Jordan-algebraic aspects of
optimization:randomization

L. Faybusovich,
Department of Mathematics,
University of Notre Dame,

255 Hurley Hall, Notre Dame, IN, 46545

June 29 2007

Abstract

We describe a version of randomization technique within a general
framework of Euclidean Jordan algebras. It is shown how to use this
technique to evaluate the quality of symmetric relaxations for several non-
convex optimization problems.

1 Introduction

Starting with a seminal paper [goemans|, a randomization technique plays a
prominent role in evaluating the quality of semidefinite relaxations for difficult
combinatorial and other optimization problems. In this paper we introduce a
framework for one type of such a technique within a general context of Euclidean
Jordan algebras. Within this framework the original problem is in conic form
with conic constraints defined by general symmetric cones with additional con-
straints on the (Jordan-algebraic) rank of the solution. The symmetric (convex)
relaxation is obtained from the original problem by omitting rank constraints.
More precisely, we prove several measure concentration results (tail estimates)
on manifolds of nonnegative elements of a fixed rank (and their closures) in
a given Euclidean Jordan algebra. We illustrate a usefulness of these results
by a number of examples. In particular, we consider Jordan-algebraic gener-
alizations of several relaxation results described in [barvinok],[Ye], [Zhang2].
Jordan-algebraic technique proved to be very useful for the analysis of opti-
mization problems involving symmetric cones [F1] and especially primal-dual
algorithms [F3],[F4],[M],[SA],[Ts|. In present paper we further expand the do-
main of applicability of this powerful technique.

2 Jordan-algebraic concepts

We stick to the notation of an excellent book [FK]. We do not attempt to de-
scribe the Jordan-algebraic language here but instead provide detailed references
to [FK]. Throughout this paper:

e IV is a simple Euclidean Jordan algebra;

e rank(V') stands for the rank of V;

e x oy is the Jordan algebraic multiplication for x,y € V;

o < x,y >= tr(x oy) is the canonical scalar product in V; here tr is the trace
operator on V;

e () is the cone of invertible squares in V;



e ) is the closure of Q in V;
e An element f € V such that f2 = f and tr(f) = 1 is called a primitive
idempotent in V;
e Given z € V, we denote by L(x) the corresponding multiplication operator
on V, ie.

Lx)y=zoy, yeV;

e Given x € V| we denote by P(z) the so-called quadratic representation of x,
i.e.

P(z) = 2L(x)? — L(z?).

Given x € V, there exist idempotents fi,---, fi in V such that f;o f; =0
for ¢ # j and such that f;+ fs - -+ fr = e, and distinct real numbers Ay, -+, \x
with the following property:

k
T = Z)\ifi (1)
i=1

The numbers \; and idempotents f; are uniquely defined by z. (see Theorem
III. 1.1 in [FK]).

The representation (1) is called the spectral decomposition of . Within the
context of this paper the notion of rank of z is very important. By definition:

rank(z) = Y tr(f;). (2)

:X; #0

Given z € V, the operator L(x) is symmetric with respect to the canonical
scalar product. If f is an idempotent in V, it turns out that the spectrum of
L(f) belongs to {0, 1, 1}. Following [FK], we denote by V (1, f), V(3, ), V(0, f)
corresponding eigenspaces.

It is clear that

V=V0.H)eVLHeV(E.f) )

and the eigenspaces are pairwise orthogonal with respect to the scalar prod-
uct <,>. This is the so-called Peirce decomposition of V' with respect to an
idempotent f. However, eigenspaces have more structure (see [FK], Proposition
IV. 1.1). In particular, V (0, f), V(1, f) are subalgebras in V. Let fi, fo be two
primitive orthogonal idempotents. It turns out that

dimV(%7 fi)yn V(%v f2)

does not depend on the choice of the pair f1, fo (see Corollary IV.2.6, p.71 in
[FK]). It is called the degree of V' (notation d(V)).
Note that two simple Euclidean Jordan algebras are isomorphic if and only if
their ranks and degrees coincide.

We summarize some of the properties of algebras V (1, f).

Proposition 1 Let f be an idempotent in a simple Euclidean Jordan algebra
V. Then V(1, f) is a simple Euclidean Jordan algebra with identity element f.
Moreover,

rank(V (1, f)) = rank(f)

d(V (1, f)) = d(V).

