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ABSTRACT

A new micromechanism, the Spherical Bista
Micromechanism (SBM), is described. The SB
has several advantageous features, which inclu
two stable positions that require power only
transitioning from one to the other; robustne
against small disturbances; and an output link w
a stable out-of-plane orientation. The SBM may
useful in applications such as 2-D optical mirro
arrays or in erecting out-of-plane structures.

∗Corresponding Author
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Introduction

The motion of surface micromachined micro
electromechanical systems (MEMS) can be ca
gorized as either in-plane or out-of-plane. In-pla
motion refers to motion in which mechanical el
ments of the device translate or rotate within t
plane of fabrication (i.e. the plane defined by t
thin films built up on a planar substrate). Out-o
plane motion refers to motion in which mechanic
elements rotate or translate out of the plane of fa
rication.

There is a need for accurate, low power mec
anisms for the out-of-plane positioning of MEMS
Such mechanisms are useful in mirror arrays
and in erectable structures [2]. One possible me
of achieving these accurate, low power mech
nisms is to develop out-of-plane bistable mech
Copyright © 2006 by ASME
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nisms. Bistable mechanisms are mechanical
vices which have two stable positions which a
positions to which they return under small pertu
bations. One example of a bistable device is
straight cantilever beam that is pinned on eith
side and then put in compression. The beam w
buckle to one of two positions and will remain i
that position if perturbed slightly. It can be move
to the other position if a sufficient load is applie
to it. Thus, work is done (and power expended)
the beam only when it is moved from one stab
position to the other.

Several different design concepts for in-plan
bistable mechanisms have been identified [3]
cluding mechanisms composed of rigid and com
pliant links [4-6], buckling structures [7-9], and
braking or latching devices [10, 11].

Thermal buckling [12] and latching device
[2] have been used to position out-of-plane mec
anisms. However, out-of-plane bistability usin
compliant mechanisms has not been demonstra
previously. Out-of-plane compliant bistable mec
anisms are somewhat challenging [13] because
vices that are fabricated in-plane tend to have th
stable positions in the plane. The elasticity
the compliant segments tends to resist out-of-pla
bending, and usually requires large thermal or m
chanical loads to create the out-of-plane displac
ment.

The mechanism described in this paper co
bines two recent advances in MEMS design
a unique way to provide a device that achiev
bistable out-of-plane positioning through the use
compliant mechanisms. One of the advances is
micro spherical slider-crank, which is a MEMS
version of a device that has been used for years
the macro level [14]. Its aptness at the micro-lev
for transforming in-plane to out-of-plane rotatio
has recently been described [15]. The other a
vance is using theYoung Mechanism[6,16], a pla-
nar bistable compliant mechanism, to provide t
input motion for the micro spherical slider-crank
The bistability of the Young Mechanism provide
two stable positions for the output link of the sphe
ical slider-crank.

The integration of the Young Mechanism an
2
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Figure 1. Scanning Electron Micrograph
(SEM) of a Spherical Bistable Mechanism
(SBM) in its fabricated position, which is its
first stable position. The mechanism is made by
the combination of a Young Mechanism [6,16]
and a spherical slider-crank [14].

the spherical slider-crank is called theSpheri-
cal Bistable Micromechanism(SBM), and a sur-
face micromachined prototype (fabricated usin
the MUMPS process [17]) is shown in its first sta
ble equilibrium position (the as fabricated position
in Figure 1 with all links parallel to the substrate
A schematic view is shown in Figure 2. The SBM
is shown in its second stable equilibrium positio
in Figures 3 and 4.

The SBM avoids the difficulty in achieving a
stable out-of-plane position for a compliant mec
anism by keeping the motion of the compliant po
tion of the device (the Young Mechanism) plana
The out-of-plane motion is achieved by virtue o
the spherical slider-crank’s ability to transform a
in-plane rotation into an out-of-plane rotation.

This paper describes the geometry of th
SBM and provides equations for obtaining mo
tion and performance characteristics. Analysis
the device requires background into two differe
specialties, compliant mechanisms and spheri
trigonometry.
Copyright c© 2006 by ASME
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Figure 2. Schematic of a Spherical Bistable
Mechanism (SBM) in its fabricated position.
The Young Mechanism portion of the device is
shaded gray, and the spherical slider-crank por-
tion is white.

