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BLOW UP FOR THE WAVE EQUATION WITH
A FRACTIONAL DAMPING
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Abstract. We consider the wave equation with a fractional damping
of order between 0 and 1 and a polynomial source. Introducing a new
functional and using an argument due to Georgiev and Todorova [1] to-
gether with some appropriate estimates, it is proved that some solutions
blow up in finite time.

1. Introduction

We are concerned by the following integro-differential problem

ue + 01 = Au+aulP " u, re, t>0
u(x,t) =0, zed t>0 (1)
u(m,()) = u0($)7 Ut($,0) = ul(m)7 r €

2000 Mathematics Subject Classification. 35120, 35170, 35B05.

Key words and phrases. Blow up, Caputo’s fractional derivative, integro-differential
problem, modified energy functional, singular kernel.

The authors are very grateful for the financial support and the facilities provided by
King Fahd University of Petroleum and Minerals. This work has been supported by
the SABIC/FAST TRACK (Saudi Arabia) for scientific research under the grant No
FT/2003-10.

ISSN 1425-6908 (© Heldermann Verlag.



134 M. R. ALAIMIA AND N.-E. TATAR

where Q is a bounded domain of RY with smooth boundary 9. The
functions up(x) and u (z) are given. The constants a, p and « are such that
a>0,p>1and —1 < a < 1. The notation 8t1+°‘ stands for the Caputo’s

fractional derivative of order 1 + « with respect to the time variable (see
[6]). It is defined as follows

d
O w(t) ;=TI “—w(t) for —1<a<0

dt
and
14+« l—« d2
O, T w(t) =1 @w(t) for 0 <a <1,
where I?, 3 > 0 is the fractional integral
. t
IBw(t ::/ t — s)Ptw(s)ds.
© = g =9

See also [5] and [7] for more on fractional integrals and derivatives.

Fractional integrals and derivatives are used to describe memory and
hereditary properties of various materials and processes. They have wide
applications in physics, chemistry, biology, ecology, ... etc., see [5]-[7] and
references therein.

The present problem (with a = 0) has been studied by Matignon et al.
in [3]. The authors proved some results on well posedness and asymptotic
stability. It should be noted here that the direct application of the existing
methods for this case poses some difficulties due to the dependence of the
solution on the whole past history and the nature of the kernel in the time
convolution term. This kernel is not only singular but also non-integrable on
(0, 400). To get rid of this nonlocal term, the authors managed to transform
the problem from a hereditary problem to a non-hereditary one and then
used the standard methods available in the literature.

This paper is a continuation of earlier works by the second author (see
2], 8], [9]). In [2], we proved (with M. Kirane) an exponential growth
result (for any power of the polynomial source) provided that the initial
data are sufficiently large, in fact, for very large initial data. Then this
result has been improved, using a new argument, to a wide set of initial
data in [8]. In [9], using an argument involving Fourier transforms and the
Hardy-Littlewood-Sobolev inequality, we proved a finite time blow up of
solutions. Namely, the result was that, for any fixed time T" > 0, there exist
0 < T* < T and sufficiently large initial data (depending on T') for which u
blows up at T*. One of the main difficulties encountered is that the “energy”
functional is not necessarily decreasing (in time). Indeed, the derivative of
the “energy” associated to the problem is of an undefined sign. Here we
shall prove finite time blow up without the dependence of the initial data
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on the time variable T'. For this goal, we introduce a new functional which
“controls” some “undesirable” terms that appear while using the Georgiev
and Todorova [1] argument (see also Messaoudi [4]). We mention here that,
combining ideas of Matignon et al. [3] and Georgiev and Todorova [1], we
obtain the following local existence result

Theorem. Suppose thatp >1if N =1 or2 andp < N/(N —2) if N > 3.
For every initial data (ug,u1) € H}(Q) x L*(Q), there is T > 0 and a
unique weak solution (u(t),v(t)) of (1) such that u € C ([0,T); H}(Q2)) N
C ([0,T); L*(Q)) and v =y € L2 ((0,T) x Q).

The paper is organized as follows:
In the next section, we prepare some material that we shall need to prove
our result. Section 3 contains the statement and proof of our result.