The trace operator on V (1, f) coincides with the restriction of the trace oper-
ator on' V. IfQ is the cone of invertible squares in V (1, f) then Q= QNV (1, f).



Proposition 1 easily follows from the properties of Peirce decomposition on V
(see section IV.2 in [FK]). Notice that if ¢ is a primitive idempotent in V (1, f),
then c¢ is primitive idempotent in V. For a proof see e.g [F1].

Let fi,---, fr, where r = rank(V'), be a system of primitive idempotents
such that f;o f; =0fori # j and fi; +--- f, = e. Such system is called a Jordan
frame. Given x € V, there exists a Jordan frame fi,--- , f, and real numbers
A1, , A (eigenvalues of x) such that

i=1

The numbers A; (with their multiplicities) are uniquely determined by x. (See
Theorem III. 1.2 in [FK]). We will need the spectral function z — A(z) : V —
R", where A\i(x) > Aa(z) > ... \.(x) are ordered eigenvalues of x with their
multiplicities. The following inequality holds:

[A(z) = AW)ll2 < [l = yll, Vo, y € V. (4)

Here || Al|2 is the standard Euclidean norm in R and ||z| = /(z, z),x € V. For
a proof (4) see e.g [F1],[LKF].
It is clear that

tr(z) = i)\i,rank(x) = card{i € [1,7] : \; # 0}.
i=1

Let B
Y ={zreQ:rank(z)=1},1=0,...r.
Notice that the closure -
O = LJ%C:()Q]C
for any .

Since primitive idempotents in V (1, f) remain primitive in V, it easily follows
that the rank of = € V (1, f) is the same as its rank in V.

3 Tail estimates

In this section we collected several measure concentration results on manifolds
of nonnegative elements of a fixed rank in a simple Euclidean Jordan algebra.

Prqposition 2 Foranyl =1,2,...,7 — 1, there exists a positive measure [i
on § which is uniquely characterized by the following properties:
a) the support of [y is §;.

b)
/S_ €_<$’y>dﬂg(£) — det(y)_ld/2 (5)

for any y € Q; (1) =0 1> 1).

This Proposition immediately follows from Corollary VII.1.3 and Proposition
VIIL.2.3 of [FK].
It will be convenient to introduce another set of measures:

—tr(z) ~

=€ -



We immediately derive from Proposition 2 that p;(€;) = 1 and

/7 e‘(w,y)d’ul(x) = det(e +y)—ld/2
Q

for any y € Q. Since g is a probability measure on €, we can introduce standard
probabilistic characteristics of measurable functions on €2;:

EM=4¢W@M%

wmwzjkﬂ@—Mﬂﬂmwy

Q

Proposition 3 Let f1,... f be a Jordan frame in V. Consider random vari-
ables p1 ..., ., where

vi(z) = (fi,x),i=1,2,...,r

Then @1, ...p, are mutually independent identically distributed random vari-
ables having Gamma distribution with parameters (1, x), where

_dl
X = 5"
Proof Let us compute the joint moment generating function ®(tq,...,¢,) for
©1, ..., pr. We have:
D(t1,...,t.) = E[et1¢1+t2¢2+---+tr%] _

= /_ exp((D_ tifi, @) d =
tu i=1

= det(e — th‘fz‘)fx =JJa-t)>x=

i=1
T
HE[eti%]
i=1
for | t1 |< 1,|t2|,... |t |< 1. The Proposition follows.
Corollary 1 Let ¢ be a primitive idempotent. Then for p.(x) = (¢, x), we have:

Elpc] = Var(ee) = x.
Let q eV,

T
q= Z Aici
i=1

be its spectral decomposition. Consider pq(z) = (q,x). Then

Elpq] = xtr(q),
Var(eq) = xllal* = x > _ A7
i=1

The Corollary immediately follows from Proposition 3.



Proposition 4 Let q € Q. Consider

[={zeQ:(qz) <x(tr(q) —7llql)}.

Then
_ XT2

() < exp(—5

), = 0. (6)

Remark 1 Compare this with [barvinok], Proposition 5.6.
Proof For any A > 0 we have:

I'={z € Q:exp(~Xg, z)) = exp(=Ax(tr(q) — 7llql)}-
By Markov’s inequality:

E[e_k<q7w>]

mT) S @ = Ty

Let

q= Zﬂici (8)
i=1

be the spectral decomposition of g. Then, using (5),

T

E[efwm] - H(l + M) X,

i=1
Hence, by (7)

r

pu(T) < exp(—x(D (1 + M) — ] + Argl]))-

i=1
Using an elementary inequality

2

ln(l—i—m)Zm—%,xZO,

we obtain: o 12
Al

2

i (T) < exp(x(

Taking A = 7, we obtain (6).