Figure 3. SEM of a SBM in its second stable
position.

Compliant Mechanisms
Compliant mechanisms are mechanisms th

gain some or all of their motion from the deflec
tion of flexible members [18]. Flexible member
are advantageous in that their motion is precise a
that they can store energy. On the other hand,
analysis of compliant mechanisms is, in gener
more difficult than the analysis of rigid-link mech
anisms. For example, the position analysis of
rigid-link mechanism requires algebraic equation
while the complete position analysis (in which th
location of every point in the segment is spec
3
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Figure 4. SEM close-up view of the spherical
slider-crank portion of a SBM in its second sta-
ble position.

fied) of a compliant mechanism involves differen
tial equations. Fortunately, the complete analys
of compliant mechanisms is not always require
An approximation technique called the Pseud
Rigid-Body Model (PRBM) allows the determina
tion of the relative positions of the endpoints o
various compliant segments without precise mo
eling of the location of interior points. The basi
idea of the technique is to substitute an (equiv
lent) rigid-body mechanical element in the plac
of the compliant one. The appropriate choice
rigid-body mechanical element is not a trivial ma
ter but a number of appropriate substitutions f
common geometries and loading conditions ha
been found [18]. The mechanical elements used
these models are typically a combination of link
joints and linear or torsional springs. The inclusio
of springs in the models means that PRBMs allo
the computation of the amount of force required
produce the desired deflections. Two beam geom
tries that have PRBMS and that are pertinent to t
motion of the Young Mechanism are the cantilev
beam with a force at the free end, and the sma
length flexural pivot.

In these two PRBMs, the flexible segment
modeled by placing a revolute joint, thecharacter-
istic pivot, at a specified distance, thecharacteris-
tic radius, from the free end. The bending of th
Copyright c© 2006 by ASME

se: http://www.asme.org/about-asme/terms-of-use



g
g

d

er

r

er
c
r
e

d

d

th
l.
-
-

a

al

Downloaded From
segment is modeled by the rotation,Θ, of the char-
acteristic pivot. The resistance of the flexible se
ment to bending is modeled with a torsional sprin
at the characteristic pivot with a stiffness,K. As
the segment bends, the position of the beam end
specified by the coordinates(a,b), wherea is the
coordinate along the direction of the undeflecte
segment, andb is the coordinate in the direction
perpendicular to the undeflected segment.

Figure 5 shows a schematic of a cantilev
beam with a force at the free end,F , and its
pseudo-rigid-body model. The model paramete
are

a = l [1− γ(1−cosΘ)]

b = γlsinΘ

K = γKθ
EI
l

γ ≈ 0.85

Kθ ≈ πγ (1)

The approximate values given forγ, cθ, andKθ
are most appropriate when the applied force is p
pendicular to the undeflected segment. More a
curate approximations are given in [18] for othe
loading conditions. The maximum stress in th
segment occurs at the fixed end and is given by

σmax= ±
P(a+nb)c

I
−

nP
A

(2)

whereP is the component of the applied force,F ,
in the direction perpendicular to the undeflecte
segment, andnP is the component of the applied
force in the direction parallel to the undeflecte
segment.

Figure 6 shows a schematic of a small-leng
flexural pivot and its pseudo-rigid-body mode
The small-length flexural pivot is a flexible seg
ment which is small in comparison to a rigid seg
ment to which it is attached such thatl << L and
(EI)l << (EI)L. The characteristic pivot is located
at the center of the flexible beam. The model p
rameters are
4
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Figure 5. Schematic of a) a cantilever beam
undergoing a large deflection and b) the Pseudo-
rigid-body model equivalent [18]

a =
l
2

+

(

L+
l
2

)

cosΘ

b =

(

L+
l
2

)

sinΘ

K =
EI
l

(3)

The maximum stress in the small-length flexur
pivot occurs at the fixed end and is given by