2. Preliminaries

In this section we present some definitions and introduce some functionals
needed to prove our theorem. In addition, we prove a crucial proposition
for our result. Without loss of generality, we will take ¢ = 1 in the whole
paper. Furthermore we will consider only the case —1 < a < 0. The
classical energy functional associated to problem (1) is

B(t) = Q/ {34 IVl = 1 s )

Clearly,

¢
dE(t
di /ut/ —(et Dy, (s)dsda.
Q 0

Note that this derivative is of an undetermined sign. Let us define the
“modified” energy functional by

E.(t):= E(t) — e | wudz (3)
/

for some 0 < ¢ < 1 to be determined later. Then a differentiation of (3)
gives
t

ia) /ut/ ~(et Dy (s)dsda — E/utdx—i—s/]Vu\ dx
Q 0

Q

/

Ea(t) - =
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t
u/ ety (s )dsdm—a‘/\u|p+1 dx. (4)
0 Q

Note here (see the theorem in the introduction) that the solutions are weak,
that is

d

o ) w)y - (2 u(t), w), + (Vu(t), Vo), = (jul” u(t),w),

a.e. in (0,7) and every w € HJ (). Therefore, since we are dealing with
the energy of the system and the multiplier technique, formula (4) and all
the computation below are justified. In particular, as u; € L2 ((0,T) x €2),
the scalar product of 97 u(t) with any w € L*(Q) is well defined. Next,
we introduce the functional

H(t) = — (e 7" E.(t) + pF(t) + d) (5)
where
t
//G (t — s)e 7% u2dxds (6)
0 Q
with
+00
G(t) := e / e Psgmletlyg, (7)

t

Here, 0 = (p+1)/2 and d, p, 8 are positive constants that will be precised
below.

Proposition 1. If E.(0) < 0 and p is sufficiently large, then H(t) > 0 and
H'(t) > 0.
Proof. A differentiation of (4) with respect to t yields
H'(t) = oee " E.(t) — e "t EL(t) — uF ().
Taking into account the definitions (2) and (3), the relation

F'(t) =8°T (—a)e 7% / uldz + BF(t)

Q

t
—// —(at1) _Uesugdxds
0



BLOW UP FOR THE WAVE EQUATION WITH A FRACTIONAL DAMPING

137
and (4), we get
H'(t) = [%6 GOT( )] _”Et/u?dx—az-:Qe Uat/utud:n
Q Q
+ (%5 —8) e"gt/\VuIde—k <€ — U€1> e"Et/IuIDJr1 dx
Q
¢
" e ¢t / /(t ) (a+1) ( )d d
(o) Uy s s)dsdx
Q 0
et !
e’ (at1)
o) /u/(t s) (s)dsdx
Q 0
¢
+ ,u//(t — )@t e 2dnds — uBE(t). (8)
0 Q

By the Young inequality, we see that

t

/ut/ —(et Dy, (s)dsda

0

2

t
< 51/ 2dx + 4}5/ /(t —5)" @ty (s)ds | dz, & >0.
1
Q 0

Q

Writing —(a+1) = —
inequality, we find

e"st/ut/(t—s)(O‘H)us(s)dsdm 9)
Q
t
<51€_0€t/ 2dp 4+ —4 (o¢) aF // —(at1) Jasugdsd:v.
Q0

Similarly, with the help of the Poincaré inequality, we obtain

(¢ +1)/2— (a+1)/2 and using the Cauchy-Schwarz

t

—JEt/ / ~(et Dy (s)dsdx < (520pe_05t/]Vu\2d$
Q

0
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OT
(o¢) // —let e 2dsda, 6y > 0 (10)
where C), is the Poincaré constant. Now from (9), (10) and
/utudx < 63C) /\Vu! de + — 46 uldx 63 > 0 (11)
Q Q
we infer from (8) that
, oe oe? 5
H @) >|— — uBT(—a) — —— — —Uat/2d
()_[2—1-5 BT (—a) 1 P(—a)]e uydz
920,
+ [(;E — & — 0e203C) — ;(2_03] e_gat/]VuFdx
Q
+e <1 - j_ 1) e ¢t / luP™ de — pBF(t) (12)

(06 // a+1) —oes, 2
+ [u 16, 452 sdxds.

Adding and substracting C1 H (t) to the right hand side of (12) we obtain

, Cl 0'62 51
H()>CiH(t)+ — — uBT - = 1
OO+ F+ G e o) - - Al
Cy oe £62C.
—oet 2 >, 9« _ t9%2bp —oet 2
X e /utdx—i- [ 5 + 5 —E€—o¢f 255C, F(—a)] e /|Vu\ dx
Q

)
C
— ClEe_JEt/UtUdSL' + [5 <1 — pi 1> - 4:1] e ot / luP™ da + C1d
)

+(Cl—5)uF(t)+{u—(Ui) <51 52>]// (ot 1) g=0e8y,2 4o s,

We apply inequality (11) to the fourth term in the right hand side of (13)
and choose C1 = (p+1)/2¢, 61 = 02 = '(—a)e/2 and 3 = 1/2 to get

H (1) zpj; 15H(t) + [g - ,uﬁaf(—oz)} e_“t/utqu:
Q
€ —oct 2 p
+5[p—1—(p+2)0p5]e /\Vu] dw—i—(

+1€—6) pE(t)
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1 o a
+ [M (b ;—H)a ( + 1)] // —let D=5y, 2 dnds.

