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1 Formulation of the Problem

Consider a circular cylinder of radius R and length H, the
material properties of which are assumed to be linear elastic
and isotropic. The following loading conditions are applied:
The curved lateral surface is stress-free, one of the ends (Z =
0) remains fixed (zero displacement), while the other end (7 =
H) undergoes any rigid-body displacement; see Fig. 1. In the
aforementioned configuration, flat ends of the cylinder re-
main circular throughout the deformation.

In order to be able to deal with more general results, the
following dimensionless variables will be used

L=H/R (1-1)

r=r/R; 0=0; z=2/R (1-2)
u=u/R; v=v/R; w=w/R (1-3)

Gp, =0, /215 O =0, /215 0, =06,,/2p (1-4)

where (7, 6, Z) are the usual cylindrical coordinates; #, o, and
w are the radial, tangential, and axial displacement, respec-
tively; and u is the shear modulus of the material.

The most general rigid-body motion of the right end (z = L)
can be decomposed into the following basic components:

(a) Translation parallel to the z-axis,

(b) Rotation about the z-axis,

(¢) Translation perpendicular to the z-axis,
(d) Rotation perpendicular to the z-axis.

The deformations corresponding to the aforementioned
displacements can be interpreted, respectively, as (see Fig. 2):

(a) Uniaxial traction,
(b) Uniform torsion,
(¢) and (d) Shearing and bending.
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Stiffness of an Elastic Circular
Cvlinder of Finite Length

An analytical solution is proposed to determine the stiffness of an elastic circular
cylinder clamped at one end, while the other end undergoes any rigid-body displace-
ment; the lateral surface is stress-free. The validity of Saint-Venant’s principle has
been assessed by computing the solution of this problem for cylinders having dif-
Serent aspect ratios. On the other hand, the solution agrees with the thin layer theory
when the aspect ratio becomes infinitely small. Therefore, the solution proposed
here fills up the gap between beam theory and thin layer theory.

Let us choose the x-axis to be in the direction of the shear and
assume that the bending moment is parallel to the y-axis. Us-
ing this frame orientation, displacements and stresses can be
written as follows

u =u, cosf
v =vy+v; sind (1-5a)
W =wy+w; cosf
y H
Fixed Prescribed
-—-f—-————--———-— —-—
End ¢ = 2R Displacements
_’| Stress Free
r v

Fig. 1 Schematic configuration of the cylinder loading under study:
zero displacements at Z = 0, stress-free lateral surface at r = R, any
prescribed rigid-body displacements atz = H

(a)

(<)

(d)

- Fig.2 Dispiacements prescribed at Z = H schematically decomposed

into: (a) traction; (b) torsion; (c) bending and (d) shearing.
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Oz = (Urz )1 cost

Og; = (0 Yo + (04, ), sind (1-5b)

0, =(0,)o+(0,) cosl

where subscripts 0 is associated with traction and torsion,
while subscript 1 is associated with shear bending. The net
forces and moments to be applied to the right end of the
cylinder are therefore given by

T 2r R . 1
Vo —= S S (04 ) (F)FdFd8 =2 RZS (0,)o(r)rdr,
1 0 0 0

C 2r pR 1
= S So (04,) (F)FP2dFdO =27 R3 So (0g,) (r)ridr,
u
P 27 pR
Va —=S SO (0., cos—ay, sind)rdrdb
1
=7 R? Eo [(0,,), — (0g;),1rdrd8,

M 2r pR 1
vy = SO SO (05) (F)P2 cosd dfd0=7rR3SO (0,)1(r)rdr.
I

where T, C, P, M represents the traction force, torque, shear
force and bending moment, respectively. At the right end of
the cylinder, the prescribed displacements can be written as

Uy 0 0

vog | =671 0 | +6-| 2Lr | and

Wy L 0
u, ~¥ L2 L
v, | =6p Vo L? | +65 | —L
w, Lr 0

where subscripts 7, C, B and S correspond to traction, torque,
bending and shearing, respectively; see Fig. 2. Note that for
large strains, the displacements associated with the bending
deformation 85 do not conserve the circular shape of the flat
end. We therefore assume here that the bending rotation of
the flat end is small enough to neglect the second-order
displacements in the x-direction, which is consistent with the
small strain theory of elasticity used herein.