= A7llgll)-

Proposition 5 Let ¢ € Q have the spectral decomposition (8) and set § =
max{p; : 1 <i <r}. Consider

I'={ze:{(gz)>xtr(q) +|ql)}

Then
w(T) < exp{—% min{@, Ty} (9)

for any T > 0.

Remark 2 Compare this with [Zhangl], Lemma 5.1 .



Proof Clearly, for any A > 0

I = {2 € Q :exp(Ag,z) > exp(Ax(tr(q) + 7llqll)}.

Using Markov’s inequality, we obtain:

EleMa)] _
mT) S O + 7))

exp(—x (Y (In(1 = i) + Aai) +7A[lal]).

i=1

. . . 2 1 i
Using an elementary inequality In(1 —z) > —z — 2%,z < 5, we obtain:

pu(T) < exp(x(A2[lgl” = TAllq]),
provided Ap; < % for all 7. Take

Then Ay; < 3 for all i. Notice that Al|q|| < 7/2. Hence,

(L) < exp(Ax|lal|(Allgll = 7)) <

—xAllqllT X q
excp! 4]l ) llall

5 = exp(fz IHII’I{T,T}T>.

Proposition 6 Let ¢ € Q have a spectral decomposition:

q=_ Nici,
i=1
where \y > Ao > ... > A; > 0. Let

I={xec: (qgz) <xbtr(q)}

for some B> 0. Then
mr) < (PP
provided ef31n s < é
Remark 3 Compare this result with [Ye], Proposition 2.2.

Proof We know that

Let

Then



Denote 1 (T) by p(s, A1, ..., As, 3). We clearly have:

p(saj‘la- --)\s7ﬁ) S /J/l{x € Ql : sz<ci7x> S Xﬁ}

=1

=iz eQy: (;ci,@ < >§\— .

S

Lemma 1 Let ¢ be an idempotent in V and rank(c) = s. Then for any [ €
(0,1) : B
wi{x € Q:(c,x) < sxB} <exp(xs(l—p+1np)) <

exp(xs(141nf3)) = (ef)**

Proof of Lemma 1 Let

Iz e Q:{c,z) <sxp}
Then for any A > 0
I ={z€Q:exp(—Xc,x) > exp(—Asx3)}.

Using Markov’s inequality, we obtain
Elexp(-Me.x))] _

exp(—Asxf)

(1+ )7 exp(Asx /) =
exp(—xs(In(1 + A) = A9)). (10)

m () <

Consider the function
e(A) =8 —In(1+X),A>0.
One can easily see that ¢ attains its minimum at the point

1
A=
B
Notice that \* > 0 if and only if 8 € (0,1). Moreover, p(A\*) =1 — 3+ 1n 3. We
have from (10) that

i (T) < exp(xsp(X))

and the result follows.
We return to the proof of Proposition 6. By Lemma 1 we obtain:

il €01 (3 i) < Ly <oy (1)

Notice that Lemma 1 requires that

g

— < 1.
AsS

However, if it does not hold true, the estimate (11) is trivial, since the left-hand
side of (11) is less or equal than one. We thus obtain:
ef

p(875‘17 .. '75‘Saﬁ) S (T)XS-



Notice, further, that
— — — S_l —
p(Sa )‘17- . ')\S)ﬁ) S ,U/l{.’L' S Ql : ZAi<Ciax> S Xﬁ} =
i=1

B s—1 5\ X/B
wf{x ey : ; 175\8@1,1) < 175\3} =
— — eﬂ
A1 As—1 (=x7) —
- — <[22 Xl =
p(s 1,1_)\8, 1_)\375)_[/\571@_1)]
T—X,
_ ef x(s—1)
/\3—1(5 — 1) ’
where the last inequality follows by (11). Continuing in this way, we obtain:
(s, A1, s, B) Smin{(%)“‘ (1 <i<s} (12)
i\

Let § = p(s, A1, ... ;\s,ﬁ)i. Notice that 0 < 6 < 1 and by (12):

5§min{(%)i:i:1,...,s}.
LA

Hence,

< el .
)\iSm,’L—l,...S.