Selecting

e < i <1 p—1 )
€1:=min (1, ————
! 2p+2)C,

we see that the coefficient of the third term in the right hand side of the

previous relation is greater than (p — 1)e/4. Observe that if C, < 1/2

and p > 1+3g , then (p—1)/[2(p+2)Cp] > 1 and this condition reduces

toe <1 which is already in the definition (3). Next, putting § = 1 and
assuming that p + 1 > (2/e)' =2/, it appears that the fourth coefficient is
nonnegative. If C), > 1/2, then (p — 1)[2(p + 2)Cp] < 1 and we may easily
check that both assumptions are satisfied for sufficiently larges values of p.
Moreover, we can choose p so that the second coefficient is nonnegative and
the last coefficient is greater than (p+1)*/ [2'7°T(—a)e'~]. Consequently,
we find

-1
H (1) >7% H(t) + 4 se—m/wu\?dx (14)
1 t
+ 21-1—041;‘—’_ // (a+1 Uasugdacds.
0

This relation will be of great help in the proof of the result in the next
section. If we select d < —E(0), then H(0) > 0. Observe then, as a
consequence of (14), that H(t) > 0 and H () > 0. O

3. The theorem
In this section, we prove our theorem which ensures blow up of solutions
provided that the initial energy is negative.

Theorem 1. Assume that —1 < o < 0, E(0) < 0 and [, ujupdz > 0.
Then the solutions of (1) blow up in finite time for sufficiently large values
of p.

Proof. Let us define

Q(t) == H™(t) + be " [ wpudx

{O\



140 M. R. ALAIMIA AND N.-E. TATAR

where v = p — 1/[2(p + 1)] and b is a positive constant to be determined. A
differentiation of Q(t) with respect to t yields

Q(t)=1—y)H (t)H (t) — base"st/utudaz + be“t/u?dx
Q Q
t

1
be ¢t —/\Vu|2dx - 1ﬂ(_a)/u/(t—s)_(o‘Jrl)us(s)dsdac—i—/ luP T dap .
Q Q Q

0

Using (11) and (10) (without the Poincaré inequality for the first term) with
the constants d4 > 0 and J5 > 0 respectively, we find

Q1) (1= DH I OH() - b(1+ G000 e [ [Vu da

Q
+b (1 - :;i) e ¢t /u?dm + be ¢t / uPT da — F(biz)e_“t/ﬁdaz
Q

Q

b20~ Lo (—a)e baa2a*2r( a)e?
- “H(t H(t
sorne O TRyt 10
b2° 20T (—a) (p — oet
7 d 1
n IR /|Vu| . (15)

In the last relation (15) we also made use of the inequality (14). Then

/ _ b20 Lo T (—a)e] ., bo®2°7 20 (—a)e?
Q0> [(1- a0 - E TS e+ A

a—3 am(_ _
—b [1+54Cp05— 2o (=a)(p = e ] _”Et/|Vu dx

d5(p + 1)
o€
1— —oet 2
—|—b< 464)6 /utdx
Q
bo
—oet p+1 _ 5 —oet 2 1
+ be /\u| dx F(—a)e /u dz. (16)

Next we pick 05 = M H?(t) and add and substract the same term H(t) to
both sides of (16) to obtain

a—lo.oz —a
Q)= |- - E TS o)

N [ bo 2072 (—ar)e?
d5(p+ 1)~

] H(t)
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1 29730°T (—a)(p — 1)&? —y —oet 2
N [2+ s (t)—b(1+540p05)]e /|Vu| da

1
+uFt)+ [z +b(1- e e"st/u?daﬁ - se"Et/utudaz +d
2 44,
Q Q

1 M
(b - 4—1) e_aat/ luPT do — F?_a)e_UEtHV(t) /u2dm. (17)
Q Q

The term fQ wpudzx is estimated by the Young inequality as in (11). As

for the term H(t) [, lu|? dz we adopt the estimation,

C:
07 2 2 p+1
t)/|u| dxds < TESIE 1+/|u| dz
Q Q

This follows from the definition (5) of H(¢) and the fact that

: p—1
e<er:=min|(1l, —/—— | .
1 ( 2<p+2>cp)