The net forces and moments to apply at the right end can,
therefore, be expressed in the following form

T oy

Vo — =Ex (1-6)
Lo M I
LP ] Os

where E is the stiffness matrix of the cylinder. Due to the un-
coupled effects of the displacements, the stiffness relations

can be written as
T E.r 0 0 0 : S
1 C O ECC 0 0 6C
Y — = X
@ M 0 0 Eye  Euys g
P 0 0 0 Eps | g
-7
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Thus the problem is now reduced to finding the foregoing five
unknowns and to study their evolution with respect to the
aspect ratio . = H/R of the cylinder. It is already known that
for a large aspect ratio, Saint-Venant’s principle can be used
so that the cylinder problem can be treated within the
framework of the beam theory. On the other hand, for a small
aspect ratio, the cylinder can be considered as a thin layer for
which analytical solutions can also be easily derived. the
analytical results given here are applicable for any aspect ratio
and, thereby, make the bridge between beam and thin layer
theories.

2 Analytical Resolution

The resolution method used for this problem was first
described in Power and Childs (1971) and Duncan-Fama
(1972), then improved in Gerhardt and Cheng (1981) and ex-
tended in Robert and Keer (1987) for the asymmetric case.
This method is based on an eigenfunction expansion technique
for which the stress-free condition on the lateral surface is
automatically satisfied. The determination of the coefficients
in this expansion, also called participating factors, is made
through the displacements prescribed on the right and left
interfaces.

With the formulation used in the previously mentioned
references, a new set of unknowns v, (7, z) and §,, (r, z) are
introduced in such a way that the equilibrium equations in
absence of body forces can be written as

2

3
Lm(ﬂm)'{'ﬁ(’]:n)zo (2-1a)
7

* 82 _

L, and L}, are two formally adjoints linear operators in the
radial variable r

et 1 —4m2
()

ar? 472
9%n? 3+4m? dn! 7! 2m
L’ = ———<—..__> 2+______ 3
n () ar? )T T or r2 "
a2y’ <3+4m2) , 2m | 2m
ar? arr )" r 7 oI J
(2-2a)
O (A, 38 my
ar? 4r? 2r 2r r
o8 <3+4m2 . om
L®= |~ () e -k
6253_(3+4m2> ,  2m g
ar? 4r2 r? |
(2-2b)

and »,, and £,, are given by

i 1 8 m
1—p {T E'(rum) + (ozz)m+_r- vm}

ﬂm(r,Z)=fVZ Uy
v

m

(2-3a)
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(I=v)w,

a Wm

o (2-3b)

EnI(r’Z):rl/z —(Urz)m

m
- (aﬂz)m - r Wi

Equations (2.1) are now solved by separation of variables
and y,, and £, are sought in the form

M (R2) =03, (R + )5 ek, (r) (2-4a)
Mk #0
Em (r,z) = E;:l (I‘,Z) + E amke_)\mkzgmk (r) (2’4b)

Nk 720

where 1, (r) and £,,(r) are the nonzero radial eigenvalue
solution vectors and g}, (r, z) and &, (r, z) represent the solu-
tion vectors corresponding to the case A, = 0.

For each case (m = 0 and mm = 1), the corresponding sets of
eigenvalues {M,,} are determined such that the stress-free
conditions

(Urr)m = (Urz)m = (0‘,.0 )m =0 (2'5)
expressed in terms of 1, (r) or &, (r) are satisfied on the
lateral surface (r = 1). The eigenvalue equations, as well as the
radial eigenfunctions, have been derived in Robert and Keer
(1987) and are given next.

(a) Axially Symmetric Part of the Deformation (m =
0). The eigenvalues N\, must satisfy the following
transcendental equation

2nm (7 [B0) + A0 | —20-nAM) =0 @6

The first set of radial eigenfunctions is associated with the
zeros of J, and can be expressed as

u(;k
Wo Vg
¥ = ~0 and ¥ = { “ }
(ozz)(;k (Ué)z)Ok
(9,2}, J (60
- [ _6kjl(6kr):,

where J,(6,) = Ofork =1,2,3,....
The second set of solutions are associated with the roots of

v [B0+r00 | -20-nRr00 =0 eX)

and are given
ug, (r) = INeJo, +2(1 = )Ny VT (Ner) —)\,%Jlero()\kr)
{ wo, (r) = [)\ﬁ.]ok —2(1 =)y Vo) + N1, 71 Oner)
(2-8a)
(020, (1) = [—)"3“]% +2)\iJ1k]Jo()\kr) —)xiJlerI()\kr)
{ (0)0, (1) = = NJo, Jy ) + Ny 1T g(Ner)

2-8b
with ( ).