Taking into account that

=1
we obtain:
L1 1
> — 13
; 6T~ ep (13)
Reasoning now exactly as in [Ye], we obtain:
! < 2 +1
— <~ +lIns.
e — 9
Hence, if eflns < %, then
5ef3
0< —.
- 2

4 Sample of results

In this section we show how measure concentration results of section 3 can be
used to estimate the quality of symmetric relaxations for a variety of nonconvex
optimization problems.

Theorem 1 Let a; € Q,; > 0,i = 1,2, ... k. Suppose that the system of linear
equations

(a;, ) = ay, (14)
i=1,2,...k, has a solution T € Q. Then, given 1 > ¢ > 0, there exists xy €
such that

| <a7l7x> — Q4 |§ €Q;, (15)
1=1,2,...,k, provided
81In(k)
1> .
~ €d



Remark 4 Theorem 1 generalizes the result of A. Barvinok who considered
the case, where §) is the cone of positive definite real symmetric matrices. See
[barvinok], Proposition 6.1.

Lemma 2 Let a,b € Q. Then

rank(P(a)b) < min(rank(a), rank(b))

Proof of Lemma 2 Let

S
a = E >\ici
i=1

be the spectral decomposition of @ with A\; > Ay > ... Ag > 0. Then ImP(a) =
V(er+ea+...cs,1). Hence, the maximal possible rank of an element in ImP(a)
does not exceed rankV(c; + co + ...cs,1) = s. Hence, rank(P(a)b) < s =
rank(a). If a is invertible in V', then P(a) belongs to the group of automorphisms
of the cone  and consequently preserves the rank (see [[FK]], ). In general, if
a € Qand e >0, then a+ee € Q and consequently P(a+ ee) preserves the rank,
ie.
r(e) = rank(P(a + €e)b) = rank(b)

for any € > 0. Notice that P(a)b = lim P(a + ee)b,e — 0. It suffices to prove
the following general fact. Let a;,i = 1,2,... be a sequence in Q such that
rank(a;) does not depend on i and is equal to s. Let, further, a; — a.,i — oo.
Then rank(a,) < s. Let z € Q and A(z) = (A1(x),Xa(x),... () be the
spectrum of  with A;(z) > Ao(x) > ... A\.(z). Notice that rank(z) is equal the
largest k such that Ap(z) > 0. Let k be the largest k such that Ag(a.) > 0.
Then k = rank(as). Since Ag(a;) — Ag(ax),i — 00, (see 4 ), we conclude that
Mk (a;) > 0 for sufficiently large i. Hence, k < rank(a;) = s. The result follows.
Proof of Theorem 1 Consider the following system of linear equations:

(P(z"?)a;,y) = o, (16)
i=1,2,...ky € Q. Notice that y = e satisfies (16). More generally if
| (P(2)!%a;,y0) — i |< ey,
i=1,2,...k yo € Q, then

| (@i, P(2'%)yo) — i |< eau,
i=1,...k P(@'/?)yo € Qand rank(P(z'/?yo) < rank(yo) by Lemma 2. Hence,
without loss of generality we can assume that T = e is a solution to (14) and
consequently tr(a;) = o, for i = 1,2,... k. Consider
Ay ={x € Q| (as,x) — xtr(a;) |[< extr(a;),i=1,...k}.

It is clear that if A; # 0, then x/x satisfies (16). Consider also

By ={x € Q: (a;,z) — xtr(a;) > extr(a;)},

Ci = {x € Y : (a, ) — xtr(a;) < —extr(a;)},
t=1,...,k. Notice that

Ql \ A = Ule(Bil U Czl)



Hence,
k
1—(4) < Z[,ul(Bil) + i (Cit)]
i=1

and consequently

m(A) =1 =) [u(Ba) + w(Cu)l-

-

Il
-

2

2

Since tr(a;) > |laill,i = 1,...k, (a; € ), we have:
By C {z € O : (a;,x) — xtr(a;) > ex|laill},
Ca C {z € Y = (ai, ) — xtr(ai) < —exllasll},

i=1,...,1. Hence,

2
€ .
:U/Z(Bil) < exp(_TX)77' = 17 e 'ak7

by Proposition 4 and

€ .
/"Ll(cil) < exp(—T),i = 1; ceey ka

(17)

(18)

(19)

by Proposition 5 (notice that 0 < e < 1 and ||¢g||/d > 1 in Proposition 5). Take

S 8ln(2k).