σmax=
Mc
I

(4)
Copyright c© 2006 by ASME

se: http://www.asme.org/about-asme/terms-of-use



to

-
t
r

e
r-
e

ve
-
n
e
on
-

ses
t

n

for
s
ed

Downloaded From
Figure 6. Schematic of a) a small-length flex-
ural pivot undergoing a large deflection and b)
the Pseudo-rigid-body model equivalent [18]

The maximum strain for both models is related
the maximum stress and is given by

εmax=
σmax

E
(5)

whereE is Young Modulus (or modulus of elas
ticity). These two PRBMs allow the complian
portion of the SBM to be analyzed as a four-ba
mechanism with torsional springs on two of th
joints as shown in Figure 7. Analysis of the sphe
ical slider-crank portion of the SBM requires som
background on spherical mechanisms.

Spherical Mechanisms
Spherical mechanisms are linkages that ha

the property that every link in the system ro
tates about the same fixed point [19]. A commo
method for visualizing their motion represents th
links in a spherical mechanism as arcs inscribed
a unit sphere. Any two links in a spherical mecha
nism are joined with a pin (or revolute) joint which
permits rotation about an axis in space that pas
through the fixed point. In a SBM, the fixed poin
5
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Figure 7. Illustration of a) a Young Mecha-
nism, b) its pseudo-rigid-body model, and c) pa-
rameters for its position analysis (adapted from
[6])

may be either of the Young Mechanism’s two pi
joints.

There are numerous possible approaches
describing the motion of spherical mechanism
[14, 19]. In this paper, we use an approach bas
on spherical trigonometry.

This brief review of spherical trigonometry
Copyright c© 2006 by ASME
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uses results found in texts on spherical trigono
etry (for example [20]) and develops analogies
tween spherical trigonometry and plane trigono
etry. The familiar results of plane trigonomet
describe relationships between straight lines,
gles and triangles on a planar surface. In spher
trigonometry, the surface is no longer flat but is t
surface of a sphere. Straight lines and planar
ures cannot be drawn on a spherical surface,
there are geometrical features on the spherical
face that have similar mathematical properties
their planar counterparts. A circle in a spheric
surface displays many of the same mathemat
properties as a line in a plane. Therefore, in pla
of straight lines, spherical trigonometry is based
circles inscribed on the sphere.

Of all the circles that can be drawn on a sphe
great circlesare the ones whose radius is the sa
as the sphere1. Each great circle is contained in
plane that intersects the sphere. The normal to
plane that passes through the center of the sphe
thepoleof the great circle. Angles between gre
circles are defined as the dihedral angle formed
the two intersecting planes containing the great
cles. Henderson [21] details the similarities a
differences between planar and spherical geo
tries. Here, it will be sufficient to appreciate th
there are differences between plane and sphe
trigonometry but that similar results, such as t
law of cosines, can be obtained.

A spherical triangle with great circle arcsk, m,
andn with dihedral anglesθ, σ, andξ is shown in
Figure 8. In spherical trigonometry there is a la
of cosines which relates the three arcs and on
the dihedral angles:

cos(k) = cos(m)cos(n)+sin(m)sin(n)cos(σ)
(6)

The spherical law of cosines is useful in t
position analysis of spherical slider-crank porti
of the SBM. The background given on complia

1In geography, circles of longitude and the equator
great circles. Circles of latitude other than the equator
not great circles.
6
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Figure 8. Spherical triangle with sidesk, m,
and n; and dihedral anglesθ, σ, and ξ.

mechanisms and spherical mechanisms allow
the position and energy analysis of the SBM.

Position Analysis
The position analysis of the SBM is divide

into two parts, the Young Mechanism and th
spherical slider-crank. The Young Mechanism po
tion of the SBM can be analyzed using the PRB
as a four-bar with two torsional springs, as w
shown in Figure 7. The analysis of a four-bar ca
be found in texts on planar mechanisms (see
example [22] and [23]) and may be derived usin
the law of cosines from planar trigonometry usin
the angles labeled in Figure 7c.