Vo, (r)= (Uoz)ok (r)=0
where
Jok =Jo(\) and J1k =J1(N)

Finally, the homogeneous solution corresponding to the
zero eigenvalue A\, = 0 is given by

562/ Vol.55, SEPTEMBER 1988

ug —-pr 0
wg z 1
‘1’3(’,2) = =0y + Ota:; (2-90)
(04} 1+
(0,)8 0 0
and -
vy 2rz r
¥i(r,z) = =ag, +ag, (2-90)
( 73 )Z)k r 0

where the constants af;, af, of; and of, correspond, respec-
tively, to a uniform traction in the z-direction, a uniform tor-
sion, a rigid-body translation parallel to the z-axis and a rigid-
body rotation about the z-axis.

(b) Asymmetric Part of the Deformation ;m = 1). Lety
be an eigenvalue for the asymmetric case (m = 1); v has to
verify the following equation

7 (VR0 - ) ()

+ (P DDA -2 A () =0 (2-10)

It is of interest to note that in the asymmetric case (m = 1),
it is not possible to uncouple the real roots from the complex
roots, which was easily done in the axisymmetric case by tak-
ing into account first the torsion problem (corresponding to
the real roots), and then the problem without torsion (cor-
responding to the complex roots).

The following radial eigenfunctions are obtained for v, = 0

([ (u+0)y, (r) = =yy Jo 1T (rer) + By, 3,
—2(1+»)Jy, Sy, +27, 55, Vo (ra)

T (u=v)1, (r) = =y Ty 1Ty (var) + a3,

—2Q2—»)y, Sy + 27055, Vo (ver)

wi, (1) =y S 1 (ver) + 0 v,
L =22 —v)Jy M1 (veh)
(2-11a)
[ (o + 09 )1, (1) =7}y, o 11 (vier) —Yel2vie R,
=21y, Sy v 1o (i)
‘J (0, —09)1, (1) =7%J1k']2kr‘]1(7kr)—'Y%c‘f%kJO('Ykr)
(o)1, (r) = —’Y%cJIkJ2er2(’Ykr)
L v [= vy + 40, M (vier)
2-11b)

where
Ji, =ilyx) and Sy =Jy(vy).

The zero-eigenvalue solutions obtained when vy, = 0 are given
by

C (u+0)E(r) =ak (= vart)+ah(—vr?)

1 3+2p
(u—v)¥(r) =a]“1<——§~ 2+ z>+a’{2(—2z2)
P
+aly(—22) +afy
1 1
wi(r) =af (T zzr-—z— r3) +ahar+alhr

(2-12a)

Transactions of the ASME

Downloaded From: https://appliedmechanics.asmedigitalcollection.asme.org on 06/28/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use



(o)1 (r) =afi(I+v)zr+af(1+v)r
1+2
(0 + 03 ) H(r) =0t (— a ”,.2) (2-120)
3+20 1
(0, =00 )T(r) =05T1< 4 5 2)

where the constants af|, af;, afy and af; correspond, respec-
tively, to a ‘““mixed shearing’’ (see Love (1944), page 329), a
pure bending, a rigid-body rotation about the y-axis, and a
rigid-body translation parallel to the x-axis.

(¢) Net Forces and Moments. As shown in Robert and
Keer (1987) using a biorthogonal product between radial
eigenfunctions the following relations hold

1

So (052),rdr=0 for all A, #0 (2-13a)
1

SO (0,)4, rdr=0 for all 8, 0 (2-13b)
1

So (ozz)lkrzdr=0 for all y, #0 (2-13¢)

1
SO (0, —0g; )1, rdr=0 for all v, #0 (2-13d)
The foregoing equations, respectively, mean that the nonzero
eigenvalue solution does not produce any net force in the z-
direction, any torque, any bending moment nor any net force
in the x-direction. Therefore, the stiffness matrix E will de-
pend only upon the homogeneous solution associated with the

given prescribed displacements

T 1

Vo — =271 R? So (0, )5 rdr=7 R2(1+v)ady; (2-14a)
“
c 1

vy —=2r R3SO (03)8(P)Pdr=" 7 R3a, (2-14b)
I

P 1
i =1 R? SO [(0,,) F — (04,) Flrdrdf = Y4 & R2(1 +v)a,
u
(2-14c)
M 1
Vi =g R SO (0,)r)P2dr="% = R3(1+») (L oy +ab)
u

(2-14d)

where the constants af, af,, a}; and «f, have to be solved for
different aspect ratios in terms of the rigid-body displacements
coefficients 61, 6., 65 and dg.

