radial electric
and axial magnetic fields has been neglected. Note that this
equation would not be applicable if the electrons were unmag-
netized. When the empirical exponent in the shear term, α, is set
equal to two, this form is consistent with a linearized calculation
performed by Thomas [11]. Although the original Bohm value
[15] of ωτfluc is 16, the transport using this value was found
to be too low in the radial–axial hybrid simulation. Therefore,
this term was treated as an adjustable fitting parameter. The
coefficient C represents the turbulence decorrelation time in
the absence of shear, which is related to the growth rate of the
instability causing transport. As this value is not known and
may depend on a number of nonlinear effects, C is also treated
as a fitting parameter.

As previously mentioned, due to the nonlinear nature of
the plasma behavior, other empirical forms for the reduction
in transport have been suggested by the fusion community
[26], [27]. The effect of one such model has been exam-
ined in a radial–axial fully kinetic Hall thruster simulation by
Fox et al. [28]. To begin to understand the sensitivity of the
form chosen in (1), the exponential dependence of the shear
term, α, was varied from the default value of two, and results
are presented in Section III-B.

Using the chosen fitting parameters, at each time step, the
effective Hall parameter ωτeff is calculated using simulated
plasma properties to compute ωτclas, ωτnw, and s. Since the
shear is based on the second derivative of the computed po-
tential, a spline fit is used to compute this derivative to avoid
anomalously high shear values caused by numerical noise.
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Also, the Hall parameter is only calculated along the center of
the channel and assumed to be radially uniform.

At present, three simplifying assumptions are made to both
reduce computational cost and increase numerical stability.
First, the Hall parameter outside the channel is assumed con-
stant at the value specified by the fitting parameter ωτfluc. This
assumption is partially supported by the findings of Smith and
Cappelli [29], which suggest that, outside the thruster, nonlocal
electron motion due to strong spatial variations in both the
electric and magnetic field drives transport to levels comparable
to Bohm values. Second, the updating of the effective Hall
parameter is under-relaxed, resulting in an instantaneous Hall
parameter that contains remnant effects from the previous time
steps. Last, the instantaneously computed Hall parameter is
smoothed spatially in the axial direction for increased numer-
ical stability. It is believed that, physically, sharp gradients in
the axial direction would be smoothed by variations in the
azimuthal dimension that are not captured by the radial–axial
simulation. The effect of these assumptions on the results is
discussed in the following section.

III. RESULTS AND DISCUSSION

A. Comparison of Transport Models

Using simulated plasma properties computed with the exper-
imentally measured mobility, initial values of the fitting param-
eters C and ωτfluc were chosen such that the initial computed
mobility using the shear-based transport model was in good
agreement with experimental measurements. The exponential
dependence, defined by fitting parameter α, was assumed to
be quadratic. However, when a shear-based conductivity model
was implemented using these fitted coefficients, the plasma
properties used to optimize the parameters were modified due
to the change in electron transport. The coefficients were there-
fore adjusted to produce better qualitative agreement between
simulated and measured plasma properties.

At a discharge potential of 200 V, fitting parameters which
were observed to provide reasonable agreements with experi-
mental measurements were ωτfluc = 8 and C = 16 × 10−8 s.
Using these parameters, the computed inverse Hall parameter
was found to have a “well” about half as deep and twice as
wide as experimentally observed, as shown in Fig. 3. Note that
the implemented inverse Hall parameter outside the channel
is fixed to a constant Bohm-like value. While the near-wall
conductivity is found to have an influence in the region near
the exit plane of the thruster, located at 0.08 cm, the shape
of the computed average inverse Hall parameter is primarily
determined by the contribution from the term based on shear
suppression of fluctuation-induced transport.

As shown by Fig. 4(a), the shear-based model for elec-
tron transport accurately captures the location of the peak
in electron temperature, unlike the Bohm model. While the
experimental mobility slightly overpredicts the peak value of
electron temperature, the shear-based model slightly underpre-
dicts this value to a lesser degree. Note that the experimental
uncertainty in the measured electron temperature is approxi-
mately ±1 eV.