δ =
√

r2
1 + r2

2−2r1r2cos(π−θ2) (7)

β = cos−1
(

r2
1 +δ2− r2

2

2r1δ

)

(8)

ψ = cos−1
(

r2
3 +δ2− r2

4

2r3δ

)

(9)

λ = cos−1
(

r2
4 +δ2− r2

3

2r4δ

)

(10)

For 0≤ θ2 ≤ π, θ3 andθ4 are given by

θ3 = β+π−ψ (11)
Copyright c© 2006 by ASME
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Figure 9. Schematic of the spherical portion of
the SBM.

θ4 = β+π+λ (12)

and forπ ≤ θ2 ≤ 2π, θ3 andθ4 are given by

θ3 = −β+π−ψ (13)

θ4 = −β+π+λ (14)

The orientationsθ5 andθ6 of links a5 anda6

in the spherical slider-crank portion of the mecha
nism can be determined based on the spherical t
angle formed by linksa5, a6, and the arc lengths7

between the fixed pivotD and the rotational slider
C as shown in Figure 9. In the fabricated positio

of the SBM, the arc length of
⌢

DC is given by

s7o = a5 +a6. (15)

The change in
⌢

DC as the input linkr2 rotates
is ∆s7 and is equal to∆θ2 = θ20−θ2, whereθ20 is
the original orientation of the pseudo link labeled

r2 in Figure 7. Thus, the arc length of
⌢

DC can be
expressed as

s7 = a5 +a6−∆s7 = a5 +a6 +θ2−θ20 (16)
7
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Using the spherical law of cosines, expressions u
ing θ5 andθ6 can be found. An expression in which
θ5 is the only unknown is given by

cos(a6) = cos(a5)cos(s7)+sin(a5)sin(s7)cos(θ5)
(17)

which can be solved forθ5 as

θ5 = cos−1
(

cos(a6)−cos(a5)cos(s7)

sin(a5)sin(s7)

)

(18)

An expression in whichθ6 is the only unknown is
given by

cos(a5) = cos(a6)cos(s7)+sin(a6)sin(s7)cos(θ6)
(19)

which can be solved forθ6 as

θ6 = cos−1
(

cos(a5)−cos(a6)cos(s7)

sin(a6)sin(s7)

)

(20)

Substituting equation (16) into equation (20
gives the angle of the spherical mechanism outp
θ6, in terms of the Young Mechanism input,θ2.

The motion of the spherical slider-crank outpu
link depends on the distance and angle between
joints but not on its shape. Thus, both of the link
shown in Figure 10 can be modeled by the foreg
ing equations and the output link can take a sha
that is most suited to a given application.

Energy Analysis
The input force is applied on linkr2 as shown

in Figure 7. The potential energy,W, stored in
the SBM’s flexible segments can be estimated a
function of θ2 using the pseudo-rigid body mode
as

W(θ2) =
1
2

(

KAψ2
A +KBψ2

B

)

(21)

whereψA andψB are defined by

ψA = (θ2−θ20)− (θ3−θ30) (22)
Copyright c© 2006 by ASME
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Figure 10. Two kinematically identical spheri-
cal links, a) a spherical arc with arc lengthθ, b)
a quasi-rectangle with joints at an angleθ apart.

and

ψB = (θ4−θ40)− (θ3−θ30) (23)

where the spring constantsKA and KB are calcu-
lated using the PRBM, as

KA =
EI
ls

(24)

KB = 2.25
EI
l4

(25)

The values ofθ2 for which the potential en-
ergy, W, is a local minimum are the stable equi
librium points for the mechanism. In between th
two local minima there is a local maximum, which
is the unstable equilibrium point. The input torque
Tin required to actuate the mechanism can be fou
as the derivative of the potential energy with re
spect toθ2, or

Tin =
dW
dθ2

= KAψA(1−h32)+KBψB(h42−h32)

(26)
8
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whereh32 andh42 are kinematic coefficients [22]

h32 =
dθ3

dθ2
=

r2sin(θ4−θ2)

r3sin(θ3−θ4)
(27)

h42 =
dθ4

dθ2
=

r2sin(θ3−θ2)

r4sin(θ4−θ3)
(28)

The joints in the spherical slider-crank are no
compliant and so do not enter into the calculatio
of potential energy. On the other hand, becaus
the spherical slider-crank has a poor transmissio
angle (≈ 180◦) in the fabricated position, the SBM
mechanism can be more difficult to actuate tha
a Young Mechanism alone. It may be helpful to
include an auxiliary actuation method to insure tha
the links in the spherical crank-slider portion of the
mechanism lift from the substrate.