Then

By (18), (19):

1 1
- < -
w(Bir) < 4k27ﬂl(Czl) <o
i=1,...,k By (17)
1 1
>S1_ (24—
pi(A) >1—( +4k)>0

Thus , A; # 0 and the result follows.
Consider the following optimization problem:

(¢, x) — max,

(a,z) <1,i=1,...k,

LUGQ[.

(20)

(21)
(22)

Notice that the case [ = 1 corresponds to homogeneous quadratic constraints
in case where {2 is one of the cones of positive definite Hermitian matrices
over real, complex or quaternion numbers. See [F1]. Here we assume that
c,ay,...ar € Q. We wish to compare the optimal value for (20)-(22) with its

symmetric relaxation:
(¢, x) — max,

(aj,z) <1,i=1,...,k

x € .

10

(23)
(24)
(25)



We assume that (23)-(25) has an optimal solution xg. Let v;4, and vg be
optimal values for (20)-(22) and (23)-(25), respectively. Then, of course, vz <
vg. Consider the optimization problem

(@ny) <li=1,...k, (27)
y €Q, (28)

where ¢ = P(xé/Q)c,di = P(x(l)/Q)ai,i = 1,...k. Then y = e is an optimal
solution to (24)-(26). Indeed, a;,€) = (a;,z0) < 1,0 =1,2,...k, (¢,e) =tr(¢) =
(¢,x9) = vgr. On the other hand, if y is feasible for (26)-(28), then P(xé/2)y
is feasible for (23)-(25) and <c,P(x(1)/2)y> = (¢,y). Thus, if Ug is an optimal
value for (26)-(28), we have v < vg. Since (¢, e) = vg, the result follows and
Ur = vg. Consider now the problem

(¢,y) — max, (29)
(@i, y) <1, (30)
S Ql. (31)

If D is an optimal value for the problem (29)-(31), then the reasoning above

shows that Upae < Umae. ( Notice that P(x(l)/2)Ql C Q; by Lemma 2). Thus,
Umaz < Umaz < VR = UR. (32)

Lemma 3 Let v > 0, > 0 be such that the set

A={yeQ :(a,y) <xvi=1,....,m,(¢y) > xutr(é)} #0.

Then
Umaz 2 lvR- (33)
7

Proof of Lemma 3 Let y € A. Then % is feasible for (29)-(31). Consequently,

Fmas > (6 L) > Xir @) = Lop.

XY XY v
Combining this with (32), we obtain (33).
The result follows.

Theorem 2 For problem 20-(22) and its relazation (23)-(25) the estimate (33)

holds with v = £+ 1 + 41;"“,,u =1- ﬁ, where & > 0 is chosen large enough

sothate ¢/8 <1 —e /8 v —1> 1.

Remark 5 Theorem 2 generalizes the results of [BN],[BN1], who considered
the case | = 1,) is the cone of positive definite real symmetric matrices. In
[Zhangl] the case | = 1,9 is the cone of positive definite Hermitian complex
matrices was considered.

Proof We will show that with this choice of u and 7 the corresponding set A in
Lemma 3 is not empty. Let

A ={y € (@i, y) > x},

C={yeQ: Gy < pxtr(@}.

11



Then
A¢ = (UleAi) ucC

and consequently

k
pu(A) > 1= m(C) =Y m(As). (34)
i=1
Notice that v > 1 and tr(a;) < 1,Vi. Choose
v — tr(ai)

i
According to Proposition 5

pu(Ai) < exp{— ml{ \TITS

where §; is the maximal eigenvalue of a;. Notice that

Hence,

i (A;) < exp{— mm{l } }.

Since ¥ — 1 > 1 and ||a;|| < tr(a;) < 1, we have:
X
pi(Ai) < exp{=77}.
Notice that 7 > v — 1. Hence, according to our choice of ~

ex X
() < expf =Xy - 1)) = SR,

Consequently,
zm ) <exp(-25) <9,
since x > 1/2. Since ||¢|| < tr(é), u < 1, we have:

Cc{ye:(ey <x(tr(©)— (1 -pleh}.

Hence, by Proposition 4
X _1
m(C) < exp(=5 (1= p)*) = 7.