Fig. 3. Experimentally measured inverse Hall parameter is compared with the
Bohm value and the average computed value. The simulated average is based
on classical, near-wall, and shear-based contributions.

Fig. 4(b) shows the effect of Bohm, experimental, and shear-
based transport models on the electric potential. The experi-
mental uncertainty in the measured potential at each location
is approximately ±5 V. The steep temperature profile pro-
duced by the experimental mobility, as shown in Fig. 4(a),
produces a potential drop which is steeper than experimental
observations, resulting in a high electric field. While the Bohm
mobility produces similar electric fields to experiments, the
potential drop occurs farther downstream than expected. The
shear model, on the other hand, predicts moderate electric
fields occurring approximately in the location experimentally
observed. It should be noted that while the shear-based transport
model predicts the potential reasonably well, the corresponding
ion acceleration is found to be broader than experimentally
measured.

As shown by Fig. 5, the time-varying shear-based model for
electron mobility produces higher frequency fluctuations in the
discharge current than experimentally observed or predicted
by the experimental and Bohm mobility models. However, the
shear-based model also exhibits distinct and large-amplitude
breathing-mode cycles similar to experimental measurements.
Of the three models for electron transport, at a 200-V discharge
voltage, the shear model produces the best agreement with
the time-averaged experimental discharge current. This may,
however, be coincidental since other properties, such as plasma
density, are most accurately computed using the experimental
mobility. While the Bohm mobility predicts an average current
of 6.1 A and experimental mobility predicts 1.8 A, the com-
puted shear-based model predicts an average of 3.2 A compared
to the experimental value of 2.7 A.

B. Sensitivity Analysis

To illustrate the shear-based transport model at a variety of
discharge voltages, this section presents results at a discharge
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Fig. 4. Comparison between measured and simulated plasma properties using Bohm, experimental, and shear-based models for electron transport. (a) Electron
temperature. (b) Potential.

Fig. 5. Comparison of simulated discharge currents using Bohm, experimen-
tal, and shear-based models for electron transport.

voltage of 160 V, while the previous section used a discharge
voltage of 200 V.

1) Fitting Parameters: The two fitting parameters C and
ωτfluc were chosen somewhat arbitrarily at each discharge volt-
age to produce reasonable agreement with experimental mea-
surements. While the baseline value ωτfluc performed equally
well at different discharge voltages, lower values of the coef-
ficient C were found to be more appropriate at lower voltage.
This implies that the baseline transport due to fluctuations in the
absence of shear is relatively independent of voltage, while the
decorrelation time of turbulent eddies in the absence of shear
increases with increasing voltage.

The sensitivity to adjustments of the parameters has been
found to be relatively small for properties such as potential,
electron temperature, and neutral and ion velocities. The plasma
property that is most sensitive to alteration of these parameters
is the plasma density. The variations in plasma density due to
changes in ωτfluc and C are shown in Fig. 6. While the chosen
value of C in the empirical model seems to have a considerable
effect on plasma density, the effect of the base fluctuation Hall
parameter ωτfluc was found to be fairly small.

As shown in Fig. 6(a), the plasma density increases slightly
as ωτfluc is decreased. This is expected since a lower baseline

Hall parameter corresponds to a higher mobility. The increased
conductivity of electrons leads to a higher current density which
produces more Joule heating. The increased heating causes
higher temperatures and larger ionization rates leading to an in-
creased plasma density. However, as shown by Fig. 6(a), this ef-
fect appears to be small. Note that the experimental uncertainty
in measured plasma density is approximately ±1017 m−3.

As shown in Fig. 6(b), the plasma density also increases as
C is decreased. Based on the form of (1), this is expected since
the fluctuation-induced transport is further suppressed as the
value of C is increased. However, while changes in C produce
large effects on the plasma density, both in the magnitude and
location of the peak value, the effects are less significantly ob-
served in other plasma properties such as electron temperature
and potential.