3 Closed-Form Solution for Two Limit Cases

The two limit cases are obtained when the aspect ratio L =
H/R goes either to zero or to infinity. In the first case, thin
layer theory can be applied while, in the second case, the stiff-
ness of the cylinder can be determined within the framework
of the beam theory.

(@) Infinitely Small Aspect Ratio. In this case, the
cylinder can be thought as an infinite circular layer (R = o) of
thickness unity (H = 1) for which the contribution of the
stress near the edge can be neglected. Therefore, the following
solutions are valid only for r less than one, since they do not
satisfy the stress-free condition on the curved surface of this
infinite layer.

Journal of Applied Mechanics

Traction and Torsion Problems

Uy 0
Wy z
®y(r,z) = =07 1—» ;
(z2)o ( 1- 2u)
(grz)o » 0
Vo 2rz
¥o(r2) = =d¢ (3-1)
(082)0 r
Bending and Shearing Problems
-z z
zr 0
1—»
sra=sy | (A22)r | was | 0 |3
1(r2) =ép =2/ s
0 73
Yhz? -z
¥, (r,z) =63 + 38, (3-2)
0 -4

Therefore, the net forces and moments are given by

T 1-
v, _ZWR2< d )6T or —— = (A +2u)6y (3-3a)
o 1-2p S
c RC
Vi — =14 m R or —— =dubc (3-3b)
I
P P
l/2 "‘"=l/2 WRZ(SS or -— =[,L(ss (3"3(:)
u S
M 1- RM
v 2y 7rR3< ”)aB or T = (A +2u)dy
U 1-2» I
(3-3d)

where A and p are the Lamé coefficients of the material
2u=E/(14+»), A=2uv/(1-2p)

and S and [ are the area and the moment of inertia of the cross
section

S=dedy'

I= 5 S)EZd)Z dy=VY R2S for acircular cylinder.

(b) Infinitely Large Aspect Ratio. In this limit con-
figuration, the classical beam theory can be applied through
Saint-Venant’s principle and the following resultant forces
and moments are obtained

T
T ZE(ST (3-4a)

R

— =4p b, (3-4b)
I

RM 6

— =B 65+ 85) (3-4¢)
P E_ 12

— = 3-4
S 7% (3-4)
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Fig. 3 Normalized traction force T/ES obtained for different aspects
ratios L = H/R; Poisson’s ratio is taken to be 1/3 and the axial displace-
ment coefficient 67 equals one

] BENDING

RM/1 = ( A+ 2p) for H/R = 0

ég = 1

bg =0
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=
o
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Fig. 4 Normalized bending moment RM/E/ obtained for different
aspectratios L = H/R; Poisson’s ratio is taken to be 1/3 and the bending
displacement coefficient g equals one
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[
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1.00
a8 | og = 1
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0.00 { N S B e L S R D AL AR B R S S R s S H B B B St B
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ASPECT RATIO L = H/R

Fig. 5 Normalized shear force 4P/ES obtained for different aspect
ratios L = H/R; Poisson’s ratio is taken to be 1/3 and the shearing
displacement coefficient 55 equals one

The equations associated with §g were derived by considering
the superposition of the beam solutions for a concentrated
load P and moment M such that the rotation of the end is
Zero.

4 Analytical Solution for Any Aspect Ratio

For a nonzero and finite aspect ratio L = H/R, the deter-
mination of the homogeneous solution requires in fact the
determination of all the participating factors a,,,. This is done
as in Gerhardt and Cheng (1981) and Robert and Keer (1987)

564/Vol. 55, SEPTEMBER 1988

1.50
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Fig. 6 Normalized shear force 4P/ES obtained for different aspect
ratios L = H/R; Poisson’s ratio is taken to be 1/3 and the shearing
displacement coefficient 55 equals L2112

with a Galerkin-type method: Those equations are obtained
with the prescribed displacements on the right and left inter-
faces (z = 0 and z = L) and can be written in the most general
case as

1
SO [(um —upy )X}nj + (v, — U, )X%nj + (W, —wy, )X?nj]rdr

N 1
= E A€~ I SO [u,,,kX},,j + u,,,kx%,,j + W xlrdr 4.1)
k=1
atz =0andz =L,form=0orland;j=0,1,2-- - ,N;
where u,,, v,, and w,, are the mth harmonics of the prescribed
displacements at the flat ends. The optimum weighting func-
tions x};, x3; and x5, are found in Gerhardt and Cheng (1981)
and Robert and Keer (1987) and are given next.