Prototype Testing
The polysilicon (E ≈ 169 MPa) prototype

mechanism shown in Figure 1 was fabricated u
ing the MUMPS process and has the dimension
of r1 = 100µm, r2 = 250µm, r3 = 176µm,r1 =
250µm. The original orientations of links 2 and
4 are θ20 = 73◦ and θ40 = 53◦. The length of
the compliant segments,ls and l4, are 30µm and
295 µm, respectively. The bending moment o
inertia for the compliant segments areI2 = I4 =
3.3 (µm)4. The spherical mechanism links have
radius of 140µm and arc lengthsa5 = a6 = 75◦.
Because linksa5 anda6 have the same nominal arc
length, the spherical triangle is isosceles and angl
θ5 andθ6 are equal.

Figure 11 shows a plot of the rotation parame
ters of the mechanism,θ2, θ3, θ4, θ5, θ6, ands7 as
functions of the magnitude of the change in the in
put angle|∆θ2|. The stable equilibrium positions
of the mechanism are marked with ‘o’s and th
unstable equilibrium position of the mechanism i
marked with an ‘x’. Note that most of the rotation
of links a6 and a5 occurs within the first 30 de-
grees of rotation ofθ2. This implies that the ratio
of output motion,θ6, to input motion,θ2 is much
smaller near the second equilibrium position than
is near the first equilibrium position. This results in
Copyright c© 2006 by ASME
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Figure 11. The rotation of the links in the
SBM as a function of the input rotation |∆θ2|.

finer control of the output motion is possible nea
the second equilibrium position and it is possib
to design for a precise orientation of link 6 in th
second equilibrium position.

Figure 12 shows angular measurements fro
the second stable position. The motion of the i
put link, ∆θ2 was measured as 79◦ and the motion
ands7 was measured as 72◦. These values com-
pare well with the predicted values of∆θ2 = 80.6◦

ands7 = 69.34◦. Interferometry was used to de
termine out-of-plane displacements. However, t
large angular rotations undergone by linksa5 and
a6 made precise measurements difficult. Those
sults tend to confirm the model predictions at th
stable positions. On the other hand, an interme
ate measurement taken after minimal input rotati
(≈ 1◦) indicated that the model may underpredi
the output rotation at that point. The discrepan
between the model predictions and the interfer
metric data is most likely due to the clearance
the hinges of the spherical crank-slider.

Figure 13 shows the potential energy curve f
the silicon prototype and Figure 14 shows the inp
torque required to actuate the device. Note that t
input torque curve (Figure 14) is the derivative o
the potential energy curve (Figure 13).

Figure 15 shows the calculated strain in th
flexures. A design goal is to maintain the stra
9
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Figure 12. A top view of the second stable
equilibrium position, where |∆θ2| is measured
as79◦ and s7 is measured as72◦.
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Figure 13. The total potential energy stored in
the compliant segments of the SBM as a func-
tion of the input rotation |∆θ2|.

magnitude below 1.05x 10−2 to avoid fracture [6].

Conclusions
This paper has discussed the design of a nov

device for the bistable positioning of an out-of-
plane link, such as a micro-mirror. The integra
Copyright c© 2006 by ASME
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Figure 14. The input torque required to hold
the SBM in equilibrium at a given value of the
input rotation |∆θ2|.
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Figure 15. The strain in the compliant seg-
ments in the SBM as a function of the input ro-
tation |∆θ2|.

tion of bistability with spherical mechanism desig
results in several advantageous features, which
clude: two stable positions that require power on
in transitioning from one position to the other, ro
bustness against small disturbances, and an o
put link with a stable out-of-plane orientation
The equations for position, potential energy, in
put torque and maximum stress have been p
sented. The devices have been fabricated us
the MUMPS surface micromachining process an
10
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bistable behavior has been demonstrated.
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