Since the observed “well” in the computed inverse Hall
parameter is wider than predicted by experimental measure-
ments, the effect of the exponential dependence of the shear
in the assumed form [(1)] has also been examined. The expo-
nential fitting parameter α was increased from the value of two
used in the previous analysis in order to make the dip in the
inverse Hall parameter more narrow. While increasing α had the
effect of narrowing the barrier, as shown in Fig. 7, the effect was
small for each incremental increase in α. Using this form for
the experimental inverse Hall parameter would require a high-
order exponential dependence to produce a transport barrier as
narrow as the one experimentally observed.

2) Simplifying Assumptions: As mentioned in Section II-B,
three assumptions were implemented in the simulation with
the primary intent of increasing numerical stability. Namely,
the inverse Hall parameter was held constant in the near-field
region, under-relaxed, and spatially averaged.

In the results presented in the previous sections, the shear
model has only been implemented up to the exit plane, as
shown in Fig. 3. Beyond the exit plane, the Hall parameter was
assumed to be constant at the baseline value ωτfluc. Also, in
these results, the Hall parameter was not computed using the
instantaneous plasma properties but was rather under-relaxed
by combining 40% of the instantaneous value with 60% of the
value implemented at the previous time step. Lastly, a five-point
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Fig. 6. Trend observed in plasma density due to variation of fitting parameters at a discharge voltage of 160 V. (a) ωτfluc. (b) C. In (a), C is held constant at
12 × 10−8 s, while in (b), ωτfluc is held constant at eight.

Fig. 7. Trend observed in the time-averaged inverse Hall parameter due to
variation of exponential fitting parameter α at discharge voltage of 160 V.
ωτfluc is held constant at eight, and C is modified to produce similar average
values.

Gaussian-like weighting was used to spatially average the
instantaneously computed Hall parameter. The effect of these
assumptions is described hereafter.

As shown in Fig. 8(a), the transition location in the near-
field region from the shear-based model to a constant inverse
Hall parameter has little effect on the values upstream of the
exit plane, located at 0.08 m. However, the increased transport
barrier outside the thruster results in the potential drop moving
slightly farther downstream. The higher electric field in the
near-field region results in more Joule heating, causing the
temperature to be higher outside the thruster, as shown in
Fig. 8(b). However, as most of the ionization is accomplished
inside the channel, the effect of this increased temperature
outside the thruster is small.

Although the transition location had only a small effect on
the time-averaged simulated plasma properties, the effect on the
instantaneous properties was much more significant. One issue
with the model in its present form is that it is inherently unstable
due to the zero-crossing in shear, which can be seen in Fig. 2. A
single smooth transport barrier, such as the one shown in Fig. 2,

produces two maxima in shear. These two maxima produce two
transport barriers located on either side of the original barrier.
This process results in complicated waves which travel axially
in both directions and are limited in speed only by the numerical
limitations of the time step.

When the transition to a Bohm-like Hall parameter is located
at the exit plane, the waves move primarily to the left, as
shown in Fig. 9(a). However, when the transition location is
moved farther downstream, waves are free to propagate in
both directions, as shown in Fig. 9(b). Although it is unknown
whether these waves have any physical basis or are simply nu-
merical, they seem to have little influence on the time-averaged
behavior. Changing the time step modifies the speed of these
disturbances but does not alter the time-averaged plasma
properties.

As shown by Fig. 9, the computed Hall parameter is very
dynamic. The instantaneous Hall parameter profiles have fea-
tures which are narrow and deep, resembling the experimentally
observed Hall parameter. However, since these features travel
over regions on the order of centimeters, the time-averaged
computed Hall parameter is broad and shallow. Because the in-
stantaneous Hall parameter does not resemble its time-averaged
value, under-relaxing the computed Hall parameter has a signif-
icant effect on simulated plasma properties.

For large amounts of time averaging, the computed inverse
Hall parameter is considerably lower than the experimental
value and peaks too far upstream, as shown in Fig. 10(a). As the
proportion of the instantaneous Hall parameter used to update
the mobility is decreased, the transport barrier is reduced, and
the mobility becomes more Bohm-like. This results in plasma
properties which more greatly resemble those simulated using
a Bohm mobility, such as a greater potential drop outside the
thruster, a decreased backflow region, an increased plasma
density near the anode, and an increased electron temperature
in the near-field region, as shown in Fig. 10(b). Decreasing time
averaging beyond a 40% weighting of the instantaneous value
results in increased numerical instability.