Indeed, from (5) we have

1 1
p+1/]u\p+ dx + 5/utudx—2/!ut|2dx—2/\Vu|2dac
Q Q

Q

As ¢ < min(1,(p—1)/[2(p+2)Cp]) (in fact, here we need & <
min (1,1/Cp)) and using inequality (11) with d3 = 1/2 we find H(t) <
1/(p+1) [q lu[P™ dz. By Hélder’s inequality we see that

v 2/(p+1)

(1) / (uf? dads < —C / P+ da / Pt dz
(p+1)
Q Q
42/(p41)

Q
Y t)/|u|2da;ds§ ( le)‘Y /|uyp+1 dz :
p
Q Q)

for some positive constant Co. As y+2/(p+1) = (p+3)/[2(p+1)] < 1, it

is clear that
/ u|? dads <

or

/]u\pﬂd:r . (18)
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Taking into account (11) (with dg > 0) and (18) in (17) we may write

oz—lo.oc —a
Q)= [0- - E T o)

aga—2 . 2

[1 60552(19 fl()ai)g ]H (t)

B + bza_g";(;f)l()ﬁ — e HY(t) = b(1 + 64C,0¢) — 5604
x e_“t/Vu\Qdac + [; +b (1 - Z;) — 4;6] e—ﬂat/ufd:c

Q Q
+d— I‘(—Z])\{]?—QFI)V + pF(t)
i {b B pi 1 F(—Z];fpc + m] o / ™ da-
Q

The first coefficient is nonnegative as soon as € is chosen small enough,
namely

M1 —-~)(p+1)

b2e-lgal(—a)
We pick b = (p+3)/[4p+1)], d4 = & = 1/2 and ¢ < &3 :=
4(p —1)/[(p + 11)2Cy). It follows that the coefficient of [, IVul? d is also
nonnegative. If we further impose & < g4 := 4(p + 3)/[(p + 11)?], then the

coefficient of [, ufdz is positive. In fact, it is greater than 1/2. Next,
assuming that

€< egg =

M < Fo)p+ 1) min{4d(p + 1), p;l}’

(p+3)C9] 2

we infer that the coefficient of [, |u[’*!dx is bigger than p — 1/[8(p +1)]
and the term d — bM Co[I'(—a)(p + 1)7] is nonnegative. Consequently, for
e<min{g; :i=1,2,3,4} we get

Q' (t) > H(t) + ; /u?dw + 85;1—11) /|u!erl dx. (19)
Q Q
On the other hand, from the definition of Q(t), we have
1/(1=7)
Q)™ <o LH@) + 075 /\uutmx 0

Q
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Furthermore, by the Cauchy-Schwarz inequality and Hoélder’s inequality

1/(1—) 1/2 1727 1/1=7)
/|uut|dx < /qux . /ufd:n
Q Q Q
1/[(p+1)(1=)] 1/[2(1=9)]
< C(9Q],p) /yu|p+1 dx . /ufdx
Q Q

By our choice of v, we have 2(1 — ) > 1. Therefore, we can apply Young’s
inequality and once again Holder’s inequality to get

1/(1=9) 2/[(p+1)(1—27)]

/|uutd:z <B /ufda:+ /|u|p+1dm
Q o)

Q

for some B = B(|2|,p,v) > 0. But from the value of v, we see that the
exponent 2/[(p+ 1)(1 — 2v)] = 1. Hence, taking into account this estimate
in (20), we entail

Q)= < 2V/0=0 ) gy 4 p/0-1 /u?der/\u!pde
¢ Q
We will arrive at

1 -1
1/(1—7) < L[ p / pH1
Q(t) <K QH(1) + 5 /utda:+ TERY luPtt da
Q Q

for some K > 0, which implies by (19) that
QMY < KQ (1) (21)
if K is chosen large enough so that
2l/(1-7) < K,
_ _ K
91/(1-7)pl/1-7 B < =
— 2 )
p—1

21/(1=7)pl/(1-7) B <
~8(p+1)

K.

That is K has to be selected so that
K > 2107 max {1, 8(10+11)bl/<1w B} ,
p—

From (19) it is clear that Q'(t) > 0. Hence, by the definition of Q(t) and
the hypotheses on the initial data, we have Q(t) > Q(0) > b [, uiugdz > 0.
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Thus Q(¢) > 0. Integrating (21) over (0,t), we find

1

) — T
Q(0)— U= K(l_,y)t

Q)= >

Consequently, Q(¢) blows up at some time

K(1-~)Q(0) /=)
. :

T <

O]
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