(a) Torsion Problem. The exact solution for the uniform
torsion problem is by definition the homogeneous solution
and, therefore, the participating factors g, are all equal to
zero. The simplicity of the solution can be explained by the
fact that no Poisson’s effect is involved during a uniform tor-
sion, Thus, in this case, the stiffness does not depend upon the
aspect ratio of the cylinder.

(b) Traction Problem. Forj = 0

Xbo=x3=0 and xg=1
Forj # 0

[ xby=DNJo, + (1=20)NT, W, ur) =Ny T ()

x§;=0 (4-2)
x3i=[- )\}Joj + (3~ 2v))\}J1j]JO()\jr) - )\}Jlerl()\jr)
where Jo. = Jo(N); Ji, = Ji(N;) and }; is a nonzero eigen-

value fof axially symmetric case m = 0,

(¢) Bending and Shearing Problem. For j = 0, we have

two different sets of weighting functions

xlg =0
X =0 @-3a)
Xig =r
and _
o=~ G+2)(1-12)
Xo= G+20)+(=1+20)12 (4-3b)

X?O:O
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For j # 0, the weighting functions are given by
(xi;+xt, =A'vJyyrI(yr)

+ [B}'y.ffj +2C! Jlj sz +D"ij§j]J2(7jr)
=A2’YjJ1jJ2j"J1(’er)

+ [Bz'yj.]%j + 2C2J1jJ2j +D2'ij§j]Jo('yjr)
X3, =A3’Yj-]1j-]2jrfz(’)’jr), v

L + By, +2C0 0, Iy + D3 M ()

4.4
where J;. = Ji(v;); Jo, = J,(v;); v, is a nonzero eigenvalue

for the ajsymmetric case m = 1 and

Al =2(1-p) A% =2(1-v) A =2(1-v)

B! =—-5+6v B2 =—1+2w B} =2(1-v»)
Cl=-22—p+2 C? =2r-5p+2 C =(1—-»)(-5+29)
D' =-3+4y D = -3+4p D3 =0

The aforementioned weighting functions have been found in
such a way that the truncated system of linear equations (4.1)
is the more diagonally dominant possible.

A closed form for the integral {§ [, Xb; + Vi Xoj + Wonk
anj] rdr can be found in Robert and Keer (1987) for both m =
0 and m = 1. The Galerkin system (4.1) has been solved for
each of the following cases

or =1 ; 6c =65 =8¢ =0 (Traction only; see Fig. 3)

Journal of Applied Mechanics

g =1 ; 60 =60 =8¢ =0 (Bending only; see Fig. 4)

o =1 ; 60 =6 =065 =0 (Shear only; see Fig. 5)
L2

g =3 ; 67 =6 =65 =0 (Shear only; see Fig. 6)

with a number of terms in the eigenfunction expansion cor-
responding to 40 pairs and 40 triplets for m = O and m = 1,
respectively. Only the case, when Poisson’s ratio » equals 1/3,
has been studied, and the aspect ratio L = H/R was taken be-
tween 0.05 and 30. Figures 3-6 illustrate the results and the
convergence to the two limit cases studied previously is clear.

Acknowledgments

This work was supported in part through a Royal E. Cabell
fellowship from Northwestern University. The authors
gratefully acknowledge support from the International
Business Machines Corporation.

References

Duncan, M. E., and Fama, Q. J., 1972, *‘Radial Eigen Functions for the
Elastic Circular Cylinder,”” Mechanics Applied Mathematics, Vol. 25, pp.
479-495,

Gerhardt, T. D., and Cheng, S., 1981, ‘“A Diagonally Dominant Sclution for
the Cylinder End Problem,’’ ASME JOURNAL OF APPLIED MECHANICS, Vol. 48,
pp. 876-880.

Love, A. E. H., 1944, A Treatise on the Mathematical Theory of Elasticity,
Dover, New York.

Power, L. D., and Childs, S. B., 1971, ‘“Axisymmetric Stresses and
Displacements in a Finite Circular Bar,”’ International Journal of Engineering
Science, Vol. 9, pp. 241-255.

Robert, M., and Keer, L. M., 1987, *‘An Elastic Circular Cylinder with
Displacement Prescribed at the Ends,”” Quarterly Journal of Mechanics and Ap-
plied Mathematics, Vol. 40, pp. 339-381.

SEPTEMBER 1988, Vol. 551565

Downloaded From: https://appliedmechanics.asmedigitalcollection.asme.org on 06/28/2019 Terms of Use: http://www.asme.org/about-asme/terms-of-use