Spatial averaging, however, has little effect on the simulated
results. While most plasma properties remain essentially un-
changed by the different center-dominated weighting schemes,
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Fig. 8. Effect of the location defining the transition from the shear-based model for electron transport to a constant inverse Hall parameter in the near-field region
at a discharge voltage of 160 V. (a) Time-averaged inverse Hall parameter. (b) Electron temperature. Note that C = 12 × 10−8 s, while ωτfluc = 8.

Fig. 9. Waves observed in the computed inverse Hall parameter at a discharge voltage of 160 V. (a) Transition to constant Hall parameter located at 8.06 cm.
(b) Transition to constant Hall parameter located at 8.83 cm. Note that C = 12 × 10−8 s, while ωτfluc = 8.

Fig. 10. Effect of time averaging of computed mobility at a discharge voltage of 160 V. (a) Inverse Hall Parameter. (b) Electron temperature. Note that
C = 12 × 10−8 s, while ωτfluc = 8.
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Fig. 11. Effect of spatial weighting on simulated plasma density.

the plasma density is the property that is most greatly affected.
As shown in Fig. 11, an increase in the number of points used
in a center-dominated weighting scheme from 5 to 13, which
represents an increase in scale from approximately 5 mm to
1.3 cm, causes an increase in peak plasma density of approx-
imately 20%.

C. Applications of Shear-Based Transport Model

While, physically, it is expected that the values of C
and ωτfluc will vary for different operating conditions and
thruster geometries, an attempt has been made to examine the
transportability of these parameters to simulations other than
the one for which they were optimized. Although the parame-
ters are likely dependent on plasma properties and characteris-
tics of the instability causing transport, they provide a starting
point for describing the transport barrier in thrusters for which
an experimental mobility has not been measured.

1) SPT-100: In order to assess the validity and utility of the
transport model, the shear-based model for inverse Hall param-
eter was implemented in simulations of an SPT-100 geom-
etry thruster using the fitting parameters C = 16 × 10−8 s,
ωτfluc = 8, and α = 2. Simulations were run consistently with
the operating conditions described in the evaluation of the
Russian SPT-100 thruster at NASA [30], and results are com-
pared in Table I with experimental measurements of discharge
current, thrust, and total efficiency. Although the discharge
voltage, anode flow rate, and facility background pressure could
be reproduced in the simulation, the cathode flow rate, which
was varied in the experimental measurements, is not captured
by the hybrid simulation. Therefore, in the results presented,
the experimental total efficiency has been recalculated using the
results for a cathode flow rate of 0.25 mg/s. Total efficiency η
is given by

η =
T 2

2ṁIV
(3)

where T is the thrust, ṁ is the flow rate (taken to be the anode
flow rate), I is the discharge current, and V is the discharge
voltage.

As shown by Table I, at a discharge voltage of 200 V, the
efficiency is calculated with remarkable accuracy. However,
the simulation overestimates the thrust by approximately 30%
for both anode flow rates. The ability of the simulation to
maintain the correct efficiency while overpredicting the thrust
is attributed to a simulated discharge current which is a factor
of 1.8 too high for both mass flow rates. The elevated current
implies a higher plasma density, which produces higher thrust.

At a discharge voltage of 250 V and an anode flow rate
of 4.64 mg/s, the thrust is overestimated by 13%, while the
efficiency is underestimated by 25%. The lower simulated
efficiency despite the higher simulated thrust relative to ex-
perimental measurements is attributed to a simulated discharge
current which is slightly more than two times too high. This
implies that the value of C implemented at 250 V is sub-
stantially too low. Small values of C typically produce more
Bohm-like behavior, with the maximum in electron temperature
increasing in magnitude and moving outside the channel. The
overprediction of peak temperature results in a large plasma
density and, therefore, a large discharge current and increased
thrust. However, because the peak temperature occurs too far
downstream, ionized particles do not accelerate through the full
potential drop, decreasing thrust and lowering efficiency.