Using (34), we obtain:

wi(A) >1—e 5 —e5>0
according to the choice of £.The result follows.
Consider the following optimization problem:
(¢, ) — min, (35)
(ag, ) > 1,i=1,...,k, (36)
rey (37)

12



. We assume that c¢,ai,...a, € Q. Consider also a symmetric relaxation of
(35)-(37):

(¢, ) — min, (38)
(aj,x) > 1, (39)
xz €. (40)

We will assume that (38)-(40) has an optimal solution. Using the same trick
as we used in analyzing (23)-(25), we can assume without loss of generality
that tr(a;) > 1,4 =1,...,k, and vg = tr(c), where vg is an optimal value for
(38)-(40). We can also assume that rank(a;) < ¢;* (k) for all i. Here

oalz) = o + dx(x2— 1).
The last remark easily follows from Lemma 2 and Theorem 3 in [F1].
Lemma 4 If

A={z e :{a,r)>x7,i=1,...k (<cx) < xutr(c)}
is not empty for some v > 0 and some p > 0, then

%'UR Z Umin Z VR, (41)

where Vpin, s the optimal value of (35)-(37).
The proof of Lemma 4 is quite similar to the proof of Lemma 3.

Theorem 3 For problem (35)-(37) and its relazation (38)-(40) the estimate

(41) holds with
1 1

M= 099 — (9727 T 2y /x

Remark 6 Theorem 3 generalizes the results of [Zhang2] (Theorems 1,2), where
the cases I = 1,d = 1,2 were considered.

Lemma 5 For any integers d > 1,k > 1 we have:
o7t (k) < 3VE.

Proof of Lemma 5
An easy computation shows that:

o= -G -+
Hence,

1 1 1++1
<p;1(k)§§+1/i+2k:%+8k§\/1+8k§3\/E.

Lemma 6 Forxz > 0,v>0,¢c> -~ we have:

ey

Inz <ecx”.

13



Proof of Lemma 6 Consider the function ¢(z) = ca¥ — Inx,z > 0. Notice that
p(x) — 400, when £ — 0 or x — +4o00. Furthermore, an easy computation
shows that ¢ (z) = 0 if and only if

1
(ye)t/r

Hence, ¢(x) has a global minimum at this point. An easy computation shows
that this minimum is equal to

xTr =

1+ 1In(ye)
"Y )

which is nonnegative precisely when

Proof of Theorem 3 Let

Ai={zeQ:{ax)<xy},i=1,...k,
C={zxeQ: (cz)>xutr(c)}.

Then one can easily see that

k
wi(A) > 1~ ZMZ(Ai) —m(C),

where A is defined as in Lemma 4. Notice that
A C{z € Qi lag,x) < xytr(ai)},i=1,.. k,
since tr(a;) > 1. Hence, by Proposition 6

u(Ai) < (1)

provided evyIn(rank(a;)) < 1/5. Due to our assumptions, it suffices to verify
that
evingy! (k) < 1/5.

One can easily see that ¢4(1) = 1 for any d. Hence, it suffices to consider
the case k > 2. But then by Lemma 5:

5
Inp; ' (k) < S k.

Using Lemma 6, we have:
k< Xkv.
e
Combining this with our choice of v, we obtain:
evIngg (k) < 1/5.
Hence, taking into account our choice of v, we obtain:

e 1 e 1
A) < (— WX < (D22 5=1. ...
pa( z)_(mx) k:—(5) pi=1



since x > 1/2. Hence,
k
e
Z/”(Ai < (5)1/2~
i=1
Notice, further, that by Markov inequality:

xtr(c) 1
w(C) < () p

Now, with our choice of u:

k
> (A +m(C) 0,99 < 1
=1

and the result follows.

5 Concluding remarks

In present paper we introduced a general randomization technique in the con-
text of Euclidean Jordan algebras. It enables us to generalize various results
related to quality of symmetric relaxations of difficult optimization problems.
In particular, all major results of [Ye] (including Theorem 1.1) can be general-
ized to the case of an arbitrary irreducible symmetric cone. Almost all results
in [Zhangl] can be generalized to the case of an arbitrary symmetric cone and
arbitrary rank (in [Zhangl] only cones of real symmetric and complex Hermitian
matrices and rank one constraints are considered).

The results of this paper have been reported in workshop ” Convex opti-
mization and applications in control theory, probability and statistics”, Luminy,
2007, and workshop ” Advances in Optimization”, Tokyo, 2007.

This work was supported in part by NSF grant DMS04-0270.
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