The value of C implemented in the SPT-100 was chosen as
the value which produced reasonable agreement with experi-
mental measurements of the Stanford Hall thruster. However,
as the two types of thrusters utilize different magnetic field
configurations, geometries, and operating conditions, it is un-
likely that the value of C would be directly transferable. The
instabilities which produce transport and the decorrelation rate
in the absence of shear are likely a function of specific thruster
geometry and operating conditions. Although the value of C
implemented in the transport model was likely appropriate for
a discharge voltage of 200 V in the Stanford Hall thruster, better
agreement for the SPT-100, particularly in the area of discharge
voltage, can be obtained by increasing the value of C at the
same discharge voltage.

Also, for consistency, the value of the fitting parameter C
was kept the same in the simulation of an SPT-100 at both
discharge voltages. However, as was noted in Section III-B-1,
higher values of C are found to be more appropriate at higher
voltages. A larger value of C will result in a deeper transport
barrier, which will have the effect of lowering the simulated
discharge current. Therefore, it should be noted that the C value
implemented in Table I, which is based on the Stanford-Hall-
thruster 200-V operating conditions, is expected to be more
inaccurate at 250 V than at 200 V.

Despite the lack of quantitative agreement, the observed
trends with varying discharge voltages and mass flow rates are
qualitatively aligned between simulations and measurements.
Thrust increases with both increasing anode flow rate and in-
creasing discharge voltage. Although, experimentally, the thrust
increases by a much larger amount than simulated, at the higher
cathode flow rate of 0.5 mg/s, the increase in thrust is less than
10% when the discharge voltage is increased from 200 to 250 V,
in better agreement with simulated results. Efficiency is found
to be relatively independent of anode flow rate. At a 200-V
discharge voltage and a higher cathode flow rate of 0.5 mg/s,
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TABLE I
COMPARISON OF SIMULATED AND EXPERIMENTALLY MEASURED PERFORMANCE PARAMETERS OF AN SPT-100 HALL THRUSTER

the total efficiency is experimentally found to decrease by 3%
as the anode flow rate is lowered from 5.05 to 3.56 mg/s, similar
to the observed decrease of 5% in the simulated results shown
in Table I. While the efficiency did not increase as expected at
250 V, this is attributed to an implemented C value which is
more greatly underestimated at 250 V than at 200 V.

2) Bismuth Thruster: An additional test of the portability
of the proposed transport model was performed by implemen-
ting the model in simulations of a bismuth-fueled Hall thruster.
The use of bismuth as a Hall thruster propellant was studied
in the former U.S.S.R. four decades ago, and there has been
recent renewed interest in developing such technology in the
U.S. [31]. The Russian-developed bismuth thrusters have nu-
merous advantages over modern xenon thrusters [31]–[33],
including higher thrust and more advanced two-stage designs.
The bismuth propellant itself lends significant advantages to
Hall thruster performance. For example, bismuth 209 is the
heaviest of all radioactively stable isotopes and is nearly 60%
more massive than xenon, providing an additional 26% of thrust
per accelerated ion at a given thruster voltage. The ionization
energy of bismuth is 40% lower than that of xenon, providing
more efficient ionization. Furthermore, bismuth is condensible
at room temperature, providing reduced spacecraft tankage
fraction and simplified testing of high-flow-rate thrusters in
ground facilities [31]. Bismuth is also roughly 1000th the cost
of xenon and is significantly more readily available.

With this in mind, the shear-based transport model, with
fitting parameters consistent with the Stanford Hall thruster at
200 V (C = 16 × 10−8 s, ωτfluc = 8, and α = 2), has been
used to simulate a Hall thruster designed to operate using
bismuth propellant instead of xenon. In addition to the differing
propellant, the simulation uses a slightly different geometry
with a channel length of 2.4 cm instead of the 8-cm channel
analyzed in the previous sections; early simulations indicated
that a shorter channel would improve the efficiency of the bis-
muth thruster, and the channel length chosen mimics the design
of a laboratory-model thruster modified for bismuth propellant
[34]. Applying the shear-based transport model to this design
provides a means of qualitatively understanding the effect of
the different mass and ionization rate of the propellant gas.

Table II illustrates the performance characteristics of the
xenon and bismuth hybrid simulations, both operating with
the reduced channel length and at a discharge potential of
200 V. Note that these simulations were conducted neglecting
the effects of charge-exchange collisions and background gas.
Also, the bismuth simulation uses a larger mass flow rate to
simulate the same number flow rate introduced at the anode of
the xenon simulation.

In addition to providing more thrust per ion accelerated over
the same potential drop, the bismuth thruster has the added
advantage of a lower ionization potential resulting in higher

TABLE II
COMPARISON OF SIMULATED PERFORMANCE PARAMETERS FROM

XENON AND BISMUTH 2-D HYBRID HALL THRUSTER SIMULATIONS

plasma density and propellant efficiency. The neutral density
on the centerline at the exit plane of the 2.4-cm channel is an
order of magnitude lower with bismuth propellant than xenon
propellant. At all locations inside the channel, the plasma den-
sity is found to be higher for the bismuth thruster than for the
xenon thruster. Although one might expect the bismuth-specific
impulse to be roughly 21% lower than that for xenon due to
the lower exhaust velocity associated with heavier particles,
the propellant utilization of the simulated bismuth thruster is
sufficiently high in that the Isp, computed by dividing total
thrust by mass flow rate and gravity, is found to be 28% higher
for bismuth. A xenon thruster does benefit from a channel
longer than 2.4 cm, and a simulated 8-cm channel running
xenon provides an Isp of 1227 s; the performance advantage
here is only 8% over that of bismuth, again indicating the effect
of bismuth’s higher propellant utilization. Likewise, the thrust
calculated for the bismuth thruster is roughly double that of
the xenon thruster (rather than only 26% higher) owing to the
increased number of accelerated ions. The calculated efficiency
for the bismuth thruster indicates a 50% benefit compared to
the xenon thruster.

IV. SUMMARY

Motivated by the observations and analytical work of the
magnetic confinement fusion community, an empirical model
for electron cross-field transport has been implemented in 2-D
hybrid Hall thruster simulations based on the axial shear rate of
the electron fluid. It is believed that the shearing of the fluid,
caused by electric and magnetic field gradients, reduces the
fluctuation-enhanced anomalous transport through stretching
and distortion of turbulent eddies.

It has been shown that implementation of a shear-based
transport barrier, which is computed locally and updated con-
tinuously, produces reasonable agreement with laboratory mea-
surements. Despite a broader simulated transport barrier than
experimentally observed, simulations using the shear-based
approach produce similar profiles of properties such as electron
temperature and potential as simulations using the experimen-
tal mobility. In all cases, the empirical shear-based transport
model more accurately predicts plasma properties than a sim-
ple Bohm Hall parameter lacking any barrier to cross-field
transport.
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In order to evaluate the utility of this method, which relies
on the unknown fitting parameters ωτfluc and C, an assessment
was made of the sensitivity of the results to changes in these
coefficients, as well as to the exponential dependence of the
shear term and to assumptions made in the implementation of
the model. For the specific conditions examined, it was found
that plasma properties were fairly insensitive to the base value
of anomalous transport ωτfluc and more largely dependent on
the constant C, which is likely related to the growth rate of the
instability which produces transport.

To assess the validity and portability of the model, the
shear-based inverse Hall parameter has been implemented in
simulations of an SPT-100 Hall thruster and was found to
overpredict the thrust by as much as 30% and underpredict the
efficiency by as much as 25%. The shear-based model has also
been incorporated into a simulation of a bismuth Hall thruster
in order to assess the effect of the heavier propellant and
lower ionization cost. Results are in qualitative agreement with
expectations, although data on bismuth are not available for a
full quantitative comparison. Clearly, additional work is needed
to identify a model that is transportable with accurate predictive
capability. We believe that the shear model, if implemented
with little time averaging, has the potential to do so, but at
this time, time averaging is needed to stabilize the numerical
simulation.
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